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In this paper we present an algorithm for the construction of the superoptimal circulant

preconditioner for a two-level Toeplitz linear system. The algorithm is fast, in the sense that

it operates in FFT time. Numerical results are given to assess its performance when applied

to the solution of two-level Toeplitz systems by the conjugate gradient method, compared

with the Strang and optimal circulant preconditioners.
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1. Introduction

A linear system

Ax ¼ b;

with x ¼ ðx0; . . . ; xn�1ÞT and b ¼ ðb0; . . . ; bn�1ÞT , is said to have Toeplitz structure if

each entry of the matrix A depends only on the difference of its indices, that is if

Aij ¼ ai�j; i; j ¼ 0; . . . ; n� 1:

Now, let n ¼ ðn1; n2Þ 2 Z2
þ and let

In ¼ ði1; i2Þ 2 Z2
þ : 0 � i1 � n1 � 1; 0 � i2 � n2 � 1

� �
ð1:1Þ

be a set of biindices. Similarly, a two-level Toeplitz system

Ax ¼ b; ð1:2Þ

with x ¼ ðxiÞi2In
and b ¼ ðbiÞi2In

, is characterized by a matrix A such that

Aij ¼ ai�j; i; j 2 I n:
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In such a case the linear system can be expressed in the form

Xn1�1

j1¼0

Xn2�1

j2¼0

aði1�j1;i2�j2Þxð j1; j2Þ ¼ bði1;i2Þ;

with i1 ¼ 0; . . . ; n1 � 1 and i2 ¼ 0; . . . ; n2 � 1, and the Toeplitz matrix A can be

conveniently stored in the array G ¼ ðakÞk2J n
, where

J n ¼ I n � In ¼ ði1; i2Þ 2 Z2 : �ns þ 1 � is � ns � 1; s ¼ 1; 2
� �

: ð1:3Þ

We will call n ¼ ðn1; n2Þ the dimension of the linear system (1.2).

While there are many fast direct methods for the solution of one-level Toeplitz

linear system, most of them have not yet been generalized to the multilevel case. On the

other hand, the generalization of certain iterative methods, for example the conjugate

gradient method, to multilevel linear systems is straightforward. Of course, the

convergence of such iterative methods needs to be accelerated by employing suitable

preconditioners.

Among the methods which have been proposed in the literature to generate

circulant preconditioners, three are the most well-known, namely the Strang [21],

optimal [9] and superoptimal [4, 23, 25] preconditioners. However, while the Strang

and optimal preconditioners can be easily extended to the two-level case, this extension

is more difficult for the superoptimal preconditioner. In particular, the method proposed

in [25] does not easily generalize, as in the two-level case the product of two lower/

upper triangular Toeplitz matrices is not a Toeplitz matrix and this property is used

crucially in the algorithm proposed in [25]. In [11], a method to construct the

superoptimal preconditioner is given, but only for Hermitian matrices.

In [16], introducing a new formalism, we obtain several properties concerning

multiindex Toeplitz matrices which allow us to prove that the superoptimal circulant

preconditioner of a multiindex Toeplitz matrix can be constructed with OðN log NÞ
floating point operations, where N is the product of the components of the dimension

n ¼ ðn1; . . . ; ndÞ. However, in that paper no explicit algorithm is given.

Motivated by the apparent interest on this topic and by the lack of a general

algorithm for the two-level case, in this paper we develop a method for generating

the superoptimal preconditioner for a two-level Toeplitz matrix in Oðn1n2 log n1n2Þ
floating point operations. The outline of the paper is as follows: in section 2 we recall

the definition of some classical preconditioners and sum up briefly the two available

procedures for the evaluation of the one-level superoptimal preconditioner. In section 3,

we describe in detail our algorithm to compute in FFT time the superoptimal circulant

preconditioner for a two-level Toeplitz linear system. Numerical results are then

reported, in section 4, to assess the performance of the superoptimal preconditioner

with respect to two other circulant preconditioners.
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2. Circulant preconditioners

A circulant matrix [10] is a Toeplitz matrix C ¼ ðci�jÞn�1
i; j¼0 such that

cj�n ¼ cj; j ¼ 1; . . . ; n� 1:

The idea of using a circulant matrix for preconditioning a Toeplitz linear system

was first proposed by G. Strang [21] (see also [7]). In this case, the preconditioner is

the circulant matrix S ¼ ðsi�jÞn�1
i; j¼0 which agrees with a given Toeplitz matrix A on the

widest possible band around the main diagonal. For example, if n is odd then

sk ¼
ak; k ¼ 0; . . . ; n�1

2

ak�n; k ¼ nþ1
2
; . . . ; n� 1:

�

Since then, the idea of extracting a preconditioner from an algebra of matrices

whose elements can be diagonalized by a fast algorithm has been extended in many

different directions. In particular, T. Chan in [9] proposed to consider the circulant

matrix C which solves for a fixed matrix A, not necessarily structured, the optimization

problem

minkC� AkF;

where k� kF denotes the Frobenius norm. This preconditioner, which has been called

optimal, if A is Toeplitz is given by

c0 ¼ a0 and ck ¼
ðn� kÞak þ kak�n

n
; k ¼ 1; . . . ; n� 1: ð2:1Þ

Shortly after, different authors [4, 23, 25] introduced the so-called superoptimal
preconditioner, defined to be the circulant matrix T which minimizes

kI � T�1AkF:

Also in this case, the matrix A need not be structured.

These preconditioners, when applied to a Toeplitz matrix and under mild

assumptions, have been proved to have good properties in terms of clustering of the

spectrum of the preconditioned matrix [3, 5, 7, 8] so that they guarantee superlinear

convergence of the conjugate gradient iterative method [1, 19]. A review of the main

results on these topics is contained in [6].

While the generation of the Strang preconditioner requires no computation and

the optimal one can be computed with complexity OðnÞ by a straightforward im-

plementation of formulae (2.1), the construction of the superoptimal preconditioner,

optimized with respect to its computational complexity, is not trivial. It turns out that

this construction can be performed by Oðn log2 nÞ floating points operations ( flops). In

the following we review the two available procedures for its computation.

C. van der Mee et al. / Fast computation of two-level circulant preconditioners 277



2.1. Tyrtyshnikov’s construction

Let D ¼ ðdi�jÞn�1
i; j¼0 be the circulant matrix which minimizes

kI � D�1Ak2
F;

for a given matrix A. It has been proved [4, 25] that the first column d of D�1 is the

solution of the linear system

CðAA*Þd ¼ CðA*Þe0; ð2:2Þ

where C is the linear operator which associates to a matrix A its optimal circulant

preconditioner CðAÞ and e0 ¼ ð1; 0 . . . ; 0ÞT . Since this linear system is circulant it can

be solved in FFT time, so the real issue is to compute the matrix CðAA*Þ.
Let us now assume that A ¼ ðai�jÞn�1

i; j¼0 is Toeplitz, and decompose it as the sum

of the Toeplitz matrices L ¼ ð‘i�jÞn�1
i; j¼0 and U ¼ ðui�jÞn�1

i; j¼0, lower and upper triangular,

respectively, defined by

‘j ¼
a0

2
; j ¼ 0

aj j > 0;
0 j < 0

8
<

:
uj ¼

a0

2
; j ¼ 0

aj j < 0

0 j > 0

8
<

:
:

From the linearity of C we get

CðAA*Þ ¼ CðTÞ þ CðLL*Þ þ CðUU*Þ

where T ¼ LU*þ UL*.

To obtain a fast algorithm for the computation of the first column c of CðAA*Þ a

crucial property is that the product of two lower (or upper) triangular Toeplitz matrices

is still Toeplitz. This guarantees that T is a Toeplitz matrix, so that it can be computed

by simply multiplying L times the first column of U* and taking into account that

UL* ¼ ðLU*Þ*.

Moreover, it is straightforward to verify that

cð1Þ :¼ CðLL*Þe0 ¼
1

n
SL‘‘‘‘‘‘‘ð1Þ þ L*‘‘‘‘‘‘‘ð2Þ
h i

cð2Þ :¼ CðUU*Þe0 ¼
1

n
SU*uð1Þ þ Uuð2Þ
h i

where S is the forward shift matrix

S ¼

0 � � � � � � 0

1 . .
. ..

.

..

. . .
. . .

. ..
.

0 � � � 1 0

2

6664

3

7775
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and

‘
ð1Þ
k ¼ ðk þ 1Þ ‘n�k�1; ‘

ð2Þ
k ¼ ðn� kÞ ‘k;

u
ð1Þ
k ¼ ðk þ 1Þ uk�nþ1; u

ð2Þ
k ¼ ðn� kÞ u�k

for k ¼ 0; . . . ; n� 1. This shows that, letting cð0Þ :¼ CðTÞe0, the vector

c :¼ CðAA*Þe0 ¼ cð0Þ þ cð1Þ þ cð2Þ

can be computed in Oðn log2 nÞ flops. More precisely, it requires 15 FFT’s when A is a

generic complex matrix and 10 if the matrix is Hermitian, including the solution of

system (2.2).

2.2. Chan/Tismenetsky’s construction

It is well-known that a circulant matrix can be diagonalized by means of the

Fourier matrix. This allows us to factorize any circulant matrix C ¼ ðci�jÞn�1
i; j¼0 in the

form

C ¼ F ��F �*

where � is a primitive n-th root of unity (i.e., � j 6¼ 1 for j ¼ 0; . . . ; n� 1 and �n ¼ 1),

F � ¼ 1ffiffi
n
p ð� ijÞn�1

i; j¼0 is the normalized Fourier matrix,

� ¼ diag
�

ĈCð1Þ; ĈCð�Þ; . . . ; ĈCð�n�1Þ
�

and

ĈCð�Þ ¼
Xn�1

k¼0

ck�
�k

is the discrete Fourier transform of the first column of C.

Exploiting this factorization and the fact that the Frobenius norm is not modified

by unitary transformations, we can write

kI � D�1Ak2
F ¼ kI � �Bk2

F ð2:3Þ

where the diagonal matrix � ¼ diagð�0; . . . ; �n�1Þ contains the eigenvalues of D�1 and

B ¼ F �
* AF �.

Equating to zero the gradient of (2.3) with respect to the real and imaginary parts

of ���������� ¼ ð�pÞn�1
p¼0 we obtain

�p ¼
bpp

Pn�1
j¼0 jbpjj2

¼
ðB*Þpp

ðBB*Þpp

; p ¼ 0; . . . ; n� 1: ð2:4Þ
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Chan/Tismenestky’s approach for obtaining a fast algorithm for the computation of ����������
is based on the property that every Toeplitz matrix A can be expressed as the sum

A ¼ Cð0Þ þ Cð1Þ

of a circulant matrix Cð0Þ and a skew-circulant matrix Cð1Þ, whose entries are given by

c
ð0Þ
0 ¼ a0;

c
ð0Þ
k ¼ c

ð0Þ
k�n ¼

ak þ ak�n

2
; k ¼ 1; . . . ; n� 1;

c
ð1Þ
0 ¼ 0;

c
ð1Þ
k ¼ �c

ð1Þ
k�n ¼

ak � ak�n

2
; k ¼ 1; . . . ; n� 1:

The following factorizations of Cð0Þ and Cð1Þ hold

Cð0Þ ¼ F ��
ð0ÞF �

*; Cð1Þ ¼ D!F ��
ð1ÞF �

*D!
* ;

where D! ¼ diagð1; !; . . . ; !n�1Þ, !n ¼ �1 and the diagonal elements

�
ð0Þ
k ¼ �

ð0Þ
kk ¼ ĈCð0Þð�kÞ; �

ð1Þ
k ¼ �

ð1Þ
kk ¼ ĈCð1Þð!�kÞ; k ¼ 0; . . . ; n� 1;

are the discrete Fourier transforms of the first columns of Cð0Þ and D!* Cð1ÞD!,

respectively. Employing these factorizations we get

A ¼ F � �ð0ÞEþ E�ð1Þ
� �

F �
* D!

* ;

where E ¼ F �*D!F � is a fixed unitary circulant matrix. This allows us to express the

matrices appearing in (2.4) in the form

B ¼ F �
*AF � ¼ �ð0Þ þ E�ð1ÞE*

and

BB* ¼ �ð0Þ�ð0Þ
*þ�ð0ÞE�ð1Þ

*
E*þ E�ð1ÞE*�ð0Þ

*þ E�ð1Þ�ð1Þ
*
E*:

Further, as it is immediate to verify, for any diagonal matrix � ¼ diagð�iÞn�1
i¼0 there

holds

ðE�E*Þpp

n on�1

p¼0
¼ M��;

where M ¼ ðjEijj2Þn�1
i; j¼0 is circulant and �� ¼ ð�0; . . . ; �n�1ÞT . Hence, denoting by u �

v ¼ ðu0v0; . . . ; un�1vn�1ÞT the Schur product of two vectors, we can write

fðBÞppg
n�1
p¼0 ¼ ��ð0Þ þM��ð1Þ;

fðBB*Þppg
n�1
p¼0 ¼ ��ð0Þ � ��ð0Þ þ 2Re ��ð0Þ �M��ð1Þ

� �
þM ��ð1Þ � ��ð1Þ

� �
:
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As a result, the computation of the vector ���������� involves only Schur products and mul-

tiplications by circulant matrices. By suitably optimizing the algorithm it is possible to

compute the matrix D by 7 complex FFT_s plus lower order operations. We remark

that, in this as well as in the previous construction method, one further FFT can be

saved, since to apply the preconditioner to an iterative method we just need its

eigenvalues.

3. Two-level circulant preconditioners

In order to describe the techniques for constructing two-level circulant precondi-

tioners, let us first introduce two-level circulant matrices and some of their properties, as

well as generalize the notion of skew-circulant matrices. The superoptimal precondi-

tioner of a two-level Hermitian Toeplitz matrix has recently been studied in [11], where

a detailed analysis of its spectral properties is performed and it is numerically tested as

a regularizing preconditioner for image deblurring.

Let n ¼ ðn1; n2Þ 2 Z2
þ and let I n be defined by (1.1). A two-level circulant

matrix is a Toeplitz matrix C ¼ ðci�jÞi; j2In
such that

cðk1�n1;k2Þ ¼ cðk1;k2�n2Þ ¼ cðk1�n1;k2�n2Þ ¼ cðk1;k2Þ

for k ¼ ðk1; k2Þ 2 I n, k1; k2 6¼ 0, and

cðk1�n1;0Þ ¼ cðk1;0Þ; cð0;k2�n2Þ ¼ cð0;k2Þ;

for k1 ¼ 1; . . . ; n1 � 1 and k2 ¼ 1; . . . ; n2 � 1.

We say � ¼ ð�1; �2Þ 2 C2 is a primitive n-th root of unity if �n1

1 ¼ �
n2

2 ¼ 1 and

�r
i 6¼ 1; r ¼ 1; . . . ; ni � 1; i ¼ 1; 2:

In analogy with the one-index case, a two-level circulant matrix is diagonalized by the

normalized two-level Fourier matrix F � defined by

ðF �Þij ¼
1
ffiffiffiffiffiffiffiffiffi
n1n2
p �i1j1

1 �i2 j2
2 :

In fact, the following relation holds true

CF � ¼ F � diag bCCð�k1

1 �
k2

2 Þ
� �

k2In

where

bCCð�Þ ¼ bCCð�1; �2Þ ¼
Xn1�1

j1¼0

Xn2�1

j2¼0

cð j1;j2Þ�
�j1
1 ��j2

2

is the two-dimensional discrete Fourier transform of the first column c ¼ ðckÞk2In
of C.
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Now, let � ¼ ð�1; �2Þ 2 f0; 1g2
. By a �-circulant matrix we mean a Toeplitz

matrix Cð�Þ ¼ ðcð�Þi�jÞi; j2In
such that c

ð�Þ
k ¼ 0 for all k 2 I n with kr ¼ 0 whenever �r ¼

1 (r ¼ 1; 2) and

c
ð�Þ
ðk1��1n1; k2��2n2Þ ¼ ð�1Þ�1�1þ�2�2 c

ð�Þ
ðk1;k2Þ

for the remaining values of k and for � ¼ ð�1; �2Þ 2 f0; 1g2
.

The matrix Cð0;0Þ is a two-level circulant matrix, while for � 6¼ ð0; 0Þ we obtain

generalizations of skew-circulant matrices. For example, if � ¼ ð0; 1Þ we get c
ð0;1Þ
ðk1;0Þ ¼

0 and, for k2 6¼ 0,

c
ð0;1Þ
ðk1;k2�n2Þ ¼ �c

ð0;1Þ
ðk1;k2Þ

c
ð0;1Þ
ðk1�n1;k2Þ ¼ c

ð0;1Þ
ðk1;k2Þ

c
ð0;1Þ
ðk1�n1;k2�n2Þ ¼ �c

ð0;1Þ
ðk1;k2Þ:

For each � 2 f0; 1g2
, we define the diagonal matrix

Dð�Þ! ¼ diag !�1j1
1 !�2j2

2

� �

j2In

;

where ! ¼ ð!1; !2Þ 2 C2 is such that !n1

1 ¼ !
n2

2 ¼ �1. Then a �-circulant matrix Cð�Þ

can be diagonalized as follows

Cð�ÞDð�Þ! F � ¼ Dð�Þ! F � diag ĈCð!�1

1 �
j1
1 ; !

�2

2 �
j2
2 Þ

� �

j2In

;

where the diagonalizing matrix Dð�Þ! F � is unitary.

As one can verify by direct computation, a two-level Toeplitz matrix can be

decomposed into the following sum of �-circulant matrices

A ¼ Cð0;0Þ þ Cð0;1Þ þ Cð1;0Þ þ Cð1;1Þ; ð3:1Þ
where

c
ð0;0Þ
ð0;0Þ ¼ að0;0Þ

c
ð0;0Þ
ð0;k2Þ ¼ c

ð0;1Þ
ð0;k2Þ ¼

að0;k2Þ � að0;k2�n2Þ
2

c
ð0;0Þ
ðk1;0Þ ¼ c

ð1;0Þ
ðk1;0Þ ¼

aðk1;0Þ � aðk1�n1;0Þ
2

c
ð0;1Þ
ð0;0Þ ¼ c

ð0;1Þ
ðk1;0Þ ¼ c

ð1;0Þ
ð0;0Þ ¼ c

ð1;0Þ
ð0;k2Þ ¼ c

ð1;1Þ
ð0;0Þ ¼ c

ð1;1Þ
ð0;k2Þ ¼ c

ð1;1Þ
ðk1;0Þ ¼ 0;

for k1; k2 6¼ 0, and

c
ð�Þ
k ¼

1

4

X

�2f0;1g2

ð�1Þ�1�1þ�2�2 aðk1��1n1;k2��2n2Þ

when k1; k2 6¼ 0 and for each � 2 f0; 1g2
.
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For the �-circulant matrices involved in decomposition (3.1) the following

factorizations hold

Cð0;0Þ ¼ F ��0F �
*

Cð0;1Þ ¼ ðDð0;1Þ! F �Þ�1ðDð0;1Þ! F �Þ*

Cð1;0Þ ¼ ðDð1;0Þ! F �Þ�2ðDð1;0Þ! F �Þ*

Cð1;1Þ ¼ ðDð1;1Þ! F �Þ�3ðDð1;1Þ! F �Þ*;

ð3:2Þ

where the diagonal matrices �i, i ¼ 0; 1; 2; 3, contain the eigenvalues of the cor-

responding �-circulant matrices.

Extending the Strang and optimal preconditioners to two-level Toeplitz linear

systems is relatively straightforward (see [9, 25]). We first need to introduce the notion

of admissible band, that is a set E � J (see (1.3)) such that i; j 2 E and ððis � jsÞ=nsÞ
2 Z (s ¼ 1; 2) imply i ¼ j. Then, fixing any admissible band E, the Strang pre-

conditioner of a Toeplitz matrix A is the circulant matrix S ¼ ðsi�jÞi; j2In
which agrees

with A on the band E, that is

si ¼
aj; i 2 E and ððis � jsÞ=nsÞ 2 Z;
0; otherwise:

�
ð3:3Þ

The generalization of the admissible band adopted by Strang in [21] is the set

E ¼ ði1; i2Þ 2 Z2 : bns=2c � ns þ 1 � is � bns=2c; s ¼ 1; 2
� �

:

As the two-level optimal preconditioner is concerned, the circulant matrix C ¼
ðci�jÞi; j2I n

which solves the problem

min kC� AkF;

for a given Toeplitz matrix A, is given by

cði1;i2Þ ¼

að0;0Þ; i1 ¼ i2 ¼ 0;

ðn2 � i2Það0;i2Þ þ i2að0;i2�n2Þ
n2

; i1 ¼ 0; i2 > 0;

ðn1 � i1Þaði1;0Þ þ i1aði1�n1;0Þ
n1

; i1 > 0; i2 ¼ 0;

~ccði1;i2Þ
n1n2

; i1; i2 > 0;

8
>>>>>>>>>><

>>>>>>>>>>:

ð3:4Þ

where 0 � i1 � n1 � 1, 0 � i2 � n2 � 1 and

~ccði1;i2Þ ¼ ðn1 � i1Þðn2 � i2Þaði1;i2Þ þ ðn1 � i1Þi2aði1;i2�n2Þ
�

þ i1ðn2 � i2Þaði1�n1;i2Þ þ i1i2aði1�n1;i2�n2Þ
�
:
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As in the one-index case, the construction of the first preconditioner requires

no computation, while the second one can be obtained in Oðn1n2Þ flops. We also note

that both preconditioners are real whenever A is real and Hermitian whenever A is

Hermitian.

The algorithm for the construction of the superoptimal circulant preconditioner

is more involved and is described in the next section.

3.1. Construction of the superoptimal preconditioner

The natural approach to computing the superoptimal circulant preconditioner D
of a two-level Toeplitz matrix A ¼ ðai�jÞi; j2In

would be to generalize the one-level

algorithms given in Sections 2.1 and 2.2.

Let us first take into consideration the first one. The first step consists of decom-

posing the matrix A into the sum of a lower triangular and an upper triangular Toeplitz

matrix. In the two-level case, and in general in the multilevel case, the definition of a

triangular matrix is not unique. One has to introduce a linear order � on Z2 which is

compatible with addition, i.e., satisfying iþ l � jþ l whenever i; j; l 2 Z2 and i � j.
Then, a matrix L (U) is lower (upper) triangular when Lij ¼ 0 for i � j (Uij ¼ 0 for

i � j).
In extending Tyrtyshnikov’s algorithm we found a major difficulty in the fact

that the product of two lower (upper) triangular multilevel Toeplitz matrices is not

Toeplitz in general. As a simple counterexample consider the block Toeplitz matrix

with Toeplitz blocks

L ¼ L0 0

L1 L0

	 


where L0 and L1 are any Toeplitz matrices of dimension larger than 2 and L0 is lower

triangular. This matrix is what we get if we order the entries of a triangular two-level

Toeplitz array with respect to the same linear order which defines its triangularity.

Multiplying L by itself we do not obtain a two-level Toeplitz matrix (i.e., block

Toeplitz with Toeplitz blocks) since the ð2; 1Þ-block L1L0 þ L0L1 is not Toeplitz. For

this reason, in the following we generalize the construction by Chan/Tismenetsky to

two-level matrices.

Since equation (2.3) is formally identical in the two-level case, we can rewrite

(2.4) as

�p ¼
bpp

P
j2In
jbpjj2

¼
ðB*Þpp

ðBB*Þpp

; p 2 I n; ð3:5Þ

where B ¼ F �
*AF � and � ¼ diag ð�pÞp2In

¼ F �
*D�1F � contains the eigenvalues of

the inverse of the preconditioner D.
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Using the factorizations (3.2) in the additive decomposition (3.1) of A we get

B ¼ �0 þ eEE2�1
eEE2

*þ eEE1�2
eEE1

*þ eEE0�3
eEE0

*

where the matrices

eEE0 ¼ E1 	 E2; eEE1 ¼ E1 	 In2
; eEE2 ¼ In1

	 E2

are unitary circulant and the elements of the matrices Es ¼ F �s
* D!s

F �s
(s ¼ 1; 2) are

given by

ðEsÞij ¼
2

�sð1� !s�
j�i
s Þ

; i; j ¼ 0; . . . ; ns � 1: ð3:6Þ

We recall that the tensor product of two matrices M and N is the biindex matrix

defined by ðM 	 NÞij ¼ Mi1; j1Ni2; j2 , i; j 2 I n.

To obtain the quantities at the denominator of (3.5) we should compute the

diagonal entries of the matrix

BB* ¼ �0�0
*þ�0

eEE2�1
* eEE2

* þ�0
eEE1�2

* eEE1
* þ�0

eEE0�3
* eEE0

*

þ ð�0
eEE2�1

* eEE2
*Þ* þ eEE2�1�1

* eEE2
*þ eEE2�1ðE1 	 E2

*Þ�2
* eEE1

*

þ eEE2�1
eEE1�3

* eEE0
*þ ð�0

eEE1�2
* eEE1

*Þ*þ ðeEE2�1ðE1 	 E2
*Þ�2

* eEE1
*Þ*

þ eEE1�2�2
* eEE1

*þ eEE1�2
eEE2�3

* eEE0
*þ ð�0

eEE0�3
* eEE0

*Þ*

þ ðeEE2�1
eEE1�3

* eEE0
*Þ*þ ðeEE1�2

eEE2�3
* eEE0

*Þ*þ eEE0�3�3
* eEE0

*:

By examining the 16 terms in the previous expression one notices that they fall in five

categories, each of which can be computed by means of FFT_s and Schur products. In

fact, letting

��k ¼ ð�ðkÞp Þp2In
¼ ð�kÞpp

� �

p2In

; k ¼ 0; 1; 2; 3;

it can be verified that

fð�0�0
*Þppgp2In

¼ ��0 � ��0

fð�0
eEEi�k

* eEEi
*Þppgp2In

¼ ��0 � eMi��k

fðeEEi�k�k
* eEEi

*Þppgp2In
¼ eMið��k � ��kÞ

fðeEEr�s
eEEs�3

* eEE0
*Þppgp2In

¼ eMrð��s � eMs��3Þ
fðeEE2�1ðE1 	 E2

*Þ�2
* eEE1

*Þppgp2In
¼ eM2��1 � eM1��2;

ð3:7Þ

where i ¼ 0; 1; 2, k ¼ 1; 2; 3, r; s ¼ 1; 2 and the matrices eMi with entries

ðfMiMiÞpq ¼ jðeEEiÞpqj
2; p; q 2 In;
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are circulant. The matrices fMiMi can be evaluated by Oðn1n2Þ operations using the

expressions (3.6).

For the sake of clarity, we prove here the last of the equalities (3.7). First of all it

should be noted that, for any diagonal matrix D ¼ diagðdðk1;k2ÞÞk2In
, we have

ðeEE1DeEE2Þpq ¼ ðeEE0Þpqdðq1;p2Þ and ðeEE2DeEE1Þpq ¼ ðeEE0Þpqdðp1;q2Þ;

for p; q 2 I n. Then

ðeEE2�1ðE1 	 E2
*Þ�2

* eEE1
*Þpp ¼ ½ðeEE2�1

eEE1ÞðeEE1�2
eEE2Þ*
pp

¼
X

k2In

jðeEE0Þpkj
2�
ð1Þ
ðp1;k2Þ�

ð2Þ
ðk1; p2Þ

¼
Xn1�1

k1 ¼ 0

jðE1Þp1k1
j2�ð2Þðk1;p2Þ �

Xn2�1

k2¼0

jðE2Þp2k2
j2�ð1Þðp1;k2Þ

¼ ðeM1��2 � eM2��1Þp:

The application of (3.7) leads us to the following expressions for the numerator

and the denominator of (3.5):

fðBÞppgp2In
¼ ��0 þ eM2��1 þ eM1��2 þ eM0��3

fðBB*Þppgp2In
¼ ��0 � ��0 þ eM2ð��1 � ��1Þ þ eM1ð��2 � ��2Þ þ eM0ð��3 � ��3Þ
þ 2 Reð��0 � eM2��1Þ þ 2 Reð��0 � eM1��2Þ
þ 2 Reð��0 � eM0��3Þ þ 2 ReðeM2��1 � eM1��2Þ
þ 2 ReðeM2ð��1 � eM1��3ÞÞ þ 2 ReðeM1ð��2 � eM2��3ÞÞ:

This shows that the two-level superoptimal circulant preconditioner can be computed

in Oðn1n2log2n1n2Þ flops.

To speed up the computation we observe that since the matrices eMk, k ¼ 0; 1; 2,

are tensor products, their eigenvalues can be evaluated by taking products of the

eigenvalues of the matrices M1 and M2 defined by

ðMkÞij ¼ jðEkÞijj
2; i; j ¼ 0; . . . ; nk � 1; k ¼ 1; 2;

an operation which involves Oðn1n2Þ flops.

A straightforward implementation of the previous formulae is contained in

Algorithm 3.1. This algorithm takes as input the first columns mi of the matrices M1,

M2 and the first columns c
ð!Þ
j , j ¼ 0; 1; 2; 3, of the two-level matrices Cð0;0Þ and

ðDð�Þ! Þ*Cð�ÞDð�Þ! ; � ¼ ð0; 1Þ; ð1; 0Þ; ð1; 1Þ;

coming from (3.2). All such vectors can be computed in Oðn1n2Þ flops. The algorithm

takes 25 two-dimensional FFT_s and relies on the definition of discrete Fourier
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transform used in Matlab [15], namely if x ¼ ðxðk;‘ÞÞ and y ¼ ðyðk;‘ÞÞ, with k ¼
0; . . . ; n1 � 1 and ‘ ¼ 0; . . . ; n2 � 1, then

ðfft2ðxÞÞðk;‘Þ ¼
Xn1�1

r¼0

Xn2�1

s¼0

xðr;sÞ�
�kr
1 ��‘s2 ¼ ffiffiffiffiffiffiffiffiffi

n1n2

p � F �
* x

and

ðifft2ðyÞÞðk;‘Þ ¼
1

n1n2

Xn1�1

r¼0

Xn2�1

s¼0

yðr;sÞ�
kr
1 �

‘s
2 ;¼

1
ffiffiffiffiffiffiffiffiffi
n1n2
p � F �y;

where �1 ¼ e2�i=n1 and �2 ¼ e2�i=n2 . This means that if C ¼ F ��F �
* is circulant, then

Cx ¼ ifft2 �� � fft2ðxÞð Þ:

In the algorithm, the function onesðm; nÞ returns an array of dimension m� n whose

entries are all 1, conjðxÞ gives the array ðxðk;‘ÞÞ, the complex conjugate of x, while

ReðxÞ denotes the real part of x.

Algorithm 3.1. Construction of the two-level superoptimal preconditioner.
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The number of two-dimensional FFT_s can be reduced to 20 by further optimi-

zing the algorithm. The optimization is achieved by suitably economizing the

computation by means of the identity

ifft2 fft2ðxÞ � fft2ðyÞð Þ ¼ n1n2 fft2 ifft2ðxÞ � ifft2ðyÞð Þ:

The resulting procedure is sketched in Algorithm 3.2.

4. Numerical results

To assess the effectiveness of circulant preconditioning of two-level Toeplitz

linear systems we performed various numerical tests. Formulae (3.3), (3.4) and

Algorithm 3.2 have been implemented in Matlab [15] and executed on a computer

equipped with an AMD Athlon 64 3200+ processor and 1.5 GB RAM, running the

GNU/Debian Linux 3.1 operative system [20].

Algorithm 3.2. Optimized construction of the superoptimal preconditioner.
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In the numerical experiments we used two symmetric positive definite Toeplitz

matrices. The first one is the Gaussian matrix A ¼ ðai�jÞi; j2In
whose elements are

ak ¼ aðk1;k2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð�Þ

2�

r

� exp � kT�k

2

� �
; k 2 J n;

where

� ¼ �1 �
� �2

	 


is a positive definite parameter matrix [17]. If � ¼ diagð�1; �2Þ the Gaussian matrix is

indeed a tensor product, since

aðk1;k2Þ ¼ ak1
� ak2

; aki
¼

ffiffiffiffiffiffi
�i

2�

r
� exp � �ik

2
i

2

� �
;

while in the general case it is genuinely two-level. This matrix has a great importance

in image restoration since it models atmospheric blurring [13].

The second example is a generalization of the KMS (KacYMurdockYSzeg}oo)

matrix [14, 24], defined by

ak ¼ aðk1;k2Þ ¼ 	jk1jþjk2j; 	 2 ð0; 1Þ; k 2 J n;

which consists of the tensor product of two one-level KMS matrices.

The first test concerns computational complexity. Taking a two-level Toeplitz

matrix of dimension n ¼ ðn1; n2Þ with n1 ¼ n2 ¼ 2k, k ¼ 5; . . . ; 11, the superoptimal

circulant preconditioner is constructed by Algorithm 3.2 and the execution time (in

seconds) is recorded as the mean over 10 repeated experiments, in order to minimize

the influence of system time. The results, shown in figure 1, give a numerical evidence

of the Oðn1n2log2ðn1n2ÞÞ complexity of the algorithm.

The effectiveness of the preconditioning procedures with respect to the condition

number of a test matrix is investigated in table 1. Namely, we consider the Gaussian

matrix of dimension n ¼ ð5; 5Þ, letting � ¼ �I with � ¼ 0:2; 0:5; 1; 1:5; 2. The matrix

is first renumbered according to the lexicographic ordering on Z2, i.e.,

i � j () i1 < j1 or i1 ¼ j1 and i2 � j2; 8i; j 2 I 2;

and then passed to the cond function of Matlab which returns the two-norm condition

number. The same is done with the preconditioned matrices S�1A, C�1A and D�1A.

Table 1 shows that there is a substantial reduction in the conditioning whenever

condðAÞ is small, while the circulant preconditioners are progressively less effective

as the condition number increases.

The convergence rate of iterative methods in the solution of a linear system is

strongly influenced by the location of the eigenvalues of the matrix, more than by the
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mere condition number. In fact, it is known that if the spectrum of a Hermitian matrix

A exhibits a proper cluster at 1 as the dimension n grows, that is if all its eigenvalues

lie in a fixed neighbourhood of 1 except a finite number of outliers independent on n,

then the conjugate gradient method applied to the linear system Ax ¼ b converges

superlinearly [1, 19] (see also [22]).

To illustrate the effect of preconditioning on the spectrum it is customary to draw

in a graph the layout of the eigenvalues of the preconditioned matrices and of the

original one. The top row in figure 2 shows a case in which the preconditioning

procedures are successful (the dashed line marks x ¼ 1). The test refers to the KMS

matrix with 	 ¼ 0:5 and n ¼ ð5; 5Þ or n ¼ ð20; 20Þ. The eigenvalues are computed by

the eig function of Matlab after reordering lexicographically the matrix. We can see

that in both cases the Fclustering around one_ effect takes place, so we expect a

substantial reduction in the number of iterations of the conjugate gradient method.

This outcome is rather obvious, since a two-level linear system of dimension n ¼
ðn1; n2Þ whose matrix is a tensor product can always be decomposed by solving in

Table 1

Preconditioning of the Gaussian matrix A, with n1 ¼ n2 ¼ 10 and � ¼ diagð�; �Þ; in the three rightest
columns the matrix is left-preconditioned by the Strang (S), optimal (C) and superoptimal (D) circulant

preconditioners.

� condðAÞ condðS�1AÞ condðC�1AÞ condðD�1AÞ

2 2:9 � 101 6:5 5:1 4:7

1.5 1:3 � 102 1:8 � 101 1:1 � 101 1:1 � 101

1 2:2 � 103 2:6 � 102 7:1 � 101 2:4 � 102

0.5 3:5 � 106 2:0 � 106 7:2 � 104 8:4 � 105

0.2 4:7 � 1012 5:4 � 1011 9:0 � 1010 1:3 � 1012

Figure 1. Execution time in seconds of Algorithm 3.2, with respect to the dimension N ¼ n1n2 ¼ 4k, k ¼
5; . . . ; 11, in semilogarithmic scale (left) and in loglogYscale (right); the dashed line is 10�6N log2 N.
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cascade n1 þ n2 one-level Toeplitz linear systems, and it is known that for one-level

matrices the three preconditioners here considered are superlinear.

On the contrary, the bottom row of figure 2 shows a genuinely two-level example

in which the clustering effect is rather ineffective. This test concerns the Gaussian

matrix of order n ¼ ð5; 5Þ with � ¼ 1:3 1

1 1:3

	 


. This result is not surprising since, as it

has been proved in [18], for every multilevel circulant preconditioner there are

Toeplitz matrices for which that preconditioner is not superlinear. We note that in this

particular example the Strang preconditioner is not positive definite.

To ascertain the performance of a preconditioner it is anyway necessary to look

at its real effect on the convergence of an iterative method. To this end, we imple-

mented the two-level preconditioned conjugate gradient method, which is straightfor-

ward, since the method can be stated for any positive definite self-adjoint linear

transformation. In this case we applied it using the two-level formalism, that is without

0 1 2 3 4 5 6

starting matrix - cond=3.94e+01

Strang preconditioner - cond=8.96e+00

optimal preconditioner - cond=5.99e+00

superoptimal preconditioner - cond=5.44e+00

0 2 4 6 8 10

starting matrix - cond=7.45e+01

Strang preconditioner - cond=1.06e+01

optimal preconditioner - cond=9.29e+00

superoptimal preconditioner - cond=8.52e+00

-12 -10 -8 -6 -4 -2 0 2 4

starting matrix - cond=2.95e+02

Strang preconditioner - cond=2.29e+02

optimal preconditioner - cond=7.34e+01

superoptimal preconditioner - cond=1.10e+02

0 0.5 1 1.5 2

starting matrix

Strang preconditioner

optimal preconditioner

superoptimal preconditioner

Figure 2. Effect of preconditioning on the spectrum: KMS matrix, with 	 ¼ 0:5, n1 ¼ n2 ¼ 5 (top left)
and n1 ¼ n2 ¼ 20 (top right); Gaussian matrix, with �1 ¼ �2 ¼ 1:3, � ¼ 1, n1 ¼ n2 ¼ 5 (complete view

bottom left, zoomed view bottom right).
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reordering the matrix, and employing fast algorithms for all the computations in-

volving circulant and Toeplitz matrices by means of the two-dimensional FFT (i.e.,

the fft2 function of Matlab). To highlight the numerical performance of the pre-

conditioners, we recorded the number of iterations required to reduce the a priori error

Ek ¼
kxðkÞ � xk
kxk

to 10�8, where x ¼ ð1; 1; . . . ; 1ÞT is the true solution of the linear system and xðkÞ is

the k-th iterate of the conjugate gradient method.

The two graphs on the left column of figure 3 concern two tensor product

examples (Gaussian matrix with � ¼ I and KMS matrix with 	 ¼ 0:9). Both

experiments clearly confirm that the convergence of the preconditioned conjugate

gradient method is superlinear, even though with different performances. These linear

systems, in fact, are decomposable into one-index problems and so must conform to

Figure 3. Number of iterations needed by the preconditioned conjugate gradient method to reduce the

relative error to 10�8: Gaussian matrix with n1 ¼ n2 ¼ m ¼ 25; 50; . . . ; 300, �1 ¼ �2 ¼ 1, � ¼ 0 (top left)
and �1 ¼ �2 ¼ 1:3, � ¼ 1 (top right); KMS matrix with n1 ¼ n2 ¼ m ¼ 25; 50; . . . ; 300, 	 ¼ 0:9 (bottom

left) and sum of two KMS matrices with 	1 ¼ 0:5, 	2 ¼ 0:99 (bottom right).
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the theory of one-level Toeplitz matrices. On the contrary, if we consider the Gaussian

matrix with a non-diagonal parameter matrix � (top right graph in figure 3) the

performance of both the Strang and the optimal preconditioners is much less im-

pressive than before and the superoptimal preconditioner does not converge within 300

iterations.

The fourth test problem appears to be particularly interesting (bottom right

graph). In such a case we consider the sum of two KMS matrices with different

parameters. We recall that if a matrix is the sum of tensor products, then both the

Strang and the optimal preconditioners have the same structure, while the super-

optimal preconditioner does not. Hence, we expect the first two to perform much

better than the last one, which is confirmed by the numerical results.

In figure 4 we investigate, by suitably varying the parameters of the two

matrices, the influence of their condition numbers on the speed of convergence of the

conjugate gradient method. Here, as in table 1, we observe that the preconditioners are

progressively less effective as the conditioning gets worse and that the Strang and the

optimal preconditioners appear more robust than the superoptimal one.

As an application, we illustrate the restoration of a blurred image [2]. The

solution of this ill-conditioned problem by iterative regularization has been recently

studied in [11]. We applied Gaussian blurring with � ¼ 0:2 � I to a 256� 256 image,

shown in the top row of figure 5. The bottom row of the same figure displays the

solutions obtained by six iterations of the conjugate gradient method with optimal and

superoptimal preconditioning (in this case the solution obtained by Strang precondi-

tioning is meaningless). It can be seen that both methods produce artifacts on the

boundary of the images, which could be reduced significantly, for example, by

imposing suitable boundary conditions on the image [12]. The boundary distortion is

Figure 4. Effect of the variation of the condition number on the iterations needed by the preconditioned

conjugate gradient method to reduce the relative error to 10�8: On the left, Gaussian matrix with n1 ¼
n2 ¼ 50, � ¼ �I and � ¼ 0:4; 0:45; . . . ; 1; on the right, KMS matrix with n1 ¼ n2 ¼ 50 and 	 ¼ 0:8;

0:82; . . . ; 0:94.
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stronger for optimal preconditioning, but this method nevertheless produces a neater

image, especially around the contour of the satellite.
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Figure 5. Original and blurred image (top), solution with optimal (bottom left) and superoptimal
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