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Abstract We develop the direct and inverse scattering theory of the linear eigenvalue
problem associated with the classical Heisenberg continuous equation with in-plane
asymptotic conditions. In particular, analyticity of the scattering eigenfunctions and
scattering data, and their asymptotic behaviours are derived. The inverse problem is
formulated in terms of Marchenko equations, and the reconstruction formula of the
potential in terms of eigenfunctions and scattering data is provided.
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1 Introduction

In this paper we study the direct and inverse scattering problems associated to the clas-
sical, continuous Heisenberg ferromagnet chain equation (i.e. the one-dimensional,
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isotropic Landau-Lifshitz equation), which is the simplest and most fundamental of
the continuous, integrable models of ferromagnetism [1-4].

Let
3

m:RxR— S2, m(x,t):ij(x,t)ej (1)
j=1

be the magnetization vector at position x and time ¢, where the vectors e;, j =
1,2, 3, are the standard Cartesian basis vectors for R3, S? is the sphere in R3 and then
lm(x,t)|| = 1. The position x is taken on the real line orientated as e;. Then, the
Heisenberg ferromagnet equation reads (in non-dimensional form):

m; = m A My, (2a)
to which we impose the in-plane asymptotic condition
m(x) — cos(y)e; — sin(y)es as x — =+ 00, (2b)

where y € [0, 27) is a constant angle. Equation (2a) is the well-known continuous
limit of the (quantum) ferromagnetic Heisenberg chain in a constant field when the
wavelength of the excited modes is larger than the lattice distance (see, for instance,
[5] for a detailed discussion, or [4] for a quick derivation; the effects of the discreteness
of the lattice on the classical continuum limit of the Heisenberg chain are discussed in
[6]). We observe that, in the right-hand side of (2a), one can add a term representing
an external magnetic field perpendicular to the e e, plane of the form hm Aes3, h € R,
which can be scaled out by means of a convenient change of variables (e.g., see [4,7]).

The boundary condition (2b) has been chosen in analogy to the boundary condition
for the Landau-Lifshitz equation with easy-plane anisotropy, where the ferromagnetic
chain is parallel to e; and the direction of the spontaneous magnetization—which is
absent in the isotropic case of the Heisenberg ferromagnet (2a)—lies in the eje; plane
(see [8]). In particular, for the Landau-Lifshitz equation for a ferromagnet with easy-
plane anisotropy, the angle y would individuate the in-plane direction of spontaneous
magnetization.

It is well known that (2) is integrable (see, for instance, [4] for a brief time-line
of the early original results). In [2], Takhtajan showed that (2a) admits a Lax pair
representation. Let us briefly recall here that, if V is a 2 x 2 invertible matrix depending
on position x € R, time ¢t € R, and a spectral parameter A, then the Lax pair (A, B),
associated to (2) is given by:

Vi=AV =[ix(m-0)]V
(3)
Vi=BV =[=2iA2(m-0) —ir(m Am, -0)]V,

where o is the column vector with entries the Pauli matrices

01 0—i 10
a1=110) 2=\io) S=\o-1)
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HF equation with in-plane asymptotic conditions. Part I.

Of course, the knowledge of the Lax pair for (2a) assures that the Inverse Scatter-
ing Transform (IST) technique (see [9—11]) can be applied to solve the initial-value
problem [2,3],

m; =m A My

“

m(x,0) known.

One of the motivations for this work is in the observation that, until now, to the best of
our knowledge, the majority of papers on the inverse scattering theory for (2a) have
assumed boundary conditions perpendicular to the ferromagnetic chain, i.e. parallel
to es,

m(x) — ez as x — 00, 5)

and thus mimicking the boundary conditions chosen for the Landau-Lifshitz equation
with perpendicular (easy-axis) anisotropy (see [8,12]).

We will show in Sect. 2 how it is possible to recast the scattering problems for (2a)
with (asymptotic) boundary conditions (2b) into the scattering problems for (2a) with
(asymptotic) boundary conditions (5). In particular, we have to distinguish between
the auxiliary Jost functions and the Jost functions. Development of the direct and
inverse scattering theory for the linear eigenvalue problem corresponding to the first
of (3) with (2b) is relevant as the arguments used to afford this topic can be generalized
to the Landau-Lifshitz equation with easy-plane anisotropy. Consequently, this work
will pave the way to the investigation of the reflectionless solutions also for this latter
equation by means of the IST machinery (which is based on the direct and inverse
scattering theory) and the “triplet method” (see, for example, [13—18] for a detailed
description of the triplet method). We postpone the actual development of the IST and
the generation of closed-form soliton solutions for (2a) with (2b) to the second part of
this work [19].

In order to develop in a rigorous way the direct scattering problem for the first of
(3) we assume that the potentials satisfy the following technical conditions, which will
be assumed to be valid throughout the work:

Assumption 1 As a function of the position, the matrix m(x) - ¢ has an almost every-
where existing derivative with respect to x with entries in LY(R). Thus m(x) - o is
bounded and continuous in x € R.

Assumption 2 The inequality 1 4+ cos(y) m(x) — sin(y) ma(x) > 0 holds for all
x e R.

These conditions are less restrictive than the usual (see [11]) Schwartz class hypothe-
ses. Moreover, it is worth observing that, under the first Assumption 1, m(x) is
absolutely continuous for x € R; thus its point-wise values make sense and it makes
mathematical sense to assume that, in addition, 1 4cos(y) m(x) —sin(y) ma(x) > 0
for each x € R.

As a final remark, we remind that 1 — cos(y) m1(x) + sin(y) m3(x) is a conserved
density for (2a) under asymptotic conditions (2b), its integral over the real line being
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the total spin density of the ferromagnetic chain [8]. So it is worthwhile to observe
that our initial condition (2b) is strictly related to the conserved density.

2 Direct scattering theory

In this section we focus on the direct scattering theory associated to the first of Eq. (3).
In particular, we study the analyticity properties and the asymptotic behaviour at large
A for the Jost solutions and the scattering data.

2.1 Auxiliary Jost matrices

Let us define the auxiliary Jost matrices Fi(x, A) and Fy(x, A) as those solutions of
the linear eigenvalue problems (3) [F;], = AF; and [F,], = AF, satisfying

Fi(x, 1) = eMleosma=sinmalry, 4 o1)], x — 4 o0, (6a)
Fr(x, 1) = eMleosmar=sinmolip, 4 o1)], x — — oo, (6b)

where y € [0, 2m) is the constant angle in (2b), and

giAxlcos(y)ar—sin(y)oal _ ( CIOS()‘X) ie'” sin(kx)) )
ie”"Vsin(Ax) cos(Ax)
Then, it is easily verified that, for each (x, 1) € R2, Fi(x, A) and F,(x, 1) belong to
the unitary group SU (2).
We can convert the differential systems [F;], = [iA(m -0)]F; and [F}], = [iA(m -
o )] F, with the associated asymptotic conditions (2b) into the corresponding Volterra
integral equations

Fi(x, 1) =% — ikfoo dg e ED [mE) g —o1] Fi(E, 1), (Ta)
F.(x,)) = e*¥0 +iA/x dg ™90 [m(g) -0 — 6] Fr (€, ). (7b)

where
6 = cos(y)oy — sin(y)on. (7¢)

2.2 Jost functions

Setting

1 1 —e
5 T)

we arrive at the unitary equivalence

(cos(y)or — sin(y)oz) U = Uos. &)

@ Springer



HF equation with in-plane asymptotic conditions. Part I.

Hence, the columns of U form an orthonormal basis of eigenvectors of cos(y)o; —
sin(y)oy corresponding to the eigenvalues 1 and — 1, respectively. Using (8), let
W (x, 1) and @ (x, A) be the following matrix functions:

w(x,\) =U""Fx, VU = (Y (x, 0) ¥ (x,2), (10a)
D(x, 1) =U""F(x, WU = (¢(x, 1) ¢(x, 1)), (10b)

where ¥ (x, 1), ¥ (x, 1), ¢(x, 1), and ¢ (x, 1) are called Jost functions. Hereafter we
use the following notations:

(Ve ) 0 B x2) ¢ (x 2
= (wd%x,m ?’”(x,m)’ Pl = <$d”(x,x) ¢d"<x,x)>' o

The differential equations ¥, = U~ '!AU ¥ and &, = U AU & (cf. with (3)) can
be written as

U, =iAU Y(m-o)U VY, (12a)
&, =iAU'm-0)U &, (12b)

so that, for a vector function m(x) € R3 satisfying m(x) — cos(y)e; — sin(y)es
as x — = oo, the quantity U~'m(x) - 60U — cos(y)oy + sin(y)os has its entries
in L! (— 00, x0) for each xo € R. It can be easily verified that ¥ (x, A) and @ (x, 1)
belong to the group SU(2). Indeed, any square matrix /(x) which is a solution to
the differential system I, = W(x) I, where W(x) is skew-Hermitian and traceless,
satisfies 17 I and det(/) is independent of x € R. Here and thereafter the dagger
denotes the complex conjugate transpose. As a result, we have

P ) =), TP ) = = e, M) (), (13a)
(. 0)* =" (), 3N = —¢T (x, M) (x, M), (13b)

2.3 Analiticity of the Jost functions

We can straightforwardly write the Volterra equations for the Jost functions introduced
in (10) as follows:

o0
W(x, 1) = M ix/ d5 ¢~ iHE—¥)03 [U*lm(z) U — 03] W, (14a)

X

. Z . A
Bz, )) = &M 4 ik/ d5 e+ [U—lm(z) oU — (73] ®(3,2).  (14b)
— 00

Equation (14) are the same Volterra equations which appear in the study of the Heisen-
berg equation with “easy-axis” conditions (5). For such equations the following result
can be proved:
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Proposition 1 Suppose that U “Un(x) - 60U — o3 have their entries in L' (R). Then,
the so-called Faddeev functions

e—iAx 1)01«,1()6, )\‘)’ e—ikx Il/'d’l(x, )\'), eiAx ¢up(x, )\‘), and eiAx ¢d”(x, )\‘)

.. . . =+ . .
are analytic in . € CT and continuous in .. € C ', while the Faddeev functions

—Tup

MY (x, 2), MY (1, 0), e TG (x, 2), and e G (x, )

are analytic in . € C~ and continuous in . € C . Here and thereafter, C* and
C~ are the upper and lower half-planes, respectively, whereas CT" =CTURand
C = C~ UR denote the closure of Ct and C~, respectively.

The proof of this proposition is identical to the proof of the analogous proposition
given in [12,20]. We observe that, as a consequence of Gronwall’s inequality (see
Appendix of [20]) we get for (x, A) € R2

¥ (x, M < exp <I)»|/ A |U"'m&) - oU —03||>, (15a)
@ (x, M < exp <I?»|/ d|U""'m&) - oU —03||>, (15b)

where we have to assume that U ~'m(x) - 6 U — o3 has its entries in L!(R). By using
the Volterra integral Eq. (14), nothing can be said about the asymptotic behavior of the
Jost solutions as A — = oo. In order to get such information, let us derive a different
set of Volterra integral equations. To do so, we need Assumptions 1 and 2, namely
that m(x) - o has an almost everywhere existing derivative m’(x) - ¢ with respect to
x which has its entries in L!(R), and that 1 4+ cos(y) m1(x) — sin(y) m2(x) > 0 for
all x € R. Here and thereafter the prime indicates the total derivative with respect to
the spatial variable x.

We observe that recently the study of the long time behavior of the Volterra equations
in a different, but significative, context has been performed in [21].

Under Assumption 1, we can apply partial integration to (14a) obtaining

W, 2) = M 4 [ HED N0 () )W (6, ) |

E=x
- f h dg e HE=N03 5y [U*(m/(s) o UW(E, 1)

0 A
+(m”(§) -0) 0F (E,)»)]-
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HF equation with in-plane asymptotic conditions. Part I.

where we have introduced the notation m°(x) - ¢ = U~'m(x) - 6U — o3 and used
(12a). Taking into account (9) along with the following relations

v . —1 2

-¥@M=MMJ@%GM%(MQW)=M
L —o3U;'mE) -0 Uy = —03m°(€) - 0),

we arrive at the equation

(U ' m(x) - o U)W (x, \)

= /Mo /oods e MENB U m (€) - ) UW(E, A)

X

o
+ik f dg e ETIT @m0 ) - o)W (5, 1),
X
Summing the latter equation to (14a) and taking half of the sum we get

D)W (x, 1) = M9 — /OO dg e ME=VB D (EYWw (£, 1), (16)

X

where

D) =14 [L+oU= () - o)U- |

_i i . 2ic
(TS )+ S () = eV ms — Gom () + dm(x)

. —2ic —i i .
e my o) = dmi () T+ mo () + Gm(x)

a7

Here m_(x) = m(x) —imp(x) and my(x) = m1(x) + imy(x). We easily compute
det D(x) = %(1 ~+cos(y)m1 —sin(y)my), thus, under Assumption 2, the matrix D (x)
is invertible and the norm of D(x)~! is

242

ID) ™ = : .
T+ cos(y)my — sin(y)my

Consequently, D(x) and D(x)~! are bounded in x € R. We may therefore apply
Gronwall’s inequality to (16) and find that

W (x, M| < D)™ exp [M/ de U~ (m' (8) -a)Uu} :

In the same way and under Assumptions 1 and 2, adapting the procedure presented
above to the Jost matrix @ (x, 1), we get

D(x)® (x, 4) = M7 + / ©dE PHOOn D)0 6, ), (18)

—00
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where D(x) is defined by (17). For the same reasons discussed above we can apply
Gronwall’s inequality to (18), obtaining

@ (x, M)l < 1Dx) "l exp [% / dé ||U1<m/<s>~a>U||]

2.4 Triangular representations for the Jost functions

Equations (16) and (18) allow us to prove that the analyticity and the continuity
properties of the Jost solutions extend to the closed upper and lower half-planes. In
other words, the Jost functions have a finite limit as A — oo from within the closure of
its half-plane of analyticity. In order to prove these results we need to find a “suitable”
triangular representation for the Jost solutions. We have the following:

Proposition 2 There exists an auxiliary matrix function K*P (x, y) such that

W (x, 1) = H' (x)e ™% + /Oodg K"P (x, £)e*573, (19)

X

where H"P (x) is a matrix function satisfying H*P (x) = oy H"P (x)* 0 and the inte-
gral fxoo d& | K"P(x, &)| converges uniformly in x € R.

Proof The proof of this proposition is standard and can be obtained, via Gronwall’s
identity, by proceeding as explained in [12,22,23].

2.5 Aymptotic behavior and domains of analticity of the Jost solutions

From (19), it is immediate to see that e ~*** ¥ (x, A) iscontinuousin A € (C_+ is analytic
in A — C¥, and tends to the first column of H"P(x) as A — oo from within C*.
Analogously, et W(x, )) is continuousin A € C—,is an_alytic inA € C™, and tends to
the second column of H"? (x) as A — oo from within C~. Consequently, since H (x)
is the limit of ¥ (x, 1) as A — =00, we have H*? (x) € SU(2). We have established
the invertibility of H"? (x), provided det D(x) = %(1 + cos(y)my — sin(y)mo) # 0
which is guaranteed by Assumption 2. Let us also remark that from the symmetry
relations

Y(x, M) =0 W¥(x, 1) o,
H"'(x) = oo H"P (x)* 02,

we derive the following structure of the matrix function K*” (x, y)

Kup(x’ y) — <K1up(-xv y) _K;P(x’ }’)*)

u 10 2
K, y) K7 (x, y)* 20)

where K itp (x, y) and K;p (x, y) are scalar functions.
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HF equation with in-plane asymptotic conditions. Part I.

For later convenience we now define the matrix of functions L (x, &) in the following
way
L(x,2) = H"(x)"'K(x,2). 1)

Analogously to Proposition 2, we have the following

Proposition 3 There exists an auxiliary matrix function K" (x, y) such that

@ (x, ) = H" (x)e!™ + f ) dg K9 (x, £)e*4%, (22)

—00

where H (x) is a matrix Sfunction satisfying H dn(xy = oy H¥" (x)* 05 and the inte-
gral ffoo de ||[K9 (x, )| converges uniformly in x € R.

Proof The proof is analogous to the proof of Proposition 2 and can be obtained, via
Gronwall’s identity, by proceeding as explained in [12,22,23].

As before, from (22) and taking into account the finiteness of the integral
[* o dZ 1K (x, 2)|, it is immediate to see that e/**¢(x, 1) is continuous in » € C*F,
is analytic in A — Ct, and tends to the second column of H?" (x) as A — o0
from within C*. Analogously, e~**$(x, 1) is continuous in A € C—, is analytic
in » € C~, and tends to the first column of H%(x) as A — oo from within
Cc-. Consequently, since Hd”(x) is the limit of C5(x, A) as A — =00, we have
H (x) € SU(2). We have thus established the invertibility of H"(z), provided
det D(x) = %[H—cos(y) m1(x)+sin(y) ma(x)] # 0 whichis guaranteed by Assump-
tion 2. Finally we remark that, because of the symmetry relations

D(x, )" =0y P(x, 1) 02,

H™(x) = 0y H" (x)* 0,

the matrix K (x, y) has the following structure

angy gy (KT K y)
ke = (LLg00 kiv ) @y

where K f" (x, y) and Kg” (x, y) are scalar functions.
Analogously to what has been done for the matrix K“?(x, &) above, we introduce

the matrix of functions L (x, &) as

L(x,&) = H"(x)"' K% (x, £). (24)

2.6 Transition matrix
After having introduced the Jost solutions and understood their analytic properties,

we are ready to study the direct scattering problem associated to the first equation
in system (3). We remind that the direct scattering problem consists of constructing
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the scattering matrix S(A), which contains part of the scattering data. In turn, to this
purpose, we need to introduce the so-called transition matrix.

Since the two auxiliary Jost matrices are both solutions to the same first order linear
homogeneous differential system, there exists a so-called transition matrix Ty()),
independent of x and belonging to SU (2), such that

Fi(x,2) = F.(x,\)To()), A eR. (25)
It thus appears that, for x € R, the columns of U¥ (x, A) are linear combinations
(with coefficients not depending on z € R) of the columns of U®(z, A), and vice
versa. Therefore, we can write (25) in the form

UV (x,A)=U®(x, AT ), reR. (26)

where T(1) = U~!'To(AW)U € SU(2) for all A € R. Therefore,

_ (ah) —b) L (a0 b
T(“_(bu)* a(M*)’ o _(—b(x)* am)’

where |a(1)|2 + |b(1)|? = 1 for all & € R. Also,
Ud(x, 1) =U¥(x, )TN, reR. (27)

Thereafter, we assume that a(A) 7~ 0 for all A € R. In other words, we assume the
nonexistence of spectral singularities.

2.7 Riemann-Hilbert Problem and scattering matrix

Assuming that a(A) # 0O for all A € R, we can write (26) and (27) as the following
Riemann-Hilbert problems:

_ _ T —R
(UG, HUT(x, 1) = (U (x, WU, 1) <_ o T(g)) . (sa)
P TGy LO)*
(U (x, DU, 1) = (UB(x, MU (x, 1) ( RO m)*) , (28b)

where T ()) is the transmission coefficient, R()) is the reflection coefficient from the
right, and L (1) is the reflection coefficient from the left defined as

1 b(}) b(L)*
TW=gay RwO=iGy =75

Consequently, the scattering matrix S(\) = (z&; ?&;) satisfies the symmetry rela-

tion
S '=omSWTo3, A eR. (29)
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Clearly, we also have

a)* T
a(d) T

detS(A) =

Equations (19), (22), and (26) imply that

lim BT (W)e % = H™(x)"'H(x) € SU(2) (30)
A—+to0

for every x € R for which det D(x) # 0. This means that lim; _, + e2*¥p (1) does
not depend on x € R and hence it must vanish. Thus, the expression (30) is a diagonal
matrix not depending on x € R, and there exists @ € R such that a(A) — ei®
as A — = oo. This limit is also valid as A — oo from within C*. Consequently,
S(\) — e[ as . — Fo0.

The functions a (1) — ¢/ and b(A) are Fourier transforms of functions belonging to
L' (R), while a(%) is assumed not to have any real zeros. This entails that there exist
p, € € L' (R) such that

R(M) = f - dye ™p(y), LO)= f - dy e™e(y). (31)

—00 —00
2.8 Scattering data

The scattering data associated with the first equation in system (3) are:

1. one of the reflection coefficients;

2. the poles of the transmission coefficient T'(1) (respectively, T (A*)*); we call such
poles the discrete eigenvalues in the upper half-plane C™ (respectively, in the lower
half-plane C™) and denote them by ia; (respectively, by —i a;‘f) forj=1,...,n,
with Re(a;) > 0;

3. aset of constants N; (N j)for j =1,...,nassociated to the discrete eigenvalues
iaj (—i aj) j = 1,..., n in the upper half-plane (respectively, lower half-plane);
these constants are called the norming constants.

It is well known that, if there are no spectral singularities, then the number of discrete
eigenvalues is finite [11]. At this stage, it is crucial to observe that, in general, the
poles of the transmission coefficient 7 (1) are not necessarily simple and may have
multiplicity larger than one. However, for the sake of simplicity, unless explicitly
indicated differently, here and thereafter we assume that each pole of the transmission
coefficient has multiplicity equal to one, as this is not restrictive when proving the
symmetry of the norming constants. The same relations can be established when the
multiplicity is greater than one by following the procedure illustrated in [23].

The construction of the norming constants follows a standard procedure (see [9—
11]). To this aim, let us assume that there are finitely many simple poles iay, ..., ia,
of the transmission coefficient 7' (1) in the upper half-plane C". Following [9-11], let
0; be the residue of T'(A) at A = iaj, i.e.
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6, = lim ( —ia)TO) = li A —iag !
= 1 —1lda = 1m = .
T A Sia s r—iag a(\) —aliay)  a(ias)

We then introduce the norming constants N such that
O, Up(z,ias) = iN;UY (2, iay), s=1,2,...,n. (32a)

Similarly, T (A*)* has the simple poles —iaj, ..., — ia;’; in C™, all of them simple.
The corresponding norming constants N are defined by

05 U¢(z, —ial) = —iN, Uy (z, —ial), s=1,2,....n. (32b)

The next proposition shows how the norming constants introduced in the upper half-
plane are related to those defined in the lower half-plane.

Proposition 4 The norming constants satisfy the following relations:
Nj=—(N)*

Proof The proof of this proposition can be obtained by repeating (verbatim) the proof
of the analogous Proposition for the symmetry of the norming constants in [12,22,23].

3 Time evolution of the scattering data

We now derive the time evolution of the scattering data introduced above. We shall
arrive at the same time evolution as for the NLS equation.

Let (A, B) be the Lax pair as given by (3). Suppose that V (x, ¢; A) is a nonsingular
2 x 2 matrix function satisfying

Vi=AYV, Vi=BYV,

where V needs not to be one of the Jost matrices. Then, there exist two invertible
matrices Zp, and Zf,, depending on (¢, A) but not on x, such that F; = V Z;ll and

F. =V Z;' Then

(Fl, =V Zp' =V 2 Zr), 2 =BV Z;' =V 2. (21, 25!
=BF —FlZpl, 2,

implying | | |
1Zr), Z5' = F7' BF — F7' (R, (33)

Analogously, for the other Jost matrix F,(x, A) we get

(Zr,), Z5' = F7' BF, — F7' [F, . (33b)
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HF equation with in-plane asymptotic conditions. Part I.

Here the left-hand side does not depend on x, whereas the right-hand side only seem-
ingly depends on x. We may therefore allow x to tend to + oo without losing the
validity of (33a), as well as to — oo without losing the validity of (33b). Since

B~ —2i A2 [(cosc)o] — (sinc)on] and Fj ~ e*lcosao=Ginml g 5 + 0,
from (33a) we obtain

(ZF), Z;ll = —2i 3% [cos(y)oy — sin(y)os] . (34a)
Similarly, for the other Jost matrix F,(x, 1) we get

[Zr,), Z5' = —=2i 3% [cos(y)o1 — sin(y)o2] . (34b)
From (25), for the transmission coefficient we get

[Tl = (F7'F) = F 1) - 7 IR FR
—F! (B Fi— FlZg), Z;ll) —F! (B Fr — Fr[Z5], Z;j) F'R
= F,'BF —[Tol [Zg), Z7' — F7' B F + 125, Z;! [To]
=2i 2 (To [cos(y)m — sin(y)az] — [cos(y)cn — sin(y)az] To) ,

Since T(L) = U~'T((A)U, we arrive at the following equation describing the evolu-
tion of the matrix T (A):

[T], =2i 22 (U_l [To [cos(y)m — sin(y)o'z] — [cos(y)ol —sin(y)crz] To] U) .

(35
Since a straightforward computation shows that
U~ [To[cos(y)ar — sin(y)a] — [cos(y)or — sin(y)oa] To] U
_ < 0 2b(x, t)) ’
2b*(a,t) 0
then from (35) we obtain
av, )y =0 b, 1) = —4iA2b(\, 1). (36)
Consequently, 7 (1) does not depend on ¢, whereas
RO, 1) = e R0, 0), LG, 1) =e*""L(,0). 37)

It remains to discover the time evolution of the norming constants. Differentiating
(32a) with respect to ¢ we obtain

0;U¢i(x,ia;) =iN;j Uy, (x,iaj) +i[Nj]t Uy (x,iaj).
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Taking into account the following relations

Vi(x,A) = U "BUW (x, M) + 2i A2 (x, 1)
bi(x,\) =U"BUG(x,A) — 2iX>¢p(x, 1)

we get

9 {B(iaj)Uqb(x,iaj)—}-Ziajz U¢(x,iaj)}
=i N; {Blia)) Up(x,iaj) +2ia} U (x. ia) |
+ i[N;1, UV (x, ia;).
Using (32a) again we obtain

[Nj], = —4ia; Nj.

Remembering that N j= —N;-‘ (see Proposition 4), finally we obtain the time evolution
of the norming constants

N _ —4ia%t ) ~ . _ 4ia’f2t_‘
i) = TTN0), N = M9TN0). (38)

4 Inverse scattering theory

The inverse scattering problem consists of the reconstruction of the (unique) magneti-
zation vector m(x) once the scattering data are given. Following, for instance, [11,14],
we formulate and solve this problem by using the Marchenko method.

First of all we prove the following

Theorem 1 The auxiliary function K*P (x, y) which appears in (19) has to satisfy the
Jfollowing integral Marchenko equations:

K”‘"(x,y)JrH“p(x)Q(ery)Jr/ dé K'P(x,§) (6 +y) = 02x2,  (39)

where

. 0 .Q(X) . _ - L ,—ajXx
2(x) = (_Q(x)* 0 ) . with 2(x) = p(x) + 2 Nje %, (40)
]:
and p(x) is the Fourier transform of the reflection coefficient (see (31)).
We omit the proof of this theorem as it is analogous to the proof of Theorem 2.8 in

[12] (see also [22,23]).
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We recall that H"*P (x) € SU(2) and that in (21) we have set
K" (x,y) = H"”(x) L(x, y).

This allow us to convert (39) into the (‘“usual”) Marchenko integral equation:

L(x,y)+ £(x+y) +/ d§ L(x,8) £(¢§ +y) = 02x2. (41)

By following the same proof as in the focusing AKNS case [22-24], we find that
Eq. (41) is uniquely solvable on the space L' (x, + 00)?*2.
Analogously, for K% and H%" one can prove that

X

K" (x,y) + H"(x) (x + y) + / de K" (x,£)R(5 +y) = 0ax2,  (422)

—00

with

0 )

By 0) and 2(x) =€)+ Y Nje 7, (42b)

j=1

2(x) = (

where £(x) is defined as in (31). By using (24) and stripping off the common factor
H" (x), we get

i(x,y>+§(x+y)+f dé L(x,8) (& + y) = 02x2. (43)

Finally, we observe that since N, = —[N]* (s =1,2,...,N), we have the
symmetry relations

Q2w =-2w* Rw’=-2w). (44)

4.1 Relationship between the magnetization vector m(x, 1) and the auxiliary
matrix K" (x)

Substituting (19) into (12a) we obtain
ov . 1
O2x2 = B—(x, AN —iAU (m(x)-oa)U¥(x,))
X

=[G1(x) +i A Ga(x)] ™7 + f d& G3(&) ™5

X
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with

Gi() = [H"'(x) = H" (0K (x,.3)]
Ga() = [H" (0)03 = U™ m(x) - ) UH"(3) ]

oL
Gs(x) = H“p(x)g(x, £) — AU m(x) - o) UH" (x)L(x, §) + H*' (x)L(x, £),

so that
mix)-0 =U H”(x)os H?(x)"' UL (45)

Moreover, from (19) we find

L =v(x,0) = H”p(x)—i—/

X

d& K" (x, &) = H" (x) [12 +/ déL(x,é)} ,

X

which implies y
H" ()™ = b+ L), (46)

where we defined L(x) = fxoo dé L(x, &) Since H"P(x) and K"P(x) belong to SU2,
it is immediate to verify that

(12 + i(x))_l - (12 n i(x))T — L+ L'

Combining the latter equation with (46) and (45) we finally arrive at the relevant
formula _ _
m) o =U (L+Lw") oy (b+Lw) U, @7)

which allows one to find the magnetization vector m(x), solution to (2a) with (2b),
once the matrix function i(x) is known. Thus, if one is able to solve the Marchenko
Eq. (41) then the magnetization vector can be explicitly computed by using (47).
We remark that a formula similar to (45) can be obtained from the Jost matrix
@ (x, A). Indeed, by proceeding analogously to what we have done above for ¥ (x, 1),
we get
m(x) -0 = UH™(x)os H" (x)"'U . (48)

where H™" W l=n+ fxoo dé L(x, &) and the function L(x, y) is the unknown of
the Marchenko Eq. (43). Therefore, if one is able to solve the Marchenko Eq. (43),
then the magnetization vector can be explicitly computed by using (48).
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