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Abstract: We consider the direct and inverse scattering for the n-dimensional Schrédinger
equation, n > 2, with a potential having no spherical symmetry. Sufficient conditions are
given for the existence of a Wiener-Hopf factorization of the corresponding scattering
operator. This factorization leads to the solution of a related Riemann-Hilbert problem,

which plays a key role in inverse scattering.
1. INTRODUCTION

Consider the n-dimensional (n > 2) Schrédinger equation

(1) Agv + kP = V(e

where z € R", A, is the Laplacian, and V() is the potential. In quantum mechanics
the behavior of a particle in the force field of V(z) is governed by (1). We assume that
V(z) — 0 as |z] — o0, but we do not assume any spherical symmetry for V(z). All of our
results hold for real and locally square-integrable potentials V() € Li _(R") belonging to
the class B, with 0 < a < 2. Here B, denotes the class of potentials such that for some
s >1/2, (1 +]2]*)*V(z) is a bounded linear operator from H®(R™) into L*(R™), where
H2(R") denotes the Sobolev space of order . For the reader who is solely interested in

the case n = 3, the following conditions on the potential will suffice:

—

- g de V()] (%}j%‘) < o, Yyc RS

2. There exist some ¢ > 0 and some s > 1/2 such that |V (z)] < m, ve € R3.
Tz

(W8]

. fR3 dr |z|? |V (z)i < oc for some f € (0,1].
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4. k = 0 is not an exceptional point. This condition is satisfied if there are neither bound

states nor half-bound states at zero energy.

As |z| — =, the wavefunction ¢ behaves as
; Iy eiklzl T 1-n
(2) Pk, z,0) = 0 +ie'f“"—”ITA(k,l—,,9>+o<|z| ™)
; |2 x

where § € S™! is a unit vector in R™ and A(k,d,6") is the scattering amplitude. The
scattering operator S(k) is defined as
' N ko n-a '
(3) S(k,0,8')=0680-0)+i(-—)"7 A(k,6,6),
™

where § is the Dirac delta distribution.

The inverse quantum scattering problem consists of recovering V{(z) for all = from
the knowledge of S(k) for all k. Most information about molecular, atomic, and subatomic
particles comes from scattering experiments, and one of the most important problems in
physics is to understand the forces between these particles. Solving the inverse scattering
problem accomplishes this task, and it can be described as the determination of the force
from the scattering data. A comprehensive review of the methods and open problems for
the 3-D inverse scattering prior to 1989 can be found in [Ne89] and in [CS89]. None
of the methods developed to solve the multidimensional inverse problem have yet led to
a complete and satisfactory solution, but there has been a lot of progress made in this
research area. The methods to solve the multidimensional inverse scattering problem
include the Newton-Marchenko method [Ne80, Ne81, Ne82], the generalized Gel'fand-
Levitan method [Ne74, Ne80, Ne81, Ne82], the d method [NA84, BC85, BC86,
NHS87], the generalized Jost-Kohn method [Pr69, Pr76, Pr80, Pr82], and a method

that uses the Green’s function of Faddeev [Fa65, Fa74, Ne85].

Here we discuss the Wiener-Hopf factorization of the scattering operator and give
sufficient conditions for the existence of such a factorization. The Wiener-Hopf factoriza-
tion of a unitary transform of the scattering operator, which we also establish, leads to
the solution of a Riemann-Hilbert problem which plays a major role in inverse quantum
scattering. We only state our results here, and for proofs we refer the reader to [AV89a,
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AV89b]. To keep the discussion short, we only consider the case where the potentials do

not have any bound states.

2. RIEMANN-HILBERT PROBLEM

It is possible to pose the inverse scattering problem as a vector-valued Riemann-
Hilbert problem (Hilbert’s twenty-first problem in a generalized sense). The solution of

the Schrddinger equation satisfies the functional equation

(4) w(k,x,a):/sﬂ S(k, 0,6 ¢(~k,z,6") df"

or equivalently

(5) Folk,z,8) = /S G(k,z,0,6') f_(k,z,0")d8"', keR
where

(6) filk,2,0) = eTHR2y(Lk, z, +6)

and

(7) Gk,z,8,0) = e KO- 25} _g _g').

For potentials as specified in Section 1, f4 has an analytic extension in & € C*. Here C*
denotes the upper half complex plane and C~ denotes the lower half complex plane. Let

us write (5) in vector form and suppress the r-dependence as

(8) fr(k) = G(k)f-(K), keR,

or equivalently as

(9) Xi(k) = G(k) X_(k) + [G(k) - 1)1,
where
(10) Xa(k) = fa(k)—1.

In L?(S™!), the Hilbert space of square integrable functions on §™7!, the strong limit of
f+is 1 as k — oo in C*. Note that in our notation I denotes the identity operator on
L?(5™ 1) and 1 denotes the vector in L?(5™~1) such that 1(d) = 1, V8 € S™~!. Hence, (9)
constitutes a Riemann-Hilbert problem: From the knowledge of G(k), determine X +(k).
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3. WIENER-HOPF FACTORIZATION

We have the following result.

Theorem 1 For potentials as specified in Section 1, G(k) defined in (7) has a (left)
Wiener-Hopf factorization; i.e., there exist operators G (k), G_(k), and D(k) such that
G(k) = G4+(k) D(k) G_(k) where

1. G4 (k) is continuous in C* in the operator norm of £(L?*(S™')) and is boundedly
invertible there. Here £(L*(S™"!)) denotes the Banach space of linear operators acting
on L?(S™1). Similarly, G'_(k) is continuous in C~ in the operator norm of £L(L*(5"71))

and is boundedly invertible there.
2. G4 (k) is analytic in C* and G'_(k) is analytic in C~.
3. Gy(foo) =G_(£x)=L

NP

4. D(k) = Py + Y ki ’ P;, where Pi,..., P, are mutually disjoint, rank-one pro-
Laj= 1 k41 J Yy J

jections, and Py =1 — S;n , Pj. The (left) partial indices py,...,py, are nonzero integers.

In case there are no partial indices; i.e., when D(k) = I, the resulting Wiener-Hopf factor-

ization is called canonical.

Note that, as seen from (7), G(k) is a unitary transform of the scattering operator
S(k). In particular, when z = 0, G(k) reduces to S(k). The proof of Theorem 1, using some
results of Gohberg and Leiterer regarding factorization of operator functions on contours
in the complex plane [GLT73], is essentially based on the Holder continuity of S(k) and
can be found in [AV89a, AV89b].

The solution of the Riemann-Hilbert problem (9) is obtained in terms of the Wiener-

Hopf factors of G(k) and can be written as

. , #;(k)
(11) Xy (k) = [Go(k) = T+ G )me
and
(12) X_(k)=[G_(k)'-Ti+0G- ng Jm; & ’”(Z‘)p’)p—(k_L)pJ]P’l,
—1
p; >0
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provided Pji = 0 whenever p; < 0. Here 7; is a fixed nonzero vector in the range of P;,
and ¢;(k) is an arbitrary polynomial of degree less than p; associated with each p; > 0.

We can state our result as follows.

Theorem 2 For potentials as specified in Section 1, the Riemann-Hilbert problem (9) has

a solution if and only if Pji = 0 whenever p; < 0. When this happens, the solution is given

by (11) and (12).

A simple condition that assures the unique solvability of the Riemann-Hilbert problem
(9) is given by supyeg ||S(k)—I|| < 1, where the norm is the operator norm in L(L2(S™1)).
If this holds, neither the scattering operator S(k) nor its unitary transform G(k) has any

partial indices. As a result, in this case, (9) is uniquely solvable.
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