Nonuniqueness in inverse acoustic scattering on the line
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The generalized one-dimensional Schrodinger equation d2¢/dx?+kK2H (x)%
=P(x)¢ is considered. The nonuniqueness is studied in the recovery of the
function P(x) when the scattering matrix, H(x), and the bound state energies
and norming constants are known. It is shown that when the reflection
coefficient is unity at zero energy, there is a one-parameter family of functions
P(x) corresponding to the same scattering data. An explicitly solved example is
provided. The construction of H(x) from the scattering data is also discussed
when H(x) is piecewise continuous, and two explicitly solved examples are
given with H(x) containing a jump discontinuity.

I. INTRODUCTION

Consider the generalized Schrédinger equation

Pk,
) PR ) = Q). xR, (1.1)

where H(x)—>H_, and Q(x)—0 in some sense as x— =+ oo; here H . are some positive con-
stants. The equation given in (1.1) is used to describe the wave propagation in a one-
dimensional medium where H(x) ! is the wavespeed, Q(x) is the restoring force per unit
length, and & is energy; the literature for (1.1) or related equations is enormous and it is
impossible to give a complete bibliography here.!” The following conditions are sufficient for
the results in this paper to hold: Qe L%(]R), H(x) is positive and bounded above,
H,—HeL'(0,4+ »), H_—HeL'(— »,0), and Ge L}(R), where G(x) is the quantity

H"(x) 3H'(x)! Q(x)

O = m T B HG)

(1.2)

Here L.(R) denotes the space of Lebesgue integrable functions on the real axis with the weight
function (1+ |x|)% and LY(R)= L(l,(R). In Secs. I'V and V we discuss the case in which H(x)
has jump discontinuities at isolated points; at such points G(x) does not exist.

The generalized Schrodinger equation (1.1) has two linearly independent scattering solu-
tions, the physical solution #,(k,x) from the left corresponding to a plane wave sent from
x=— 0, and the physical solution ¥,(k,x) from the right corresponding to a plane wave sent
from x= + co. These solutions satisfy the boundary conditions

P Tk)e*+*£0(1), x— + o, 3
bilkx)= e*H-xy L(k)e ™ H-*1 (1), x——oo, (13)
. e ML R(K)e 47 0(1), x>+ oo, 14
Yrlkox) = T (k)e * >4 0(1), x—— o, (14)
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694 T. Aktosun and C. van der Mee: Nonuniqueness in 1-D inverse acoustic scattering

where T,(k) and T,(k) are the transmission coefficients from the left and from the right,
respectively, and R(k) and L(k) are the reflection coefficients from the right and from the left,
respectively. The scattering matrix associated with (1.1) is defined as

(1.5)

T,(k) R(k
S(k)=[ (k) R( )]'

L(k) T.(k)

For the class of functions specified in the sentence following (1.1), there are two distinct cases
to consider; in the generic case T;(0)=T7,(0)=0 and R(0)=L(0)=—1, whereas in the
exceptional case the transmission coefficients do not vanish at k=0. In the generic case the
transmission coefficients vanish linearly as k- 0. The potential Q(x) in (1.1) is the only factor
determining whether we have the generic case or the exceptional case. When H(x)=11in (1.1),
the inverse scattering problem of the recovery of Q(x) from S(k) and the bound state energies
and norming constants is well understood.>%°

In this paper we study, in the generic case, the counterpart of (1.1), namely the generalized
Schrédinger equation (2.1), that corresponds to the scattering matrix

T(k) —R(k)
—L(k) TJ(k) [

1 0
b -l

Note that when H(x)=11in (1.1) and (2.1), the relationships between (1.1) and (2.1) and the
resulting nonuniqueness are well understood;'>"® when H(x)=1 the nonuniqueness in the
generic case results due to the fact that there is a one-parameter family of functions P(x) that
corresponds to the same scattering data that consist of S(k), the bound state energies, and the
bound state norming constants; the non-negative parameter a appearing in the potential can be
fixed and the nonuniqueness can thus be removed by specifying the ratio of the physical
solutions from the right and from the left, respectively, of (2.1) at k=0. Here we show that
even when H(x) is not identically equal to 1, there is a one-parameter family of functions P(x)
that corresponds to the same scattering data that consist of H(x), S(k), the bound state
energies, and the bound state norming constants.

In Refs. 14 and 15, when H_ =1 we presented a method to recover H(x) from the
scattering data consisting of S(k), Q(x), and the bound state energies and norming constants.
In Sec. IV we generalize that method to the case where H_ are not necessarily equal to 1; in
this section we also obtain lim, _,glimg,,,_,1S(k) in terms of S(0) and vice versa, as these two
matrices are not necessarily equal if H, 5H_ . In Sec. IV we also discuss the inverse problem
of recovery of H(x) when H(x) is piecewise continuous and give two examples. Finally, in
Sec. V we present two explicitly solved examples of construction of H(x) with a jump discon-
tinuity. Recently, Grinberg’® presented a method to recover H(x) having jump discontinuities
when Q(x) =0; in this method a singular integral equation is solved iteratively to recover H(x)
from one of the reflection coefficients.

The methods given in this paper as well as the nonuniqueness in the inverse problem for
(2.1) are readily generalizable to the differential equation

JS(k)J=

where

d
dx

dy(k,
) g2 4 =P 9 ),
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where one recovers P(x) from the scattering data consisting of S(k), A(x), H(x), and the
bound state energies as well as the bound state norming constants.!6

il. RECOVERY OF P(x) AND NONUNIQUENESS

In this section in the generic case we investigate the generalized Schrédinger equation

d¢(k,
—(ﬁf@x—)+k2H(x)2¢(k,x) =P(x)$(k,x), (2.1)

corresponding to the scattering matrix JS(k)J. The physical solutions of (2.1), ¢;(k,x) from
the left and ¢,(k,x) from the right, respectively, satisfy the boundary conditions

. T(k)e*+*+0(1), x— + oo, 22
¢)(kx) = e _[(k)em*H_* 1 o(1), x— — oo, @2
) e~ *Hix _R(k)e +* £0(1), x-+ oo,
é(kx)= T, (k)e~*H-% L 5(1), x— — 0. (2.3)

Using the Liouville transformation ¢(k,x) =H(x) ~%£(k,p), we associate with (1.1) the

Schrodinger equation
dPE(k,p)
idyz—+k2§(ky) =V(»)E(ky), (2.4)
where
y=y(x)= fxdsH(s), 2.5)
0
V(y)=—G(x)/H(x), (2.6)

in which G(x) is the quantity defined in (1.2). Let o (k) denote the scattering matrix of (2.4);
it is related to S(k) in (1.5) as

H+ ikd ikA
k) p(k) ET"""’ Rikyes

a(k)=[ 2.7

k 0| . ’
AR B e \/ETr(k)e"""
H,
where
A=+ f T dsLH, —H(5)], (2.8)
0
0 0

A=A++A_=f ds[H_-—H(s)]-i—fo ds[H_,_-—H(s)]. (2.9)

We have S(—k) = S(k) for keR, where the overbar denotes complex conjugation. From
(2.7) we obtain
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1
P 7— 0
S(k) =~ ikdg— (/DIk(A, —4_) H. 0 T(k) p(k) H /DA —A )
o JH | ]| 1
;]H_
and hence using (1.3) and (1.4) we obtain
H . T(k)=H_T,k), (2.10)

T (k)T (—k)+R(K)R(—k)=1,
T(k)L(—k)+R(K)T (—k)=0, (2.11)
T (k) L(—k)+R(k)T,(—k)=0, (2.12)

T(K)T(—k)+L(k)L(-k)=1.

As a result, o(k) is unitary. Note that y—H x+A4, =0(1) as x>+ and y—H_x—A4_
=0(1) as x— — 0. Let §,(k,y) and £,(k,y) be the physical solutions of (2.4) from the left and
from the right, respectively, satisfying the boundary conditions

. T(k)e®+o(1), y—+ oo, .

i ’y)zle”‘u/tk)e—""uo(l), Y —co, 213
e ™+ p(k)e®+o(1), y—+w,

gr(k’y)=l1_(k)e—iky+o(l)’ Yo — 0. (2.14)

Let us also define the Faddeev functions Z,(k,y) from the left and Z,(k,y) from the right,
respectively, associated with (2.4) as

Z(ky) =;(17) e~ Mg k), (2.15)
Z,(kp) === €9E (). (2.16)
7(k)
Then Z)(k,y) satisfies
ZY (k) 42ikZ] (ky)=V(¥)Z{(k,y), (2.17)
and the boundary conditions
Zi(ky)=140(1) and Z;(ky)=o0(1), y—+ o, (2.18)
and Z,(k,p) satisfies
Z} (ky) ~2kZy(ky) =V () Z(ky), (2.19)
and the boundary conditions
Z.(ky)=1+0(1) and Z (ky)=0(1), y——co. (2.20)
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Similarly, let us define the Faddeev functions m,(k,x) from the left and m,(k,x) from the right,
respectively, associated with (1.1) as

my(kx)= e~ MH 5 (k. x), (2.21)

T(k)

m,(k,x) = e*H-xy (k,x). (2.22)

T, (k)

Using (1.3), (1.4), (2.7), and (2.13)-(2.16), we obtain

H, .. . .
my(kx) = \/ H(;) kA —ikH 2+ (X) 7, (k. y(x)), (2.23)
m(kx) = = (;) M -+ikH_x—iky()) 7 (k. y(x)). (2.24)

Associated with (2.4) is the Schrodinger equation corresponding to the scattering matrix
Jo(k)J ,

d’n(k,y)
N ) (2.25)

where o(k) is the matrix in (2.7). In the generic case there is a one-parameter family of
functions U(y) depending on a parameter a€[0,+ ], and this parameter does not appear'>!
in the scattering matrix S(k). Let us define

 Zj(09) +aZ}(0y)
D= Z O +aZ0y)

(2.26)

where Z,(k,y) and Z,(k,y) are the Faddeev functions given in (2.15) and (2.16), respectively.
In terms of the solutions of (2.4), the physical solutions of (2.25), 9,(k,y) from the left and
1,(k,y) from the right, respectively, are given by'*!?

ni(ky) = (1/ik) [§; (ky) —Ei(ky)a(y;a)], (2.27)
Nky) =—(1/ik) [§;(k.y) — &, (ky)a(y;a) . (2.28)
We also have
VYO =a(e)+a’ (ya), (2:29)
U(y) =a(ya)*—a' (ya). (2.30)

In analogy with (2.15) and (2.16), the Faddeev functions associated with (2.25) are given by

1
(k)

Y(ky)=—ve Pnky), Y,(ky)=——"n(ky),

(k)

and they satisfy
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Y7 (ky) +2ikY;(ky)=U() Y (ky),
Y! (k) =2ikY' (ky) =U®) Y, (k).
From (2.27) and (2.28) we obtain
Y(ky)=Z(ky)—(i/k)[Z](ky)—Z(ky)a(pa)], (2.31)

Y (ky)=Z.(ky)+(i/k)[Z(ky)—Z,(ky)a(p;a)]. (2.32)
It is also known'® that
Y;(0,y) +aY,(0y)
TYA0) +aY,(0p)

Let n)(k,x) and n,(k,x) denote the Faddeev functions from the left and from the right,
respectively, associated with (2.1) corresponding to the scattering matrix JS(k)J. In terms of
the physical solutions of (2.1), in analogy with (2.21) and (2.22), we have

a(ya)=

n(kx)= % (k,x).

e~ *ixg(kx), n(kx)=

T (k) T (k)

Theorem 1: The potential P(x) in (2.1) depends on the parameter a and is given by

H"(x) 3H(x)2
2Hx) T2 Hx)?

P(x)=— +H(x)?[a(y(x);a)* —a’(y(x);a)], (2.33)

or equivalently is given by
P(x)=Q(x)—2H(x)2'(y(x);a), (2.34)

where Q(x) is the potential in (1.1) and a(y(x);a) is the quantity defined in (2.26), y(x) is the
travel time coordinate given in (2.5), and a'(y(x);a)= (d/dy)a(y(x);a). The Faddeev func-
tions of (2.1) are given by

H, . . .
mikx) = oy €4~ HEHRRY, (ky (1), (2.35)
H_ . .
n,(k,x)= \IE(T) M- +kH_x—iky(x} y (k. p(x)), (2.36)
where Y,(k,y(x)) and Y, (k,y(x)) are the Faddeev functions given in (2.31) and (2.32),

respectively.
Proof: Using (2.6) and (2.30) it can be directly verified that the quantity n;,(k,x) defined
in (2.35) satisfies .
ny (k,x)+2ikH  nj(k,x) =K [H’. — H(x)*1n)(kx) + [ Q(x) —2H(x) %’ (y(x);a) | n ) kx),

and hence T(k)e*#+*n(k,x) satisfies (2.1) with P(x) given in (2.33). From (1.2) and (2.29)
we then obtain (2.34). Similarly, the quantity n,(k,x) defined in (2.36) satisfies

n) (kx)—2ikH_n(kx)=K[H> —H(x)*1n,(kx) + [Q(x) —2H(x)%’ (y(x);a)1n,(k,x),
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and hence T,(k)e~*#-*n(kx) satisfies (2.1) v&ith P(x)=Q(x)—2H(x)%'(y(x);a). The
Faddeev functions Y{k,y(x)) and Y (k,y(x)) satisfy

1+0(1): Y=+ o0,

Yiky)={ 1 Ak)
(k) (k)

e 1o(1), y——co,

L PR o
Y, (kx)={T(k) T(k)"’2 +o(1), y-+oo,

1+0(1), y——oo,

and hence T(k)e™n i(k,x) satisfies the boundary conditions in (2.2). Similarly,
T, (k)e—kH _xp, n,(k,x) satisfies the boundary conditions in (2.3). n
In the generic case the Faddeev functions n,(k,x) and n,(k,x) depend on the parameter a
whereas in the exceptional case they are independent of a; this is because in the exceptional case
a is absent in a(y;a) in (2.26) due to the fact that Z,(0,y) and Z,(0,p) are linearly dependent.
One possible way to fix the parameter a is to use

o mkx) P ‘/IT
ey~ (D

Yika)
S 20D I

where 4" is the number of bound states.

because we have!

lil. AN EXAMPLE OF NONUNIQUENESS

In this section we present an explicitly solved example to illustrate the method given in
Sec. II and obtain a one-parameter family of functions P(x) corresponding to the same scat-
tering data consisting of H(x) and S(k).

Assume that

34ie™* x>0,

H(x)=
i+3*, x<0.

We thus have H, =3, H_=3, and

§2.x+%—%e~x’ x>0’

y(ix)= (3.1)

x

—%+%ex9 -x<0-

The quantities 4 " in (2.8) are then given by 4_ = —3 and 4 4= —3, and hence 4= —2, where
A is the constant in (2.9). Assume that S(k) is such that the matrix o(k) in (2.7) is given by

k _
T(k)=7€Ti’ p(k)=ftk)='1;:

J. Math. Phys., Vol. 35, No. 2, February 1994
Downloaded 15 Aug 2002 to 129.74.199.147. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp
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Using the method in Ref. 11 or 13, the potential in (2.4) is obtained as

Vy)=26(»),
where 8(p) is the Dirac delta function; the Faddeev functions associated with (2.4) are given
by
X 1, y>0,
Zd ’y)=ll+(i/k)(1—e*2”‘y), ¥<0,
2k 1+ (i/k) (1—€9),  p>0,
i a}’)—[l’ »<0.
Using (2.26), we obtain
TFat2ap’ 770
a(ya)=y
Tra—2p’ <0,
where a is an arbitrary parameter with 0<a<+ «. Thus, we obtain the potential in (2.25) are
given by
D) = —25()+00) o 5+0(—3)
N2 ey Y e
where 9(y) is the Heaviside function; the Faddeev functions associated with (2.25) are given
by
22 0
+Zl+a+2¢zy’ J’> 'y
Y(ky)= , . , (3.2)
142 eyt 21 L am] yeo
k kl4a—2y k ’ !
i i 2a i .
_ ikyy 77 — __ p2iky
Itz (14— TTat2% [1+k (1—é )], y>0

Tk Trazy Y<C

From (2.35) and (2.36) we obtain n,(k,x) and n,(k,x), and P(x) is constructed using (2.33)
and Q(x) is constructed using (2.34) or using (1.2). We have

Q(x) =38(x) + Q. (x)0(x) +Q_(x)6(—x),

P(x)=—35(x) +0(x)P(x)+6(—x)P_(x),

where
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A B

1 e
Q+(x)=—§3+e_"+1(3+e"‘)2’
& 21 &

3
Q- =—3113T7 T3>

P e~* 3 e 24*(3+e~%)?2
+(x)==3 3te T4 Bre T (11201 3ax—ae)?"
3 & 27 &~ 2(14-3¢%)?
P_(x)=—5> +-— 5+ 3 -
214+3¢" 4 (143¢5)2" (4+a—x—3€5)

The Faddeev functions n;(k,x) and n,(k,x) can be computed explicitly in terms of x from
(2.35) and (2.36) by using Y;(k,p) and Y,(k,p) in (3.2) and (3.3), respectively, and y(x) in
(3.1).

IV. RECOVERY OF H(x)

In this section we generalize the method of Refs. 14 and 15 in order to recover H(x) where
the scattering data consist of S(k), Q(x), H_, the bound state energies, and the bound state
norming constants. We also discuss the recovery of a piecewise continuous H(x) when the
points of discontinuity for H(x) are known. At the end of the section we study the relationship
between the scattering matrices of (1.1) and of (4.5) at k=0, as S(0) and S0y are not
necessarily equal if H =~H_ .

From (1.1), (1.3), (1.4), (2.21), and (2.22), it is seen that we have

my (k.x)+2ikH  mj(kx) =k [H — H(x)*]m(k.x) + Q(x)m(kx), (4.1)
m} (kx)—2ikH_m](kx)=K[H*. —H(x)*]m,(kx)+Q(x)m,(kx), (4.2)
mykx)=1+0(1), mj(kx)=0(1), x—+ o, (4.3)
m;(k,x) =1+4o0(1), m (kx)=0(1l), x> —co. 4.4)
When H(x)=1, (1.1) is reduced to the Schrédinger equation

[0]
d2¢ (k’x)+k2¢[°](k,x)=Q(X)¢[0](k:x)' (4'5)

Associated with (4.5) we have the scattering matrix

0] (k) R0l (k)

S[O](k,X)= L[O](k) T[O](k) .

The physical solutions 1/z§°](k,x) and ¢£°](k,x) of (4.5) from the left and from the right,
respectively, satisfy
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T (k)e™ +-0(1), x—+ o,

[0 =1 . /
¥ (kx) szx_*_L[O](k)e_'kx—i-O(l)’ X—— o0,

e~ RIOV(KYe® 4 0(1), X—+ 0,

{o] —
r (er)—lT[o](k)e—ikx+o(l)’ X — 0.

The Faddeev functions mP](k,x) from the left and m£°](k,x) from the right, respectively,
associated with (4.5) are defined as

1 .
mf® Uex) = ey € (),

1
[0 _ ikx, 1 [0}
m, (k,x)———r-]——To (k)e ¥, (k,x).

From (4.1)—(4.4) it is seen that they satisfy the following differential equations and the
boundary conditions:

m{?” (kx) 4 2ikm[? (k,x) = Q(x)m}) (k,x), (4.6)
ml” (k,x) —2ikm!®V (k,x) = Q(x)m!? (k,x), (4.7)
mP® (kx)=1+0(1), m®(kx)=0(1), x—+ w0, (4.8)
ml (kx)=1+0(1), m%(kx)=0(1), x—>—c. (4.9)

When Q(x) is known, m5°](k,x) and m[,°](k,x) are uniquely determined. The potential @(x) in
(1.1) and (4.5) is the only factor determining whether we have the generic case or the
exceptional case. For (4.5) the generic case occurs if T’ 01(0) =0 and the exceptional case if
T1%(0)=40.

From (4.1)-(4.4) and (4.6)—(4.9) it is seen that

mi(0,x)=m}1(0,x) and m,(0,x)=m!"(0x), xeR. (4.10)
In the exceptional case m5°](k,x) and m£°](k,x) become linearly dependent at k=0; however,

in the generic case mgol(k,x) and m£°](k,x) remain linearly independent at k=0. From (2.23)
and (2.24) we have

H
m(0,%) = |mrov Z; (0(x)), (4.11)
H(x)

H_
m,(0,x) = \}ITI—(x_) Z,(0y(x)), (4.12)

and hence using (2.5) and (4.10)—(4.12), we obtain

dy H dx
Z0y)* "+ mi9(0,x)%’

x.yeR, (4.13)
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dy I dx
Z0p)* 7 mP(0x)*’

x,yeR. (4.14)

The first-order ordinary differential equations given in (4.13) and (4.14) are both separable;
their solutions with the initial condition y(0) =0 give us y(x). Using y(x) in either of

dy Z{0y(x))* dy Z0,y(x))?
a=H(x)=H+m, E=H(X)=H‘W’ (4.15)

one recovers H(x) for xeR. The corresponding Faddeev functions m;(k,x) and m,(k,x) can
be constructed using (2.23) and (2.24) as

m0x) L,

my(kx) = o s @M TR IO Z oy (1), (4.16)
m!%(0,x) d A iRE x—i
_r —+ikH_x—iky(x)
m,(k,x) =Z0y®) g+ ZAk,y(x)), (4.17)

and the physical solutions of (1.1) can be constructed using (2.21), (2.22), (4.16), and (4.17).

The physical solutions of (1.1) and their derivatives are required to be continuous in x. [If
Q(x) contains any delta function singularities, then the derivatives of the physical solutions are
required to have jump discontinuities to account for these singularities; for example, if Q(x)
has a delta function singularity ¢,8(x—x,) at x; of strength c;, then we require that the
physical solutions satisfy ¢’ (k,x;+ ) —¢' (k,x;— ) =c,;¥(k,x,).] In case H(x) has a jump dis-
continuity at some x value, say x,, the physical solutions of (1.1) and their derivatives are still
required to be continuous at xg; in that case, however, as seen from (4.16) and (4.17), the
Faddeev functions Z{k,y(x)) and Z/k,y(x)) have jump discontinuities at y(x,) and their
derivatives contain delta function singularities at y(x,). In that case the quantity G(x) in (1.2)
is not well defined at x, because H'(x) has a delta function singularity at x,. However, the
method of recovery of H(x) given above does not actually use the derivatives of the Faddeev
functions Z{k,y(x)) and Z(k,y(x)), but only Z;(0,y) and Z,(0,y) are used to construct H(x).
Thus, the construction method outlined above remains valid even if H(x) has a jump discon-
tinuity at x;. The construction of Z;(k,y) and Z.(ky) can be achieved by solving the
Riemann-Hilbert problem'*!?

[Z’(_k’y) keR, (4.18)

) —p(k)™ 1 Z,(k,y)
Z(—ky)| ] [

—Ak)e= 4y (k) Z(ky) |’

where given the matrix o(k), for each y one seeks Z,(k,y) and Z,.(k,y) such that they are
analytic in k for ke C*, the upper-half complex plane, for y> y(x,) we require Z,(k,y) »1 and
for y<y(x,) we require Z,(k,y)—~1 as k— o0 in C*, the closure of the upper-half complex
plane. In case there are more points of jump discontinuity in H(x) than one, as seen from
(4.16) and (4.17), we then require the continuity in y of Z,(k,y)/Z(0,), Z(k,y)/Z,(0,p),
Z,(0y)2(d/dp)[e®Z)(ky)/Z(0,p)], and Z,(0,p)(d/dy)[e~™Z (k,y)/Z,(0y)], which is
equivalent to the continuity in x of the physical solutions of (1.1) and of the derivatives of
those solutions. Once the solution of (4.18) is obtained, H(x) can be constructed as outlined
above.
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In a standard Riemann-Hilbert problem, 7(k) 1 as k— e in C*, and p(k), Ak) -0 as
k— &+ . In general, when H(x) has discontinuities the Riemann—-Hilbert problem given in
(4.18) is a nonstandard problem. For example, when Q(x)=0 and

1, x<0
H(x)=1{2, 0<x<l1
1, x>1,

we have

8e—ik 3e3ik_3e—ik 3e—ik_3e—5ik
T(k)=9e" —ek? ak)= 9e—ik_ g3k p(k)=W’

and consequently the corresponding Riemann-Hilbert problem is a nonstandard one. When
the existence of H(x) is assured, even in the nonstandard case, the corresponding Riemann-
Hilbert problem (4.18) must have a solution that leads to the reconstruction of H(x) via
(4.15). However, in the nonstandard case there does not yet exist a theory on the existence and
uniqueness of the solutions of (4.18). In the next section we will present two examples dealing
with (4.18) corresponding to discontinuous H(x).

The next theorem shows that the functions in (4.16) and (4.17) can still be used to obtain
the physical solutions of (1.1) even when H(x) has jump discontinuities,

Theorem 2: Relax the conditions on Q(x) and H(x) stated in the first paragraph of the
Introduction by allowing Q(x) to have delta function singularities at isolated points and H(x)
to have jump discontinuities at isolated points; let x; denote a point where Q(x) has a delta
function singularity or H(x) has a jump discontinuity or both. Let y(x) be the continuous
solution of the differential equation (4.13) with the initial condition y(0)=0, and let y;
=y(x;). Let Z,(k,p) be the solution of (2.17) on each interval (»j+Vj+1) with the potential
V(p) related to H(x)=dy/dx as in (1.2) and (2.6). Choose the boundary conditions on
Z(k,y) such that (2.18) is satisfied and such that at each discontinuity of H(x) we have

Zkyi+) Ziky;—)
Z(0y;+)  Z(0y;—)’

(4.19)

and at each point where Q(x) has a delta function singularity or H(x) has a jump discontinuity
we have

Z(k.y)

dj . d [ . Ziky)
. 2 " | iky — N2 | piky
200", [e Zon|,_,, A0y [" Z05) |, (420)
y=y;+ y=y;—
Then the physical solution of (1.1) from the left is given by
[0}
m;—(0x) ikA | +ik
— —_ y(x)
Y (k,x) =T (k) Z oyt " Zy (k,p(x)). (4.21)

Similarly, let Z,(k,y) be the solution of (2.19) on each interval (»j+¥;+1) such that (2.20) is
satisfied and such that at each discontinuity of H(x) we have

Zr(O,Jr’,-i- ) _Zr(o’y]—“) ’
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and at each point where Q(x) has a delta function singularity or H(x) has a jump discontinuity

we have

— iky Z r( k!y )
Z.(0,)

—iky Z.(k,y)
Z,(0,p) y=y,—

d
- Y st
e =Z,(0,y; )dy e

d
Zr(o’yj+ )2 3"
Y }’=yj+

Then the physical solution of (1.1) from the right is given by

[0]
m,~(0,x) oA
Z,(0y(x))

Proof: We will only give the proof related to the solution from the left as the proof related
to the solution from the right can be obtained in a similar way. Using (2.8), (2.18), and (4.8),
we see that ,(k,x) defined in (4.21) satisfies the boundary condition at x=+ o stated in
(1.3). From (4.19) and the continuity of m{”(0,x) we are assured that ¢,(k,x) defined in
(4.21) is continuous in x for xeR. Taking the x derivative of both sides of (4.21) and using
(4.15), we obtain

Y (kx) =T,(k) —NZ, (ky(x)).

0] 0
(kx) —M A+ 7, (kp(x))

1
Tk Y ) =Z o)

ZiOyX d [ s iy ZilkY)
— ky(x) , 422
HH S T ox ay | Z(0) (4.22)

and hence, using (4.19), (4.20), (4.22), and the continuity of m{’(0,x) and of m{"’ (0,x), we
are assured that i;(k,x) is continuous in x for xeR. From (4.22), using (2.17), (4.6), and
(4.15) we obtain ¢ (k,x) = [Q(x) — K2H(x)3(k,x), and hence (1.1) is satisfied in each
interval (x;,x;,).

Note that if x; is a delta function singularity in Q(x), we simply replace the continuity
requirement for ¢} (k,x) at x=x; by #j(k,x; + ) — ¢j(kx; — ) = pi(k,x;), where p; is the
coefficient of the delta function at x=x; in Q(x). Using (4.22) and m§°]'(0,x i+ )
— msol'(O,x ; — )=p jmgol(O,x j) one can verify that the condition in (4.21) also covers this
case. n

As explained in Ref. 15 one does not need to know A4 in order to recover H(x) by the
above method. When the phase of the reflection coefficient p(k) in (2.7) is shifted by A, the
travel time coordinate defined in (2.5) is shifted as y — y+ A in the Schridinger equation (2.4)
and the Faddeev functions for (2.4) are then transformed”!! as Z(ky) — Z(k,y+A) and
Z.(k,y) — Z,(k,y+A). Then in the solution of the first-order differential equations (4.13) and
(4.14), the initial condition is replaced by y(0) = —A; since H(x)=dy/dx, H(x) is indepen-
dent of the shift y— y+4 A and hence no matter how the phase of p(k) is chosen, we are led
to the same H(x) in the solution of the inverse problem for (1.1).

We will end this section by exploring the relationship between S(0) and S(0), where
S(k) and SPI(k) are the scattering matrices of (1.1) and (4.5), respectively. From (1.3) and
(1.4) we obtain

¥, kx) | T R Tk || (X))’ keR. (4.23)

Note that the Faddeev functions m§°](k,x) and m£°](k,x) of (4.5) satisfy the analog of the

¥ (k,x) _[Tl(k) LK) 1[¢,(—Fkx)

Riemann—Hilbert problem given in (4.18); we have”1113
mfl(—kx)] [ TP — RO (k) 1 1m0 (k,x) KR (424)
mO(—kx) | 7| L0 (ke TOk)  |[mRo | T T
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In the generic case, S(0) =S19(0), and in fact we have R(0)=L(0)=R"(0)=LI(0)
=—1 and T1(0)=T,(0)=T[°](0)=0. In the exceptional case, if H, =H_, we have S(0)
=S1(0); in fact, in this case we have R(0)=— L(0)=R(0)=—LI%(0), which can be
obtained from (4.10), (4.23), and (4.24). However, if H, = H_, we no longer have S(0)
=S1(0). The next proposition gives the relationship between S(0) and S(0) in the excep-
tional case when H, and H_ are not necessarily equal to each other.

Proposition 3: In the exceptional case we have

[H,+H_]L(0)+[H,~H_]

01(0) =
- (0)—[H+ +H_]1+[H,.—H_]L(0)" (4.25)
[H +H_]R(0)—[H,—H_]
(01 () — Lot + .
RO [H.+H_]—-[H,—H_]R(0)’ (4.26)
2H
o= T, T (4.27)

[H,+H_|+[H,—H_1L(0) [H,+H_1—[H,—H_]R(0)’

Proof: From (2.11) or (2.12) we have R(0)=— L(0) even when H, and H_ are not
necessarily equal to each other. Hence (4.26) can be obtained from (4.25). So let us prove
(4.25) first. From (4.10) as x— — c0, we obtain

1+L(0) 1+ L%0)

70y — T00) (4.28)
and from (4.10) as x— + o, we obtain

1+R(0) 1+RIO

+R(0) 1+ ()] (4.29)

T.(0) ~ TY(0)

Hence, using (4.10), (4.28), and (4.29) we obtain (4.25). Using (4.25), (4.28), and (4.29) we
obtain (4.27). Note that when H, =H_, (4.25)-(4.27) give us S(0) =S(0). |

Note that, using (4.25)—(4.27), we can also express S(0) in terms of S[°](0) in the
exceptional case as follows:

[H,+H_]1L°V0)—[H, —H_]
[H,+H_1—[H,—H_1L"(0)’

L(0)=

[H,+H_]R1°(0)+[H, —H_]

R(O)=[H++H_]+[H+—H_]R[O](O) ’

2H_T19(0)

IO =g 7 - H,—H_1L"(0)’

2H_ T'°(0)

T'(0)=[H++H_]+[H+—H—]R[0](0) .
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V. EXAMPLES IN RECOVERY OF H(x)

In this section we illustrate the method of Sec. IV by two explicitly solved examples, and
recover H(x) from the scattering data. In the first example H(x) is continuous although it has
different asymptotics as x —» + o0. In the second example we give the construction of H(x) with
a jump discontinuity.

As a first example, assume H, =2, H_=1, Q(x)=0. Since Q(x)=0, we are in the
exceptional case. Consider the scattering matrix S(k) in (1.5) with

T(k)=} Tl k)=3% L(k)=-3 R(k)=}
so that 4, =A4_=A=0. The matrix o(k) in (2.7) is then formed from

242 1 1
r(k)=—3£, plky=3, Ak)=—3.

In this case the Riemann-Hilbert problem in (4.18) has the solution Z;(k,y) =1 for y>0 and
Z,(k,y)=1 for y<0. Thus, from (4.13) and (4.14) we obtain

dy=2dx, x>0,
dy=dx, x,y<0,
and hence using y(0) =0, we have

2x, x>0,

y(x)= x, x<0,

and thus we obtain H(x)=1 for x<0 and H(x)=2 for x>0. Using (4.16) and (4.17) the
physical solutions of (1.1) are constructed as

%, x>0,
(kx)=4 | )
g e _le—#x  x<O0,
= 2ikx  Laiks  ys0)
¢(k,X)= ,
’ e, x<0,

where we have used (4.23).
As a second example, assume H, =1 and

23¢*
Q(x)= ﬁa(""ﬂ'—(u 3oy O0)-

Thus we have m!%(0,x) =1 for x<0 and m{’(0,x) = (v3e*—1)/(v3e*+1) for x>0. Consider
the scattering matrix S(k) in (1.5) with

1 . 3 3
Tl(k)=Tr(k)=§e21k(‘/§+1)’ L(k)=—7‘/—, R(k)=-2—‘/—e4'k(‘/3+l),

so that A, =A4=—2(v3+1) and 4_=0. The matrix o(k) in (2.7) is formed from
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1 3 B
Tk)=3, Ak)=—=-, pk)=—.
The solution of the Riemann-Hilbert problem in (4.18) is given by Z,(k,y)=1 for y>0 and
Z,(k,y)=1 for y<O0. From (4.13) and (4.14) we obtain

d (Jgex_{_l)zd >0 (5.1)

y= X, Xy >U, .
;}Sex—l

dy=dx, x,y<0. (5.2)

Integrating (5.1) and (5.2) with the initial condition y(0) =0, we obtain

B+l B+l

2 -2 , x>0,
yo="T*" 1 e

x, x<0.

Thus we have

d i\ N
, X
H(x) =§£= ( B — 1)

1, x<0.
Using (4.16) and (4.17) the physical solutions of (1.1) are constructed as
1 3¢°—1

2 ;;39"-}- 1
¢l(k1x) =

eikx___z_ e—ikx’ x<0,

SHEH2ABHDAB-D-2ABE+1/(BE-D] - 50

¢
\/ge"—l ik(Y3+1) e—ik[x+2(J§+l)/(J3—l)—2(JS(‘+1)/(J§(‘—1)]
;]Se"-i-l

¥, (kx) = +§eik[x+2(J3+1)/(J3—1)—-2(\/5€x+1)/(‘/58"*1)]’ x>0

{% eZik( J§+1)—ikx’ x<0.

Ed
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