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The one-dimensional Schrédinger equation with a potential k¥ (x) proportional to energy is
studied. This equation is equivalent to the wave equation with variable speed. When

V{x) <1, is bounded below, and satisfies two integrability conditions, the scattering matrix is
obtained and its asymptotics for small and large energies are established. The inverse
cnatiaming munhlame Af wannaming I w) arhan tha crnttanimn mmateiv ta braacs jo alas anluad D
dSCallCilly pluvitiil Ul 1CCUVCLILLE F (A ) WIHLH LUC dStalllllilyg iatliia Id RIIUWILE 1D aldu dUlvid. DYy
proving that all the solutions of a key Riemann-Hilbert problem have the same

asymptotics for large energy, it is shown that the potential obtained is unique.

I. INTRODUCTION

Consider the one-dimensional Schrédinger equation
P (kx) + Kp(kx) =2V (x)P(kx), (1.1)

where xR is the space coordinate, k%R is energy, and the
potential k*V(x) is proportional to energy. Note that
throughout the paper we use the prime to denote the de-
rivative with respect to x. For convenience we will call
V(x) the potential; ¥(x) is assumed to decrease to zero as
o{1/x) as x— == . The Fourier transformation from the
frequency k£ domain into the time ¢ domain changes (1.1)
into the wave equation

u 1 u 0
a2  cx)2 el

where ¢(x) = 1/ /1 — V(x) is the wave speed. The equa-
tion in (1.2) describes the propagation of waves (e.g.,
sound, electromagnetic, or elastic waves) in nondispersive
media where the wave speed depends on position. The di-
rect scattering problem for (1.1) consists of finding the
scattering matrix when the potential is known; the inverse
scattering problem is to recover the potential ¥ (x) when
the scattering matrix is known. The inverse scattering
problem for (1.1) is important because this problem is
equivalent to the determination of the wave speed ¢(x)
from the scattering data, and this has many important ap-
plications in acoustic imaging, nondestructive evaluation,
and various fields of geophysics such as seismology.
One can define the travel-time coordinate!

y= [ de TV
and the new wavefunction

¢(k’y)=[1 - V(x)]l/4¢(k:x)) (1,3)

and transform (1.1) into the regular Schrédinger equation
given by

(1.2)

avZ
P Po=00»)¢, (1.4)
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where the new potential Q(p) is related to the potential of
(1.1) as

5  pP'(x)? 1 P (x)
V)= —RBIH PP i —V

(1.5)

Ware and Aki* proposed to solve the inverse scattering
problem for (1.1) using the travel-time coordinate. In our
analysis we use the spatial coordinate rather than the
travel-time coordinate; this is because the solution of the
inverse scattering problem using the travel-time coordinate
is not achieved unless the potential V' (x) of (1.1) is ob-
tained from Q(p) by inverting (1.5). However, the recov-
ery of V(x) from Q(p) presupposes the knowledge of
V{(x); hence, switching to the travel-time coordinate does
not solve the inverse scattering problem. A method based
on the iterative technique of Jost and Kohn® was proposed
by Razavy*; this method uses the spatial coordinate, but it
is more suited to find the potential approximately. In this
method the potential is expressed as an infinite series; how-
ever, even the second term in the series is fairly compli-
cated and no convergence is assured.

The Schrodinger equation (1.1) has no bound state
solutions for potentials considered in this paper.>® In this
respect the direct and inverse scattering problems for (1.1)
are simpler than the corresponding problems for the regu-
lar Schrédinger equation @” + k*p = V(x)@. However,
the regular Schrodinger equation is an eigenvalue problem
for the Hamiltonian operator — d2/dx? + V(x), whereas
(1.1) is not an eigenvalue problem and hence the tech-
niques from the spectral theory of self-adjoint operators are
not directly applicable to (1.1). Another important differ-
ence between (1.1) and the regular Schridinger equation is
the following. In the regular Schridinger equation the as-
ymptotics of the solutions as k— % oo are easy to obtain
because one can interchange the limits as k— %= o and
X % o0, whereas these limits cannot be interchanged in
(1.1). In the regular Schrédinger eguation, the solutions
with the appropriate asymptotics as k— = « and the so-
tutions with the appropriate asymptotics as x— £ o are
related to each other in a simple manner, whereas for (1.1)
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this is not apparent. Informally speaking, when k— =+ 0,
in the regular Schrddinger equation the term proportional
to ¥(x) can be neglected compared to the other terms,
whereas in (1.1) we cannot neglect that term. These are
some of the main reasons why the direct and inverse scat-
tering problems for (1.1) are more difficult. Here in this
paper we overcome these difficulties by explicitly comput-
ing the asymptotics of the scattering solutions of (1.1) as
k— % « and by establishing some analyticity properties of
these solutions when & is extended to complex values.

The assumption V(x) <1 guarantees that the wave
speed ¢(x) = 1/+/1 — V(x) has meaning. The results
given in this paper, with the exception of those in Secs.
IV-IX, hold for bounded potentials satisfying the condi-
tions V(x) < 1, VeLL(R), and GeL(R) for some a<(0,1],
where

1 V'(x) 5 V(x)?
A7 T 6 =71

In Secs. VI-IX we further assume that V(x)>0, and in
Sec. X we generalize the results of Secs. IV-IX to the case
where V(x) is no longer assumed non-negative. Through-
out the paper we use the notation H(x) = /1 — V(x).
Note that whenever VeL!(R), we have 1 — HeL!(R)
because |1 — H| = |V|/(1 + H)<|V]|. In the beginning
of each section we specify the sufficient conditions on the
potential for which the results there hold. Note that
throughout the paper, L}(R) denotes the space of measur-
able functions f(y) such that the Lebesgue integral

G(x)= (1.6)

f‘” dy(1+ 1|V FO) |

is finite and L”(R) denotes the space such that

fjw dy| f») "

is finite.

This paper is organized as follows. In Sec. II we define
the scattering solutions of (1.1), study their properties and
establish their asymptotics for small k. In Sec. III we study
the properties of the scattering matrix and establish its
asymptotics for small k. In Sec. IV we solve two important
integral equations (4.13) and (4.14), obtain the analyticity
properties of their solutions, relate these solutions to the
scattering solutions of (1.1), and study the large k asymp-
totics of the scattering solutions of (1.1). In Sec. V we
establish the large k asymptotics of the scattering matrix.
In Sec. VI we formulate a key Riemann-Hilbert problem
whose solution will lead to the recovery of the potential if
it is already known that 0O ¥V (x) < 1. In Sec. VII we estab-
lish the existence of the canonical Wiener-Hopf factoriza-
tion of the matrix appearing in the Riemann—-Hilbert prob-
lem. In Sec. VIII we give the general solution of the
Riemann-Hilbert problem and show how a unique poten-
tial can be recovered from that solution. Through a March-
enko procedure, in Sec. IX we obtain the canonical factors
of the matrix that appears in the Riemann—Hilbert prob-
lem. Finally, in Sec. X we generalize the method of recov-
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ery of the potential to the case where V(x) is no longer
assumed to be non-negative.

Il. SCATTERING SOLUTIONS

In this section we study the properties of the scattering
solutions of (1.1) and establish their asymptotics for small
k. The sufficient assumption on the potential in this section
is VeLl(R) for some ae(0,1]. In fact, we use VeLl(R)
only in Proposition 2.2; otherwise VeL!(R) is sufficient.

The physical solutions 1, from the left and 1, from the
right satisfy

T, (k)e™ + o(1), X o,
',I’I(k;x):{eik.¥+L(k)e—ikr+o(1)’ X — o, (2.1)
e_ikx+R(k)eikx+o(1), X— c0,

')br(k’x): Tr(k)e—ikx+o(1)’ X — . (2.2)

Here, Ty and 7T, are the transmission coefficients from the
left and from the right, respectively, and L and R are the
reflection coefficients from the left and from the right, re-
spectively. The scattering matrix S (k) is defined as

T/(k) R(k)
L(k)y T(k)|*

We will establish the properties of S(k) in Secs. III and V.
The physical solutions i; and 1, satisfy the Lippmann-
Schwinger equation

S(k)= (2.3)

k, ikx k © )
e MRy s
¢l(k,y)
B (k) | - 24)

The Jost solutions of (1.1), f; from the left and f, from
the right, are defined as

1
Silk,x) =T P (k.x)
2.5)

1
fr(k!x) =T,(k) lpr(k,x)o

They satisfy the integral equations

Filx) = — k f ® dysin k(x — ) V) .filkp),

frlkx)=e % 4 k fx dy sin k(x — ) V() f.(k.y),

and the boundary conditions

fl(er)
e* +o(1), X o0,
= 1 , L(k) )
ikx — ikx — —
B¢ T e to Fm e
(2.6)
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Srlk,x)
e RB)
_ T,(k)e +T,(k)e +o0(1), X—- oo,
e~ 4 o(1), X ~ oo,

(2.7)

Let us also define

m,(k,x):Tl(k) e—ikxtlll(k,X)
(2.8)

mr(er) = T (k) eikx¢r(k’x)'

Then from (1.1) and (2.8) it is seen that m, and m, satisfy
the equations

my (k,x) + 2ikmj(kx) =KV (x)m(kx), (2.9)
m) (k,x) — 2ikm](k,x) =k2V(x)m,(k,x). (2.10)

We will call m; and m, the Faddeev solutions from the left
and right, respectively; they satisfy the integral equations

k (e .
milkx)=1= 5 * dy[1 = H=1¥ ) m (hp),
’ (2.11)

k X
m,(k,x) =1 Z f

dy[1 — %=1y (pym,(k,p),
- (2.12)

and the boundary conditions
my(kx)=1+0(1) and mj(k,x)=0(1), x— o,

mykx)=1+0(1) and m,(kx)=0(1), x— — co.

Next we show that the Faddeev solutions defined in
(2.8) can be extended analytically in & to the upper half
complex plane C* if VeL!(R). We will use the notation
C~ for the lower half complex plane and C* to denote
C*UR.

Theorem 2.1: When VeL!(R), the Faddeev solutions
m(k,x) and m,( k,wre analytic in k for keC* and con-
tinuous in k for keC ™.

Proof: From (2.11) we have m,(k,x) = 272 oni(k,x)
where ng(k,x) = 1 and

k e .
. — _ p2ik(y— x)
nj(er) 2 J; dy[l e ]
XV(yyn;_(ky), j»l

Using |1 — &#*0=9| < 2 when y>x and keC™, we

obtain

KV (e j
Imten i<tz | [ asvon |,
so that
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]mf(k,x)KeXp(lkl f:’ dy[V(y)I)

<exp(}k[ fl dy[V(y)I), keCT. (2.13)

Furthermore, each ni(k,x) is analytic in k for keC* and

continuous in &k for keC*, and thus by the Weierstrass
theorem, m,(k,x), being the limit of a uniformly conver-
gent sequence of analytic functions in compact subsets in
C&_is analytic in & for keC™* and contiguous in % for

keC™. From (2.12) we obtain in a similar way

[m,(k,x)Kexp(]kl J-x 3 d}’lV()’)I)

<ep( 1kl [ alvol), weCT, @.10)

and that m,(k,x) is analytic in k for keC* and continuous
in k for keC*. |

We remark, however, that (2.13) should not be inter-
preted as an indication that m,(k,x) may be unbounded as

k—*co. The Lippmann-Schwinger equation given in

(2.11) is not suitable to study the large k asymptotics of
m(k,x). We will study these asymptotics in Sec. IV and
show that m,(k,x) remains bounded as k— =+ o under the
assumption GeLI(R), where G(x) is the function defined
in (1.6). Note that when F(x) <1, the only possible solu-
tions of (1.1) are oscillatory in nature when keR; hence,
we should expect ¥,(k,x) and m(k,x) to remain bounded
for all keR even when k- =% . We remark that whenever
we write k— * «o, it is understood that the limit is taken
through the real values of k. The remarks made above
concerning the boundedness of m;(k,x) as k— = o also
apply to m,(k,x).

Note that from the analysis leading to (2.13) and
(2.14), it follows that for each keC ™, both my(k,") and
m,(k,*) are bounded continuous functions of x for xcR.

From (2.11) and (2.12), we obtain

m(hx) = — K2 f " dy AR O P (ymy ),
X

m(kx) =k? f dy =Ny (pym,(k,p).

- ®

Hence, using m(k,x) = 22 onik,x) and the properties of
my{k,x) obtained above, we have

imien) | <Ik] [exo( 18] [ delveort) - ]

<til [eso( 1k [~ agreent) -1,
keC+, (2.15)
and similarly
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i) | <14] [en( 161 [~ agve@1) 1]
<tkl [em(1l |7 azvr) 1),
keC*. (2.16)

Thus, if PeL'(R), the functions m;(k,xﬁ_nd m!(k,x) are

analytic in keC* and continuous in keC* for each xeR.
___From (2.11) and (2.12) it is seen that as k-0 in

C+

k (e .
x)=1—— [ dyp1 — *o-21p()
2i Jx 7 L 4 N7

+ 0K,
ko[

wY 1 .
”l’\f‘-,&):]._*.
2 ) _ .,

m.{
mpk,

&

1 2kx=1v(yp)
Lt 17" \UJ

[~

+ O(K?),
and from (2.15) and (2.16), as k-0 in C*,
m)(kx)=0(k?) and m.(kx)=0(k*).
Proposition 2.2:1f VEL},(R) for some ae(0,1], then for
ky,k,eC*, the quantities
ml(klrx) - ml(kZ:x) and mr(klrx) - mr(kZ;x)
|ky — ky|© |ky — ky|®

are bounded in absolute value by (1 + |x|)?Cj(a,K),
where

Ci(a,K)=max{2' ~°K' ~¢2%%2K}

Xexp(K f:ow dz{1+ (1+ |Z|)a]|V(Z)|)

X f'” dy(1+ [y VO], (2.19)

with K = max{|k,|,|k:|}.
Proof We will give the proof for

ml(kl:-x) - m[(kz,X)
|ky — Kz |®

Ak kyx) =
only; the proof for

m,(ky,x) — m,(kyx)
|y — Ky |®

is similar. Letting

k :
Alkxy)= — % [1— 2*0=2]p(y),

from (2.11) we obtain

A(kyx,p) — A(kyx,y)
|y — kp|®

A(k[,kz;x) = f dy ml(kl’y)

+ f dy A(kxp) Ak ysp).
* (2.20)
We have :
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IA(kl;x’y) - A(kl;x:y) l
[ky — ky|®

<[kt — k| =%+ 272 Ky | (p — )] | V(1) |
Q'TekI (14 222 1K (| + x|
<2'mekt—e[1 4 252 1K (|p]% 4 | x| ) ]| V() |
<max{2! —°K! - 252K}

X (14 |xDEL+ |y V).
Using (2.13) and |4 (kyx,p) | < K|V (p)|, from (2.20) we
obtain
IA(kl,kzix) |
Ci(a,K) (1 + |x])®

1+Kfco dy(1+ |y V()|

A(ky,ks;
X | A(kikzy) | . (221)
Ci(a,K)Y(1 + |y|)
Solving (2.21) iteratively the proof is completed. ]

l1l. SCATTERING MATRIX

In this section we study the properties of the scattering
matrix S(k) and establish its asymptotics as k—0. In this
section the sufficient assumption is VeLL(R) for some
as(0,1]. In fact, VeL}z(R) is used only in Propositions 3.1
and 3.2; otherwise, ¥eL!(R) is sufficient.

From (2.1), (2.2), and (2.4) we obtain the expres-
sions for the transmission coefficients

k © .
R (I CONMNCEY
k(o
T(b=1+7 f dy OV ()b, kp), (3.2)
and the reflection coefficients
k (e .
L=, f dy V) k), (3.3)
k (= — ik
RG) =3 f dy e~ BV () (k). (3.4)

Using the derivative of (2.4) with respect to x, we
obtain

) — ikT (k)e™ + o(1), x— o0,
Vi X) =1 otk _ ikr (k)e =™ + 0(1), x— — o,
o) — — ike = ** 4 ikR(k)e™ 4-o(1), x—w,
V(X)) =\ _ kT (k)e=* + o(1), Xo — o,

which are exactly the expressions obtained by differentiat-
ing (2.1) and (2.2) termwise.

Let [ f:g] = fg' — f'g denote the Wronskian of f and
g. It can be shown that the Wronskian of any two solutions
of (1.1) is independent of x. Hence, as x— % o, from
[¥,( — kx);¢(k,x)] we obtain

T(K)T(—k) +L(k)L(—k)=1, keR.
From the Wronskian [¢,( — k,x);¥,(k,x)] we obtain

(3.5)
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T.(K)T,(—k)+R(K)R(—k)=1, keR, (3.6)
and from the Wronskian [¢,(k,x);4,( — k,x)] we find

T(K)R(—k) + L(k)T,(— k)=0, keR. (3.7)

Since k appears as ¢k in (2.11) and (2.12), it follows
that

my( — k,x)=m;k,x) and
(3.8)

m,( —kx)=m/k,x), keR,

where the bar denotes complex conjugation. Hence, from
(3.5), (3.6), and (3.7), it is seen that the scattering matrix
S'(k) defined in (2.3) is unitary and that we have

S(—k)'=8(k)'=S(k)~', keR, (3.9)
where S(k)‘ denotes the transpose and S(k) ~ ! the inverse
of the matrix S(k). As a consequence, the transmission
and reflection coefficients cannot exceed 1 in absolute value
for keR.

Using (2.1) and (2.2), we obtain

(kX (kx) | = — 2ikT (k)= — 2ikT (k).

Therefore, the transmission coefficients from the right and
left coincide, and this common value will be denoted by
T(k):

T(k)=Tk)=T, k). (3.10)

Let us now study the asymptotics of S(k) as k—0.
Using (2.8), from (3.1) and (3.2) we have

1 k (=
—rm=g | @V OImk)

k ©
5 | @ voIm, (3.11)
and from (3.3) and (3.4) we have
LK) k(o
Tk)_—Z—z’ f_ 3} dy eV (yIm(k,p), (3.12)
R(k)_f i — 2iky
o=z | T dyetyOoIm i) (313)

Notice that wsing (2.13) in (3.11), (3.12), and (3.13),
from the Weierstrass theorem we conclude that LZ(%) and
R(k) are continuous for k<R.

Using (2.17) and (2.18), from (3.11), (3.12), and
(3.13) we obtain as k-0

k (e —
T(k)=1+2—if_ dy V(y) + O(kD), keC*, (3.14)

L(k)=2£,- f T dy () + 0K, keR,  (3.15)
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k [ .
R(k)=2—l.f dye~ 2P (p) + Ok, keR, (3.16)

Using (2.9) and (2.10), we obtain the Wronskian
[mr(k,x);ml(k,x) ] = Zikmr(k’x)ml(ksx)

+ 2ik/T (k). (3.17)

In Sec. II, we have shown that my(kx), m,(k,x},

mj(k,x), and m!(k.x) are continuous in k for keC'*+ and
analytic in k for keC™*. Thus 1/T(k) is continuous in

C* and analyticin C*. It is known™® that 1/7°(%) has no
zeros in C*. Writing (3.17) as

2ik
2ikmkx)mkx) + [mkx)mkx)]’

T(k)==

and using (3.14), we see that T(k) is co_ng_inuous‘ inCt,is
analytic in C*, and has no zeros in C*. Moreover, be-
cause of the unitarity of S(k) and T(k)s40 for keR, the
reflection coefficients R (k) and L{k) cannot take the value
1 in absolute value when kcR. We will study the asymp-
totics of S(k) as k— = « in Sec. V.

Proposition 3.1: If VeLL(R) for some ae(0,1], then
|T(ky) — T(k2)|/|ky — ky|*is uniformly bounded for
ky5tk, in any compact subset of C*,

Proof: Let ¥ = max{| T'(k,)|,| T'(k,) | }. Using X and
A(kyJep;x) defined in Proposition 2.2, from (3.11) we ob-
tain

| T(ky) — T(ky) |
[ky — k|

VT (ky) — 1/T(hy) |
|k — k| @

<Y? |

<2 k=l = [T dy v Im|
TESUTAVCH N OGN Y

<Y? max

2“"‘K"‘“exp<K f_: dz{V(z)|),

27 KCi(a,K)

|7 saspparol,

where C,(o,K) is the quantity in (2.19). |
Proposition 3.2: If VeLL(R) for some ae(0,1], then

|L(ky) — L(ky) |
[y — ky|®

[R(k)) — R(k,)|
|kt — &y | @

are uniformly bounded for k;54k, in any compact subset of
R.

Proof: In view of Proposition 3.1, T(k)=40, and the
continuity of T'(k), it is sufficient to consider the functions
L(k)/T(k) and R(k)/T(k). We will give the proof only
for L(k)/T(k). Using K and A(k,k;x) defined in Prop-
osition 2.2, from (3.12) we have
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|L(ky)/T(ky) — L{ky)/T (k)|
|k — ko |

< f’” dyl2- K1 =% 4. 2972+ 1K || @] | P () | exp(K f‘”

-

<|max{2! * ¥2K2 ~*K! — 9} exp(K f

—

where C|(a,K) is the quantity in (2.19).

IV. LARGE k ASYMPTOTICS OF THE SCATTERING
SOLUTIONS

In this section, the sufficient conditions are
VeL'(R), V(x) <1, 1 —HeL'(R), and GeLL(R) for
some ac(0,1], where G(x) is the quantity defined in (1.6)
and H(x) = /1 — V(x); we also assume that V(x) is
bounded below and hence sup,.g H(X) < . The condi-
tion GeL!(R) is needed only in Proposition 4.1; otherwise,
GeL'(R) is sufficient. First, using techniques similar to
those used in Ref. 7, we show the existence of two linearly
independent solutions of the Schrédinger equation (1.1)
and establish their large k asymptotics. Then, we relate
these solutions to the scattering solutions i, and ¢, of (1.1)
and establish the large k& asymptotics of 1; and ¢,.

Assume a solution of (1.1) of the form

P(k,x) =B 2 j( *)

where Y(k,x) = ao(x)e’kﬂ(") and

=Y (kx)Z(kx), (4.1)

1 i aj(X)
0( )]2 kj

The functions B(x) and ag(x) are to be determined; sub-
stituting (4.1) into (1.1), we obtain

1P(—B? 4+ 1 — Vao + kliB"ao + 2if'a}

Z(k,x)=

- 1
+ (=B +1=Vial+ 2 HliBas,
J=

+208a), 1 +a] + (— B2+ 1~ V)aj,,]=0.
Thus we have

B'(x)==*=H(x),

2if'ay + iB"ay=0,

2ip'aj, +iB"ajy +af =0, j>O0.

From (4.2) it is seen that there are two linearly indepen-
dent solutions corresponding to 8’ = H and ' = — H, re-
spectively. Substituting these values into (4.3), we obtain
ay = H~ 2 apart from a multiplicative constant. Hence, we
obtain two functions for Y(k,x) which we will call

Y,(k,x)=exp(z’k Lx dt H(t))(,/H(x))_l

(4.2)
(4.3)

(44)

and
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) L2k f‘” dy| V()| |ACkpksp) |

) +2- IKCI(a,K)] f‘” dy(1+ [y V() I,

X
Y,(k,x) =exp( — ik f dt H(t))( VH) L (4.5)
0
In general, the series in (4.1) does not converge, and
hence it is not very useful. Therefore, in order to compute
Z(k,x), instead of using the series given in (4.1), we pro-
ceed as follows. Once Y(k,x) is known, substituting
1) = YZ into the Schrddinger equation (1.1), we obtain

YZ' +2Y'Z' + [Y" + k(1 — V) Y]Z=0.

Multiplying the above equation by Y and rearranging

terms, we have
(Y?2Z')' 4+ Y [Y"/Y + K} (1 — V)] Z=0.

Note that from (4.4) and (4.5) we have in terms of the
function G(x) defined in (1.6)

(4.6)

V" 5 (Vl)2
P P TR P 7t

=G(x)H(x), (4.7)

which is independent of k. Integrating (4.6) with the
boundary condition Z'(k,x,) =0, we obtain

Y2(kx)Z' (kx) = — f T dt Yk GOH(DZ(K ),
X0

or equivalently

Y2(k,t)

Z'(kx)= — f dt -—2—~G(t)H(t)Z(k 1). (4.8)

Integrating (4.8) with the boundary condition Z(k,x;)
= 1 and changing the order of integration in the resulting
equation, we obtain

Z(kx)=1— fx dt L (kx,t) Z(k,t), (4.9)
X0
where
Y?(k,t)
°f(kx,l‘)——G(l‘).l:]'(t) f dg—z—é;)- (4.10)

Using (4.4) and (4.5) in (4.10), we obtain
G(t) :
i",(k;x,t):w [1 — exp(2ik f dé’H(é‘))] ,  (4.11)
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£ kx,t) = — G(1)/2ik
x[l —exp( —2ik f’ dgﬂ(g))’ . (4.12)

From (4.9) choosing xy = = «, we obtain two indepen-
dent solutions denoted by Z; and Z,, respectively, satisfy-
ing

Z(kx)=1+ fw dt L (kx,t) Z [ k,t), (4.13)

rx

Z(kx)=1— J dt & (kx,t) Z,( k1), (4.14)

such that Zj(k,0) = 0 and Z k) =
Z!(k, — ) =0 and Z,(k, —
and (4.12) that

1. Similarly
w)=1. We see from (4.11)

[.Z(k;x,t) | <(1/] k| )| G(2) | and

(4.15)
| .2 (ksx,t) | <(1/| k| )| G() |,

for keC* in their domains of integration given in (4.13)
and (4.14).
By iterating (4.13) and (4.14) and using (4.15), we

obtain
f dt| G(2) |)

_ a6 |) , keC*\{0},
(4.16)

|Z)(k,x) | <exp

(
ool [

?;[~;|~

1
|Z,(kx) | <exp(m j_ dt|G(1)| )

1 w —_—
<exp(—|T| JL dth(t)[), keC*\{0}.

Hence, by the Weierstrass theorem, when GeL!'(R), for
each x both ﬁ k.x) and Z.(k,x) have continuous exten-

sions in k to C* \ {0} which are analytic on C*. Further-
more, Z/(k,x) =1+ O(1/k) and Z,(k,x)=1+ O(1/k) as
k- inC™. _

From (4.8) we obtain for keC*+ \ {0},

| Z; (kX)) |
< [T @B 60|12kt | <sup Hx)
x xR
1 © ©
Xexv(m f_w dEIG(x)l) (f_w dth(t)[),
| Z; (kx) |
< J T @t H(x) |G| |Z,(kt) | <sup H(x)
- ® xR

xesp gy [~ agto@1) ([T anow).

2782 J. Math. Phys., Vol. 32, No. 10, October 1991

Hence, if GeL!(R), both Zj (k,x) and Z!(k,x) have con-
tinuous extemsions to keC* \ {0} which are analytic on
Ctﬁnd Zj(kx) = O(1) and Z!(k,x) = O(1) as k—
inCT.

Next we will show that the physical solutions ¢, and
Y, are related to Z;and Z, in a simple manner. From (4.1}
we know that Y (k,x)Z,(k,x} is a solution of (1.1}, and we
have

Y (kyx) Z)(kx) =exp(z'kx _ ik f: g —H])

+o(1),

Thus the Jost solution from the left defined in (2.5) is
given by

X— o0,

Silkyx)= exp(zkf [I—H])Y,(k,x)z,(kx) (4.17)

In the same way we obtain
0
Y,(k,x)Z,,(k,x):exp( — ikx — ik f [1 ——H])

+o(1),

X— — o0,

and hence the Jost solution from the right is given by

[ —H])Y,(k,x)z,(k,x).

0
Flkx) =exp(ik f
(4.18)

—

Thus from (2.5) it is seen that the physical solutions of
(1.1} are given by

Wikx)=T(k) exp(zk f [1— H])Y,(k x)Z(k,x),

0
U (kx)=T(k) exp(:'k f 1 —H]) Y (kx)Z(kx),

-

and from (2.8) we obtain

1 @
m,(k,x)=mexp(ik J; [l—H])Z,(k,x), (4.19)

m,(k,x):VHL(E exp(z’k fi ) [1 —~H])Z,,(k,x),

(4.20)
and hence, as k— « we obtain
kX1 —H —
mz(k,x)=exp(l \/HEx) D [1+0(1/k)], keC™,
(4.21)
ikf* [1—H —_—
TR JC f\/}!"z[x) D iroam), kecr.
(4.22)

Since m{(k,x) and m,(k,x) are continuous at k = 0 when
VeL'(R), from (4.19) and (4.20), it follows that
Z(kx) and Z,(k,x) are also continuous at &k = 0.
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Proposition 4.1: If GeLL(R) for some a<(0,1] and
V(x) is bounded below, then for all kﬁékze(?:\{O}, the
quantities

Z\(kyx) — Z)(kyx) Z (kyx) — Z,(kyx)

|ky — k2| lky — k| ®
are bounded in absolute value by (1 + |x|)®Cs(ax),

where

Cy(a,k) =max{2’ "%~ a3-ae—1gup H(E)%}
&R

1 w
Xexp(; f de[1+ (14 ‘tl)a”G(t)l)

x f‘” dr(1+ |2])%| G(D) |
and « = min{|k],|k|} > O.
Proof: We will only give the proof for Z,(k,x). Put
Zy(kyyx) — Zi(ky,x)
[ky — k| ®
Then from (4.13) we have
L kx,t) — L (kyx,t)
[y — ko |

(4.23)

E(kl,kz;X) =

= (kyykyx) = f‘” dt Z (k)

+ f‘” dt gt Eflkpkyt).  (424)
X

Using (4.11) and (4.15), we obtain

l'fl(kl;x,t) - fl(kZ;x,t) l
|ky — Ky |®
L kyx,t) — L (kyx,t) |*
Q- G| e (ki) (kzx,1)
|ky — k|

<22~V G() | [k + 2%~

X (|x| + [¢])*sup H(§)]
£eR

<Cylak) |G| (1 + |x)*(L+ |2
where
Cy(a,x) =max{2*~ 2%~ 1 =224~ %%~ sup H(£)*}.
&R
Then, using (4.15) and (4.16), from (4.24) we obtain

1 ©
| E(kykyx) | <Calayk) exp(; f dt|G(1) l)

><(1+|x|)°‘f°° (1 + |1 G|

(1)
+ f dt l——l | E(ky,kext) |

and through iteration, we obtain

E(kl,k2;X)' < C3((1,K)
X (1 + |x])% n

V. LARGE k ASYMPTOTICS OF THE SCATTERING
MATRIX

In this section we obtain the large k asymptotics of the
scattering matrix. It is sufficient to assume GeL'(R) and
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V(x) is bounded below for the results to hold in this sec-
tion, except in Propositions 5.1 and 5.2 where we further
assume GeL!(R) for some ae(0,1].

From (4.17) and (4.18) we obtain

VH(x) f1(kx) CXP(fk Lw [1— H])

-—e’k"(l-i-—f dtG(t)Z,(kt))
—ikx_____
+e 7k J; dt G(t) Z,(k,t)
t
><exp(2ikt—-2ik f [1 —H]) (5.1)
0

and
VH(x)f,(k,x) exp(ik fiw [l—H])

— ikx
_ (1 v [ @ G(r)z,u«,t))

1
kx
- f_w dt G(1)Z,(k,t)
><exp(-—2ikt+2ik f [l—H]), (52)
0

and hence, using (2.6) and (2.7) we have

1 ©
T(k)wexp(tk f_ [1 ——H])

[1 +-—-1- (5.3)

2k dt G(t)zl(k:t)] ’

1 ©
T(k)—exp(zk f_ [1 —H])

1
L(k) w 2 (°
TR~ e"p(’k fo -k [ [I_H])

o G()Z(kt)
Xfw Y
t
Xexp(Zikt—Zik J [1 —-H]) ,
0
0 ©
exp(zkf [l—H]—ikf [I—H])
—® 0
° 4 G(Z,(k,t)
X f_w Tk

t
Xexp(—Zikt+2ik f [I—H]).
0

(54)

R(k)
T(k)

(5.5)
From (5.3), (5.4), and (5.5), as |k| — o we obtain
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. ® Ak — 4k Lk —1/k w
= — ik 1—H 10K b)) iy 2
(k) exP( ! J._w [ ]) |y — kol ® 2k — ky}® f_w dz G(2)Z,(ky2)

1 ® —_ 1 ®
. ‘ + =
X[l _2ik J‘-m dtG(t) +0(1/k2)l » kefs 6’) +-2—% f_w dZG(Z):.(k1,k2;Z),
) and hence using (4.16) and Proposition 4.1, we obtain
0 1 [A(ky) — A (k)|
L(k)::—— eXp(—Zl'kf [I—H])}Z‘k‘ lkl__kzla
N ; exp(k ™12 _dt|G(n)]) =
X f dt G(1) exp(Zikt— 2ik f [1— H]) < TR f dz|G(2)|
- 0 -
1/k*), keR, 5.7 Cilax) (=
+ O(1/k%) € ( ) +__3Tf dZ(1+lZ’)a[G(Z)l,
. o where C;(a,«) is the quantity in (4.23). Since |T(k)| is
R(k)=— eXp( — 2ik f - H])] bounded away from zero and
1 [ [Ao(ky) — Ao(ka) |
5‘7‘[-—@ dt G(¢) [ky — Ky |
. e < 1 tAy (k) — A41(ky) |
XCXP(—Zlkt+21kJ:) [I—H]) ‘T(k])T(kz)' 'kl_kZ!a ’
‘ the lefi-hand side of the last expression is bounded for
+OU/E) , keR. (58) ks, with k>6>0. -
N ) Proposition 5.2: Let k = min{|k|,|k;|} and let
Proposition 5.1: Let k = min{|k,|,|k,|} and F(k) denote either L(k) exp(2iks®. , [I — H]) or R(k)

Xexp(2ikS§ [1 — H]). If GeLL(R) for some ae(0,1] and

(= V(x) is bounded below, then F(k;) — F(ky) |/ |ky — k3| ©
Ag(k)=T(k) eXP(lk f_ " [1- H]) . is uniformly bounded for k,74k,eR\ {0} with /c>6>0
Proof: Let
If GeL! (R) for some ae(0,1] and ¥ (x) is bounded below, (k) . ®
then [Ao(k;) — Aolkr)|/|ky — Ky|® is uniformly Ay(k)= — T exp( ik f [1-H]
bounded for k,=£k,cC* \ {0} with k>8> 0. .
Proof* Let E(ky,kyx) be as in the proof of Proposition + ik f [1— H]) )
4.1 and let 4,(k) = 1/44(k). Then from (5.3), we have

As seen from (5.4), we have

L, F@Zik2) 1 (e | =
A(k)=1+ f 21;( . Ag(k)=§'ﬁc‘ . dz G(z) Z,(k,z) exp(sz L H).

Hence using Z(k,kyx) defined in the proof of Proposition
Thus 4.1, we have

Ay(ky) — Ay (k) Uk —1/ky . z 1 ®
e Lo kzl"f_w dz G(2)Z,(ky,2) exp(szl f H) 3 f " d6@Zik)

X exp(Zz’k, fz H) — exp(Zikz f )] + ik fw dz G(2)E(kikyz) exp(Zikl fz H) s
0 2J - 0
so that

k) —Ane)) . (1 e .
!kl"_kzia <2 K exp(; J‘_wdtIG(t)[)f‘_wdz’G(z)l

1 o« .
[20/2xsup H(g)“exp( f dt|G(¢) |) + 27 e 1 (ayr)
EER ~ @

f“’ dz(1 + |2])%|6G(2) ],

where Ci{a,k) is the quantity in (4.23). This estimate and Proposition 5.1 imply the statement of the proposition. R

2794 J. Math. Phys., Vol. 32, No. 10, October 1991 T. Aktosun and C. van der Mee 2754

Downloaded 09 Jul 2005 to 192.167.137.10. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



Vi. RIEMANN-HILBERT PROBLEM

In this section the sufficient conditions for the resuits
to hold are 0< ¥ (x) <1, VeLL(R) and GeL(R) for some
ac(0,1]. We will show that we can recover V(x) from its
scattering matrix uniquely. The condition ¥'(x)>0 insures
us that my(k,x) and m,(k,x) remain bounded as k— « in
C*. In order to formulate the inverse scattering problem
as a Riemann-Hilbert problem, in this section we assume
that ¥V (x)>0. However, in Sec. X, we will generalize our
results so that ¥(x)>0 is no longer needed.

Let us denote by H% (R;C") the Hilbert space of all
vector functions f:R — C" which are analytic on C* and
satisfy

sup fm dk|| f(k:i:ib)||2Cn< 0.

550

Then the Hardy spaces H4 (R;C") are closed complemen-
tary, mutually orthogonal subspaces of the Hilbert space
LY(R;C") of square integrable vector functions f:R
— C" We write II. for the orthogonal projections of
L*(R;C") onto HZ (R;C") and abbreviate HZ (R;C') by
HA (R).

Since k appears as k* in (1.1), ¥,( —k,x) and
Y, ( — k,x) are also solutions of (1.1) whenever ¢,(k,x)
and y¥,(k,x) are the physical solutions. Using (2.1) and
(2.2) as well as (3.9) and (3.10), the solution vectors

Pi(£kx)

d’( =hx)= ')br( +k,x)

are found to be related to each other as

P( — kx)=S(—k)'qp(kx), keR, (6.1)

where ¢ = [ }]. Letting
k,

m(kx) = rr:likg
and using (2.8) and (3.9), we can write (6.1) as

m( — kx)=A(k)gm(k,x), keR, (6.2)
where we have defined

T(k) — R(k)e**
A(k)': _L(k)e—Zxk.x T(k)

in such a way that the x dependence is suppressed.

The large k-asymptotics of m(=k,x), as seen from
(4.21) and (4.22), make it unsuitable to solve (6.2) as it is
stated. However, the transformation k> — 1/k changes
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(6.2) into a Riemann-Hilbert problem that can be solved.
Under this transformation C* and RU{«} are mapped
onto themselves in a one-to-one manner. Let us use a su-
perscript tilde to denote the transformed function under
the map k+— —1/k; ie, let us use the notation
F (k) = F( — 1/k) throughout the paper. The transforma-
tion k — — 1/k changes (6.2) into

A —kx)=A (k)gm(kx), keR. (6.3)

Let 1 = [%]._lirom Sec. II it is known that m(k,x) is
continuous in keC * \ {0}, has an analytic extension in k to
_C_*_ for each x, and m(k,x) —1=0(1/k) as k— « in
C™, which is seen from (2.17) and (2.18). If we assume
0<¥V(x) <1, from (4.21) and (4.22) we see that m(k,x)
also remains bounded as k—0in C™. Similarly, m( — k,x)
is continuous in k€C* \ {0}, has an apalytic extension in k
to C~ for each x, and m( — k,x) — 1= 0(1/k) as k-
in C~. Hence, when the scattering matrix is known, solv-
ing (6.3) for m(—kx) and m(kx) constitutes a
Riemann-Hilbert problem in which we seek solutions sat-
isfyingm ( — k,x) = m(kx).

Letting F(k) = [A(k) — I}1 and defining

n, (k)=ql#i(kx) — 1]

B ~ (6.4)
n_(k)=m(—kx)—1,
we can write (6.3) as
n_(k)=A(k)n, (k) + F(k), keR, (6.5)

where n,.cH2 (R;C?) and FeL*(R;C?); we will seek solu-
tions of (6.5) satisfying

n,(—k)=n_,(k) and n_(—k)=n_(k), keR,
(6.6)
n.(—k)=qn=(k), keR. (6.7)

Here we use the notation I = [} 9]. The Riemann—Hilbert
problem stated in (6.5) differs from a conventional
Riemann-Hilbert problemg’9 because the matrix A(k) has
a discontinuity of almost periodic type'®'! at £ =0. In
order to solve (6.5), we will apply a matrix analog of the
methods of Refs. 10 and 11. Using these methods we will
show that (6.5), although not a Fredholm problem, is a
problem that has solutions for every nonhomogeneous
term FeL?(R;C?) and that the corresponding homoge-
neous problem has infinitely many linearly independent
solutions. In spite of these non-Fredholm characteristics,
we will show that the large k& asymptotics of different so-
lutions of (6.5) are the same and as a consequence of this
fact all solutions lead to the same potential.

Let us now study the matrix A(k). Let A
= f* _[1 — H]; note that A>0 if we assume that
0<V(x) < 1. Define the matrix M (k) as
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T(— 1/k)e~ Wk

M(k)=e—iA/kK(k)= —L(— l/k)e——iA/k+2£x/k

From the properties of the scattering matrix S(k), it fol-
lows that A (k) is unitary. We also have

A(—k)=A (k) and F( — k)=F(k), keR,

A(k)~'=gA(—k)g and

A (k)= F(k)= —qF( — k), keR.

T(k)=1+ O(k), keC¥,
R(KY=0(k), keR,
L(k)=0(k), keR,

and as |k| — o, from (5.6), (5.7), and (5.8) we have
T(k)ek =1+ O(1/k), keCTt,
R(k)eé*=0(1/k), keR,

L(k)e4 =0(1/k), keR.

Thus we have M (k) =1+ O(1/k) as k> % o, and M (k)
is continuous on the real axis including the continuity at
k=0. In fact, as k-0 in R, we have M (k) =1+ O(k).
Since A (k) is unitary, it follows from (6.8) that M(k) is a
unitary matrix.

Proposition  6.1: Let T(k)=T(— l/k)e™** If
V,GeL!(R), then T(k) — 1 belongs to the Hardy space
H%, (R).

_ﬁroof: Using (3.14), (5.6), and the continuity of T(k)
in _(_J: which has been established in Sec. 111, we obtain for

keCH

€2 'k|<l’
[T7(k)—1|<} ¢

11 * (k >1’

s X

where ¢, and ¢, are some positive constants, Thus, for >0
we obtain

f’” dk| 7 (k + ib) — 1|2

2c2 JU = 8% + (22/b) arcsin b, 0<b<1,
< ’lTC]/b b>1’

and, hence, using 6/sin 8 < 6/5 for 6¢[0,1], we obtain

* ~ 2 ., 24,
f dk| 7 (k + ib) — 1]|*<max 2c2—{——5—,1rcI .

Thus, 7 (k) — leH2+ (R). As a consequence, letting

© dk .
u(y)=f Ee"‘y[?(k)—ll, (6.9)
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—R( _ l/k)e—iA/k-—Zix/k

T(— 1/k)e~ 4k (6.8)
—
we obtain u(y) =0 for y>0. |

VIi. WIENER~-HOPF FACTORIZATION

The sufficient assumptions in this section are the same
as those in Sec. VL. In this section we show that the matrix
M (k) given in (6.8) has a unique canonical Wiener—Hopf
factorization.

Be the Wia BT fontnrizatin nf rantinnang
Dy ‘r.ll\f Yy I.Cllﬁ.l b 8 "Uyl .‘.a‘al«ul LLaLlUll UL a VAJRLILIIL UV WD
I

n X n matrix function M (k) with M(£ ) =1, where I is
the identity matrix, we mean a representation of M (k) m
the form

RN 1 ¥ 4
WMV )=4vE

where M. (k) are continuous on C* and analytic _on
C*, M. (k) are boundedly invertible for all keC*,
|Ms(k) — I|| > Oas k- in C*, and

otk — iNH
D(k)=Py+ Z (kJH) P

i
is the diagonal factor. Here Py,...,P, are mutually disjoint
one-dimensional projections, and Py = I — Z}_(P; The
L1se-ult, are nonzero integers depending only on M{k) and
are called the partial indices of M (k). If the partial indices
are all zero and hence D(k) =], the factorization (7.1) is
called canonical.

The Mobius transformation k—& = (k—)/(k + i)
maps RU{ «} onto the unit circle T of the complex plane,
C* onto the interior of the unit disk, and C~ onto the
exterior of the unit disk. It is known'? that M (k) has a
Wiener-Hopf factorization if §->M(@I(1 +£)/(1 —§£)) is
Holder continuous; i.e., if there exists a constant 5e(0,1]
such that

1+ 1+& .
M(ll_gl)"M(ll__é-) <c[§1 §2!
for all &,6,€T for some constant c. The constant S is called
the exponent. The next theorem is about the Wiener—Hopf
factorization of the 2 X2 matrix M (k) defined in (6.8).

Theorem 7.1: If ¥,GeLL(R) for some ae(0,1], then
M (k) defined in (6.8) has a Wiener—Hopf factorization.

Progf: To prove the existence of the Wiener-Hopf fac-
torization of M (k), it is sufficient to prove that for £€T, the
matrix M{E(1 + £)/(1 — &)} is Hélder continuous of ex-
ponent S for some fe(0,1]. From Propositions 3.1, 3.2, 5.1,
and 5.2, because 7(%) is continuous and never vanishes for
keR, it follows that, if V,GeLl(R), ||M(k+8)
— M(k)||<e8” for some constant ¢ and for all §>0. We
have

2| k) — ky|

|§1—§21=WI+1 i

Thus
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WM (4 E1)/7(1—E)) — M@ (1 +6)/(1 — &)l
|& — &P

M k) — MKy
R

(B + D2+ D2 (12)

We need to show that the quantity in (7.2) is uniformly
bounded for some Be(0,1]. Letting k; = kand 6 =| k;
— kj|, it is enough to show that

Mk +8) — M(k)||
2Pk
X [(k + 6)* + 1172

is uniformly bounded for a suitable B(0,1]. Due to the
uniform boundedness of M (k) on the extended real axis, it
is enough to give the proof for & < 1. For every €€[0,1] we
have

O(k,8)= (K + 1)P?

O(k,8)<||M(k + 8) — M(k)||' ~¢ce6°c P2 —F

X (K2 + 1)P2[ (k + 8)% + 1172 (7.3)

and also

O(k,5)<cd~ B2 B2 + 1)P2[(k +8)2 + 1172 (74)

Hence, if | k| <1, assuming a>B>0, from (7.4) we obtain
O(k,8) < c2~P2P25P2 If |k|>1, from (7.3) we obtain
OkS)<[|M(k+8) —I|| + |M(k) — Ij|]! 52— A
X2~ P(10)P2 | k|*
<c8%€— P2 = B(10)P7? [sup| k| P\ M (k) —I||' ¢
keR

+ sup| k| |M (k + 8) —1||' <],
keR

and since the matrix M(k) is continuous and
M(k) =1+ O(1/k) as k— £ w0, the suprema in the last
expression are finite numbers if 1—e>»2B. Thus if
1 — €>2f8 and ae>pB, or equivalently if 0 < 8<a/(2a + 1),
®(k,8) is uniformly bounded. In case §, = 1, we have

MG+ E)/(1 — &) — M)

& —1[*
M) =T
Tk =0/ (k+ iy —1]P

(k2 + 1)P?
=——p — M (k) 1|

and since M (k) is continuous and M (k) =1 + O(1/k) as
k— = o, the last expression is uniformly bounded for all
Bk1. |

The next theorem shows that the partial indices of
M (k) are both zero, and hence M (k) has a unique canon-
ical factorization M (k) = M _ (k)M (k).

Theorem 7.2: If VeL,lz(R) and GEL},(R) for some
ae(0,1], then M (k) defined in (6.8) has a unique canon-
ical Wiener—Hopf factorization.

Proof: Let
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(k) p(k)
Ak) 7(k)

be the scattering matrix for the Schrodinger equation given
in (1.4). Then from the asymptotics of (1.3) as y— % o0,
we obtain

o(k)=

(k) =T(k) exp(ik r [ -H]) ,

- @

Ak)=L(k) exp(2ik J.(im [1 —H]) ,

p(k)=R(k) exp(2ik fw [ -—H]) .
0
Let J = [} _9]. Then

T(k)
— Ak)

—p(k)

Jo (k)= (k)

Let

y=yiy ([ n-m- [T u-m).

From (6.8) we obtain M (k) = Jo,(k)J, where

' . k k 2iky
oy (k) =€ Vo (ke ™ 1= f(kr)(ejmr p(f()lf) ]

It is known!>!* from the inverse scattering theory for the
Schrodinger equation (1.4) that o,(k) is the scattering
matrix for the Schrédinger equation (1.4) that corre-
sponds to the potential shifted by y. Due to the fact that
7(k) never vanishes and there are no bound states, the
vector Riemann~Hilbert problems for the matrices ay(k)
and Jo,(k)J have unique solutions that can be obtained by
the Marchenko procedure.””16 As a result the matrix
Ja,,(k)J has a canonical Wiener-Hopf factorization, and
its Wiener—Hopf factors can be obtained as follows.''® Let
[gﬂ(ﬁ’)] be the solution of the vector Riemann-Hilbert prob-
Jem with matrix Jay(k)J, and let [gi((’,‘c))] be the solution of
the vector Riemann—Hilbert problem with matrix a,,(k).
Then upon forming the matrix

a+B a—B

1
U(k)=§ ar_Br ar+Br ’

we obtain the unique solution of the matrix Riemann-
Hilbert problem
U(—k)=M(k)qU(k)g, keR,
which leads to the unique canonical Wiener—Hopf factor-
ization M (k) = M _ (k)M _ (k), where
M_(k)=U(—k) and M (k)=qU(k) "'q.

Since M(0)=1 and M(k) =M( — 1/k), the matrix
M(k) has also a canonical factorization with factors
U(1/k)U(0) ~ ' and qU(0) U( — 1/k) ~ g, respectively.l
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Vill. RECOVERY OF THE POTENTIAL

In this section we solve the key Riemann-Hilbert prob-
lem (6.3), using the canonical factorization of the matrix
M(k) given in (6.8) This is done by solving (6.5) and
restricting its general solution so that (6.6) and (6.7) are
satisfied. The sufficient assumptions in this section are the
same as those in Sec. VI

Proposition 8.1; Suppose

A (k) ="M _ (k)M , (k), keR,

where 4 >0, M . (k) are continuous on C* and analytic on
C*, satisfy M. () = 1, and are boundedly invertible on
C*. Then for every FeL?(R;C?) the Riemann-Hilbert
problem (6.5) has at least one solution and the general
solution is given by

ny (k)= —e WM (k) ~'[T {MZ'F}1(k)
. y |
+%M+(k>"‘fo dte= (1),  (8.1)
n_(k)y=M_(k)[l1 _{MZ'F}](k)

; A

+%M_ (k) L dt4-kp(p),  (8.2)
where neL?((0,4);C?) is arbitrary and IT. are the orthog-
onal projection operators onto H% (R;C?).

Proof: One can directly verify that (8.1) and (8.2)
represent a solution of (6.5) for every FeL*(R;C?) and
every 7eL%((0,4);C?). To prove that (8.1) and (8.2) rep-
resent all solutions of (6.5), we will compute the general
solution of the corresponding homogeneous Riemann—
Hilbert problem

n9 (k)= A (k)n'Q(k), keR. (8.3)
Letting

nOky=M , (k) ~'p' Y (k),

(k) = M _ (k)p ™ (k), 4
we can write (8.3) as

Pl (k) =e*pl k), keR, (8.5)
where p'%<HZ (R;C?). Now note that (%Zf)(k)

= (i/k)f( — 1/k) defines a unitary operator on L}(R;C?)
which maps HL (R;C?) onto themselves and is its own
inverse. Letting 7% = % p'%, from (8.5) we obtain

O (k) =e~* 4% (k), keR,

where AeH2 (R;C?). Thus there exist
7, €LX((0,00);C?) and 7 _eL*(( — »,0);C) such that

(8.6)

rlzl(k)=J.: dteik'n_,_(t)
and
0 Iy
rlfl(k)=f dt ey _ (1),
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and using these integral representations in (8.6), we obtain
n,.(8) = 0 for 1>4, n_(t) = 0 for t< —4, and

) def
n_€)=7,(t+4). Defining 7(#) = 74 (2)
=n_(t — A) for 0 <t <4, we have

i A
0y & — itk
P (k)—-kf() dte 7(2)

and

[Olk__i 0 dt e~ itk 4
P =¢ te” "t +4)

ira .
=-'é J;) dt e‘(A_ t)/k’r](t),

and using (8.4), we obtain the complementary solutions

given in (8.1) and (8.2). n
Using M( — k) =gM( — k) ~'q=M(k), we obtain

M:{:(—‘k)=Mi(k)and '

M. (k) —1=QM¢( —k)q.
Next, using F(k) =[A(k) — I]T, we obtain

(8.7)

M_ (k) FU)=[é* —11M , ()T + [M, (k) - 1)1
+I-M_(o 1L

Since M _ (k) ~'and M + (k) are bounded, /it follows that
M_(k)~'F(k) and [e“*—11M (k)1 belong to
L* (R;C?). Thus g(k)=[M , (k) — M _ (k) ~']1 belongs
to L*(R;C?). Hence, [I1, g](k)=[M , (k) —I]1 belongs
to H2, (R;C?) and [T1 _g[(k)=[I — M _ (k) ~']1 belongs
to H2 (R;C?). This conclusion may also be drawn if 1
were an arbitrary two-vector. Hence, there exists a real
232 matrix function T'eL¥((0, w0 );C? X C?), such that

" el (22 o 8.8
o S (7)1 o
Writing
U M= F (k)
i —1 ~
=e"'kAz M+(—k—) —I]l

i —1\ ! ~ i . ~
e — - R .
Mk[M"( k) I]l-f—k[e 111,
we get

@[n+{M:‘F*}1(k>=f:dzefkfr(zm)f,

%M _{MZ'F}](k)

A . ~ i — 1! N
=f dre~™r(4 —nl ——-—[M_ (#) —I]l
0 k

i ~

fro—ikd 1%

+ k[e 1]t
Hence,
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[n+{M:1m(k)=H°° dt ¢¥T (1 4 )T, (8.9)
(¢}
[0 _{MZ'F}](k)
i A N A A
=ZJ dt /DA — )T — [M_ k)~ —1]1
0
+ [e"* — 1)1, (8.10)

Among all the solutions of (6.5) we are interested in
those satisfying (6.6) and (6.7). In Proposition 8.1 we
have obtained the general solution of (6.5) in terms of the
canonical factors of M (k). The next theorem shows how
to obtain the general solution of {6.2) by restricting the
solutions of (6.5) given in (8.1) and (8.2) to those satis-
fying (6.6) and (6.7).

Theorem 8.2: Suppose

A(k)=e"*M _ (k)M , (k), keR,

where 4> 0, M . (k) are continuous on E; and analytic on
C*, satisfy M. (o) = I, and are boundedly invertible on

C*. Then the general solution m(k,x) of (6.2) is given by

A~ 1 1 o N A
mkx)=1+<-M_ (—) (ikf dt ¥qI' (1)1
2 k 4

A . A
+ ikf dt &M (4 — 1)1
0

. 1\~ A

wleonn ) i

A ¢
+z’kf0 dte"“[_a‘:’((A)_t)

where weL2(0,4) is an arbitrary real function and T is the
matrix defined in (8.8)

Proof: Using (8.9) and (8.10) in (8.1) and (8.2), we
obtain the general solution of (6.5). If we choose 7 in
(8.1) to be real, (6.6) is satisfied. In order to satisfy (6.7),
it is sufficient to replace n. (k) by 3[n. (k) + gn=( — k)].
Thus the general solution m(k,x) of (6.2) is given by

X T 1 -1 1 1
m(kx)=1 4 29"+ (T) +§n_ (Z)

Finally, putting w(2)=n,(4 —1) —n,(¢), where
n,(2) and 7,(¢) are the first and second components of the
vector 7(¢), and using (8.7) in (8.12) we obtain (8.11).H

Since w appearing in the general solution (8.11) be-
longs to L%*(0,4) and A is finite, it follows that
weL'(0,4). Hence, the Riemann—-Lebesgue lemma implies
that

), (811)

(8.12)

A . A ,
lim dt e*e(t)= lim dt é*'e (A4 — 1) =0.
k- 2o 0 k— %o 0
(8.13)

Once (6.2) is solved, from (4.19) and (4.20) we have
immediately
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lim i) fw de[l — H()], (8.14)
k- * o0 k x

. — iln m(k,x) x
Jim S [ an-we1. s

Hence, the potential ¥ (x) can be obtained from (8.14) or
(8.15) through differentiation.

Although the Riemann-Hilbert problem (6.3) has in-
finitely many solutions, we will now show that all solutions
of (6.3) lead to the same potential ¥(x), and hence the
inverse scattering problem for (1.1) has a unique solution.
If we denote by m(k,x),—o and m(k,x), the solutions
(8.11) with @ =0 and real arbitrary wel?*(0,4), respec-
tively, then from (8.13) it follows that

1. —iln m,(k,x)w —iln ml(kr-x)a)=0

k- £ o0

I —i 1 ml( kax)m 0

= lim —In————=0,

ko to k ml(k’x)(u=0

and similarly for m,(k,x), so that all solutions of (6.3)
lead to the same potential V' (x) through the use of (8.14)
and (8.15). Hence, the solution of the inverse scattering
problem obtained by this method is unique.

IX. WIENER-HOPF FACTORS OF M(k) VIA THE
MARCHENKO METHOD

In this section we use the Marchenko procedure in
order to obtain the canonical Wiener~Hopf factors
M (k) and M _ (k) of the matrix M (k) given in (6.8).
The sufficient assumptions in this section are the same as
those stated in the beginning of Sec. VI.

Consider the two vector Riemann-Hilbert problems

n( —k)=M(k)gn(k), keR, 9.1

p(—k)=IM(k)dgp(k), (9.2)
where the vectors #(k) and p(k) have analytic extensions
in k to C* for each x, and n(k) —1=0(1/k) and

p(k) —T1=0(1/k) as k— o in C™.
Below we will solve (9.1) and (9.2) by the Marchenko
method. From (9.1) we obtain

n(—k) — T =[M(k) —]gn(k) + gln(k) — T(g

keR,

3)

and using the Fourier transformation, we transform (9.3)
into

© dk . ~
B= [ 5 eMMU) ~Tign(o) - T

o dk . ~
+ f T 5o 1T +gB(—y), (0

where we have defined
" & -ty — T
3= [ Foem®into - 1.
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If n(k) — 1 belongs to the Hardy space H%_ (R;C),
then B(y) = [9] for y<0. Let
ni(k)
nE)= k) |
and let us define
= dk — ik
o)1= |75l —11e=, 9.5)
ro dk ) — 11—
Br(y)= ﬁ[nr( )_ ]e 3 (9.6)

J o =Y

L
s = f 5 e IM (k) —1],
et dk T e e
&)= — J ETR ( — 1/k) e~ 2ix/k— iA/kgiky

= dk . e
gr(}’)= _ f ZTL ( _ l/k) e21x/k—-u4/kezky’

where we have again suppressed the x dependence. Then
from (9.4) we derive the 2X 1 system of integral equations

B =g 1 +gB(—y) + fm dzg(y + z)

X qB(z), yeR. (9.7)
Note that
o P=[E0 ] +un
V)L =) Y) s

where u(p) is the quantity defined in (6.9). From Propo-
sition 6.1 it follows that #(y) =0 for y>0, and hence
(9.7) uncouples into the two scalar Marchenko equations

B(»)=gi(y) + fo ® dzg(y+2)B2), y>0, (9.8)

B =2,y + f: dzg,(y+2)B(2), y>0. (9.9)

On the other hand, if we replace y by —y in (9.7) and
restrict the resulting identity to y> 0, we obtain the cou-
pled system of equations

B + g —p) +u(—p) + f: dzg,( —p+2)B,(2)

Y
+f dzu( —y+2)Bl2)=0, y>0, (9.10)
1]

B.(y) +g(—y)+u(—y)+ f: dzg( —y+z)By(z)

¥
+ f dz u(
0

Let us write (9.8) and (9.9) in operator form as
B=g+ YB. (9.12)

We then have the following result concerning the solvabil-
ity of the Marchenko integral equations (9.8) and (9.9).

—y+z)B,(z)=O, y>0. (9.11)
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Theorem 9.1: Suppose F(x) satisfies I — HeL!(R),
0<V(x) <1, and GeL'(R), where G is the quantity de-
fined in (1.6). Then the operator & in (9.12) defined on
L*(0,) is self-adjoint and its operator norm satisfies
|1l <1. Thus the Marchenko integral equations (9.8)
and (9 9) are uniquely solvable.

Proof: Note that the reflection coefficients R(k) and
L(k) are strictly less than 1 in absolute value, are contin-
uwous for keR, and are of O(1/k) as k— = . Thus,
suprer| R (k)| = supper|L(k)| < 1. Let {-,-) denote the
usual inner product on L*(R). Then for BeL*(R) such

hat B{y) =0 for v< 0 we have
that B2{y) = 0 for y <0 we hav

(9B, %>-—— <h§,h§><‘2— [sup|k(k) | 1% B, B)
T keR

keR

where A(k) denotes R( — 1/k)e~2¥k—/k o
L( — 1/k)e**/* =4k Hence, the operator porm of ¥ is
bounded above by supkeR[h(k){ Here B denotes the
L?-Fourier transform of B. Thus, |1l <1, where ||| de-
notes the operator norm on L%(0,00 ). Henee, the integral
equation (9.12) is uniquely solvable for BeL*(0,0 ) and its
solution can be obtained by iteration.

From (3.8) and (3.9) it follows that g(y) is real, and
from (9.8) and (9.9) it is seen that & has a symmetric
kernel. Hence, & is self-adjoint. |

Once B)(y) and B,(y) are obtained from the March-
enko equations (9.8) and (5.9), they lead to a solution of
the Riemann-Hilbert problem (9.1) if and only if they also
satisfy the ancillary equations (9.10) and (9.11). If this is,
indeed, the case, then by using the inverse Fourier trans-
form on (9.5) and (9.6), we obtain n;(k) and n,(k). The
Riemann~Hilbert problem (9.2) can be solved the same
way, In fact, since the only difference between (5.1) and.
(9.2) is the sign of the off-diagonal entries of the matrix
coefficient, (9.2) is uniquely solvable if and only if (9.1) is
uniquely solvable.

From

nlkx)=

n(k)
n(k)|’

the solution of the vector Riemann—Hilbert problem (9.1),
and

k
(k) = i )]

pAk)

the solution of (9.2), we obtain the matrix

n+pr m—p;
n,—p, n+p°

which is the unique solution of the matrix Riemann-
Hilbert problem'”®

N(—k)=M(k)gN(k)q, keR.

Thus we obtain the canonical Wiener—Hopf factorization
M(k) = M _ (k)M (k) with the Wiener—Hopf factors

M _(ky=N(—k) and M (k)=gN(k) g

i
N(k)=§
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X. GENERALIZATION WHEN V(x) HAS MIXED SIGN

In this section we generalize the results of Secs. VI-IX
to the case where ¥ (x) is no longer assumed non-negative.
The sufficient assumptions in this section are the same as
those stated in the beginning of Sec. IV.

Let p(x) = S= [1 H], and let 4 = §2 _[1
— H] as before. Then 4 — @(x) = SP[1 — H]. Asseen
from (4.19) and (4.20), if ¥(x) assumes negative values,
then @(x) or 4 — @(x) may be negative, and as a result,
m(k,x) or m,(k,x) may blow up exponentially as k— o in
C* so that m(k,x) may no longer belong to H%_ (R;C?).
We will now solve (6.2) in such a case.

Since 1 — HeL'(R), ¢( — ) =0, and ¢( + «)=4,
@(x) is continuous and thus uniformly bounded on the
extended real axis. Let A be a constant such that
ALinfp{@(x), 4 — @p(x)}. Define v(k,x)=e"~ " (k,x).
Then, from the progg_r_ties of m(k,x), it follows that v{(k,x)
is continuous in k€C* \ {0}, has an analytic extension in k
to ¢ C* for each x, and v(k,x) — 1—0(1/k) as k— oo in

C+ Furthermore, for each xeR, we have v(kx) — 1e
H?, (R;C?). Let us write (6.2) in the form

o( — k,x) =e**e=4kM (k)qu(k,x), keR,
or equivalently, after the transformation b— — 1/k,
T (—kx)=e~ 2kMkM(K)q v (kx), keR.  (10.1)

Since A — 240, the Riemann—Hilbert problem (10.1) can
be solved in exactly the same way as we solved (6.3) in
earlier sections under the assumption 4>0. In fact the so-
lution of (10.1) is obtained from the solution of (6.3) if we
replace A4 in the solution of (6.3) by 4 — 2A. Hence, the
solution method for the inverse problem of recovering
V(x) presented earlier in this paper is easily extended to
the case V(x) <1 where V(x) is no longer non-negative.
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