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In this paper we present an algorithm for the construction of the superoptimal circulant
preconditioner for a two-level Toeplitz linear system. The algorithm is fast, in the sense that
it operates in FFT time. Numerical results are given to assess its performance when applied
to the solution of two-level Toeplitz systems by the conjugate gradient method, compared
with the Strang and optimal circulant preconditioners.
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1. Introduction

A linear system
Ax = b,

with x = (xo,...,x,—1)" and b = (by,...,b,_)", is said to have Toeplitz structure if
each entry of the matrix A depends only on the difference of its indices, that is if

Aj=aij, 1,j=0,...,n—1.
Now, let n = (ny,m,) € Zi and let
Iy ={(i1,r) €Z2:0< i1 <m —1,0< i, <y — 1} (1.1)
be a set of biindices. Similarly, a two-level Toeplitz system
Ax = b, (1.2)

with X = (x;);.7, and b = (b;),.7 , is characterized by a matrix A such that

Aij = aj—j, l,] SN
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In such a case the linear system can be expressed in the form

nlfl I’lz*l

Z Z Aiy—j1,ia—j2) X (1. o) = b(il-,iz)’

J1=0 j»=0

with i1 =0,...,n, —1 and i, =0,...,n, — 1, and the Toeplitz matrix A can be
conveniently stored in the array G = (ai);; , where

TIn=Ty—Ty={(i,) €Z*: —n;+1<i;<n;—1, s=1,2}. (1.3)

We will call n = (ny,n,) the dimension of the linear system (1.2).

While there are many fast direct methods for the solution of one-level Toeplitz
linear system, most of them have not yet been generalized to the multilevel case. On the
other hand, the generalization of certain iterative methods, for example the conjugate
gradient method, to multilevel linear systems is straightforward. Of course, the
convergence of such iterative methods needs to be accelerated by employing suitable
preconditioners.

Among the methods which have been proposed in the literature to generate
circulant preconditioners, three are the most well-known, namely the Strang [21],
optimal [9] and superoptimal [4, 23, 25] preconditioners. However, while the Strang
and optimal preconditioners can be easily extended to the two-level case, this extension
is more difficult for the superoptimal preconditioner. In particular, the method proposed
in [25] does not easily generalize, as in the two-level case the product of two lower/
upper triangular Toeplitz matrices is not a Toeplitz matrix and this property is used
crucially in the algorithm proposed in [25]. In [11], a method to construct the
superoptimal preconditioner is given, but only for Hermitian matrices.

In [16], introducing a new formalism, we obtain several properties concerning
multiindex Toeplitz matrices which allow us to prove that the superoptimal circulant
preconditioner of a multiindex Toeplitz matrix can be constructed with O(N logN)
floating point operations, where N is the product of the components of the dimension
n=(m,...,ny). However, in that paper no explicit algorithm is given.

Motivated by the apparent interest on this topic and by the lack of a general
algorithm for the two-level case, in this paper we develop a method for generating
the superoptimal preconditioner for a two-level Toeplitz matrix in O(nyn,lognn,)
floating point operations. The outline of the paper is as follows: in section 2 we recall
the definition of some classical preconditioners and sum up briefly the two available
procedures for the evaluation of the one-level superoptimal preconditioner. In section 3,
we describe in detail our algorithm to compute in FFT time the superoptimal circulant
preconditioner for a two-level Toeplitz linear system. Numerical results are then
reported, in section 4, to assess the performance of the superoptimal preconditioner
with respect to two other circulant preconditioners.
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2. Circulant preconditioners
A circulant matrix [10] is a Toeplitz matrix C = (ci_j),'-tjzlo such that
Cipn=c, j=1,...,n—1.

The idea of using a circulant matrix for preconditioning a Toeplitz linear system
was first proposed by G. Strang [21] (see also [7]). In this case, the preconditioner is
the circulant matrix § = (s;_ j):‘l,;‘:]o which agrees with a given Toeplitz matrix A on the
widest possible band around the main diagonal. For example, if n is odd then

a k=0,...,51
Sk:{ ks ) L)

— n+tl
Ak—n, k—%,...,l’l—].

Since then, the idea of extracting a preconditioner from an algebra of matrices
whose elements can be diagonalized by a fast algorithm has been extended in many
different directions. In particular, T. Chan in [9] proposed to consider the circulant
matrix C which solves for a fixed matrix A, not necessarily structured, the optimization
problem

min||C — All,
where ||+ ||z denotes the Frobenius norm. This preconditioner, which has been called
optimal, if A is Toeplitz is given by

— K)ag + ka
co—ay and o =" )az*' G k=1,...n—1. (2.1)

Shortly after, different authors [4, 23, 25] introduced the so-called superoptimal
preconditioner, defined to be the circulant matrix 7" which minimizes

I —T7"Allp.

Also in this case, the matrix A need not be structured.

These preconditioners, when applied to a Toeplitz matrix and under mild
assumptions, have been proved to have good properties in terms of clustering of the
spectrum of the preconditioned matrix [3, 5, 7, 8] so that they guarantee superlinear
convergence of the conjugate gradient iterative method [1, 19]. A review of the main
results on these topics is contained in [6].

While the generation of the Strang preconditioner requires no computation and
the optimal one can be computed with complexity O(n) by a straightforward im-
plementation of formulae (2.1), the construction of the superoptimal preconditioner,
optimized with respect to its computational complexity, is not trivial. It turns out that
this construction can be performed by O(n log, n) floating points operations (flops). In
the following we review the two available procedures for its computation.
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2.1. Tyrtyshnikov’s construction
Let D = (d; _/), o be the circulant matrix which minimizes
I = D7'All7,

for a given matrix A. It has been proved [4, 25] that the first column d of D! is the
solution of the linear system

C(AA*)d = C(A*)eo, (2.2)

where C is the linear operator which associates to a matrix A its optimal circulant
preconditioner C(4) and ey = (1,0. O)T Since this linear system is circulant it can
be solved in FFT time, so the real issue 1s to compute the matrix C4%)-

Let us now assume that A = (a,_J)f j=o 1s Toeplitz, and decompose it as the sum
of the Toeplitz matrices L = (¢;_ )” “oand U = (u;;)} = ', lower and upper triangular,
respectively, defined by

2, J=0 2, J=0
ti=< a j>0, w=4 a4 j<O.
0 j<0 0 j>0

From the linearity of C we get

Claary = Ciry + Curry + Cuwm)

where T = LU* + UL*.

To obtain a fast algorithm for the computation of the first column ¢ of C44%) a
crucial property is that the product of two lower (or upper) triangular Toeplitz matrices
is still Toeplitz. This guarantees that 7' is a Toeplitz matrix, so that it can be computed
by simply multiplying L times the first column of U* and taking into account that
UL* = (LU*)*.

Moreover, it is straightforward to verify that

1 x
&U:cwﬁ%:—hum+Lﬂﬂ

¢? :=Cyym €0 = [SU*u + Uu 2)}

where S is the forward shift matrix
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and

& =+ Dl AP =(n—k) 4,

u,(:) =(k+ 1) up_ns1, u,({z) =(mn—k)ux

for k =0,...,n— 1. This shows that, letting ¢(©) := C(r€o, the vector
C:= C(AA*)eO = C(O) + C(l) + C(2)

can be computed in O(nlog, n) flops. More precisely, it requires 15 FFT’s when A is a
generic complex matrix and 10 if the matrix is Hermitian, including the solution of
system (2.2).

2.2. Chan/Tismenetsky’s construction

It is well-known that a circulant matrix can be diagonalized by means of the
Fourier matrix. This allows us to factorize any circulant matrix C = (C,-,j)f;:lo in the

form
C=F,AF%

where 7) is a primitive n-th root of unity (i.e., 7/ # 1 forj =0,...,n — 1 and " = 1),
] ifn—1 . . . .
Fn="15 (n"); j=o is the normalized Fourier matrix,

A= diag(é(l),é(n), . ,C(n"’1)>

and

n—1

ClQ) =) act
py

is the discrete Fourier transform of the first column of C.
Exploiting this factorization and the fact that the Frobenius norm is not modified
by unitary transformations, we can write

— 2 2
11 =D~ Al = |1 — TB]|; (2.3)

where the diagonal matrix I' = diag(7o, . . . ,¥,_1) contains the eigenvalues of D! and
B =TF,AF,.
Equating to zero the gradient of (2.3) with respect to the real and imaginary parts
of y= (’yp)z;(l) we obtain
by (B
Y = — 5 = = p=0,...,n—1. (2.4)
27:0 ’bpj ’ (B B )pp
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Chan/Tismenestky’s approach for obtaining a fast algorithm for the computation of
is based on the property that every Toeplitz matrix A can be expressed as the sum

A=CO 4 c

of a circulant matrix C(*) and a skew-circulant matrix C(!), whose entries are given by

CO = qy,

C](Co) _ ]({()_)n_akﬁLak—n’ k=1,....n—1,
2

c(()l) =0,

o) ==l =T k=1

The following factorizations of C(¥) and C () hold
O =F,Ar Y =p,F,AVFDS,
where D, = diag(1,w,...,w" "), w" = —1 and the diagonal elements
5= a0 = COG, 8= Al =CV), k=0, n-1,

are the discrete Fourier transforms of the first columns of C© and D C(I)Dw,
respectively. Employing these factorizations we get

A= f,,(A(O)E + EA“));C:; D%,

where E = FiD,JF, is a fixed unitary circulant matrix. This allows us to express the
matrices appearing in (2.4) in the form

B = F,AF, = A0 + EAVE"
and

BB* = AOAO" L AOEAD B L EAOEAO L EAM AN B

Further, as it is immediate to verify, for any diagonal matrix A = diag(é,-)?:_o1 there

holds

" n—1
{(EAE )or },,:0: M,
where M = (\E,-j|2);7;:10 is circulant and & = (6, ...,6,_1)". Hence, denoting by u o
v = (upvo, - .-, Up_1vy—1) the Schur product of two vectors, we can write

{(B),,1ho = 69+ M8,

{(BB*),, =8 = 89 06" 4 2Re (6<°> 0 MW) n M(6<1> o 6(_1)) .
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As a result, the computation of the vector - involves only Schur products and mul-
tiplications by circulant matrices. By suitably optimizing the algorithm it is possible to
compute the matrix D by 7 complex FFT’s plus lower order operations. We remark
that, in this as well as in the previous construction method, one further FFT can be
saved, since to apply the preconditioner to an iterative method we just need its
eigenvalues.

3. Two-level circulant preconditioners

In order to describe the techniques for constructing two-level circulant precondi-
tioners, let us first introduce two-level circulant matrices and some of their properties, as
well as generalize the notion of skew-circulant matrices. The superoptimal precondi-
tioner of a two-level Hermitian Toeplitz matrix has recently been studied in [11], where
a detailed analysis of its spectral properties is performed and it is numerically tested as
a regularizing preconditioner for image deblurring.

Let n = (n1,m) € Zi and let Z, be defined by (1.1). A two-level circulant
matrix is a Toeplitz matrix C = (¢i;); je7, such that

Clky—ni k) = Clkiko—n2) = Clhky—niko—n2) = Cky k2)
for k = (ky,ky) € Z,, ki, k, # 0, and
Clki—n1,0) = C(k1,0)s  C(0,ky—n2) = C(0,ky)>

fOI'k] = 1,...71/11 -1 andk2: 1,...,”2— 1.
We say 1 = (m,m2) € C* is a primitive n-th root of unity if 0" = 73> = 1 and

mAL r=1,...m—1, i=12.

In analogy with the one-index case, a two-level circulant matrix is diagonalized by the
normalized two-level Fourier matrix F,, defined by

1 i 1
(f’fl)ij = \/m 1117722/2.

In fact, the following relation holds true

CF, =F, diag (6(77'1“77’2‘2))

ke,
where
n—1n—1
A(C) Cla C2 Z Z < Jn/z _“ _/2
=0 j2=

is the two-dimensional discrete Fourier transform of the first column ¢ = (cy), o7, of C.
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Now, let o = (01,0,) € {0,1}*. By a o-circulant matrix we mean a Toeplitz
matrix C(7) = (cl(fj)i7 jez, such that c,(f) = 0 for all k € 7,, with k, = 0 whenever o, =
1 (r=1,2) and

(0) _ Tio1+n0y  (0)
C(k1—71n17k2—72n2) o (_1) R C(kth)
for the remaining values of k and for 7 = (11, 7) € {0,1}%.

The matrix C(®? is a two-level circulant matrix, while for o # (0,0) we obtain
generalizations of skew-circulant matrices. For example, if o = (0, 1) we get c(g 10) =
0 and, for k, # 0,

1) __on
kik—m) = T Chk)

(0,
(
( 1) (0,1)
Clly k) = Clhr ko)

c

A0 _ _ o1
(kl ni, kz }12) - (klwkZ).

For each o € {0,1}?, we define the diagonal matrix

a) — dlag( o1 gzlz)

where w = (wy,w;) € C* is such that w)' = wy’ = —1. Then a o-circulant matrix C (@)

can be diagonalized as follows

jezr,’

D) F, = DIVF, diag (Clwf'nf'.ofnf)) -

where the diagonalizing matrix D J’: is unitary.
As one can verify by dlrect computation, a two-level Toeplitz matrix can be
decomposed into the following sum of o-circulant matrices

A =00 4 cOl) L cto) 4 ol (3.1)

where

00 01 _ A0k) ~ 40k—nm)

€0k) = C0ko) = 2

00 (1,00 _ Ak ,0) — Alky—n1,0)

C0) = o) = 2

o1 _ (1) _ (1,00 _ (10) oy o) (1 ) _
€00) = €k .0) = €00) = Cl0ka) = €00) = C(0kn) = Crr.0) = 95

for ki, ky # 0, and
Z (_I)TIUH_TZUZ A(ky—71n1,ka—T2m2)
0,1)?

when ki, k, # 0 and for each o € {0,1}%.
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For the o-circulant matrices involved in decomposition (3.1) the following
factorizations hold

CO0 = F, AT,

cOV = (DPVF)A(DOVF,)* (3.2)
c10 = (Dél’o)fn)AﬂDS’O)fn)* '
ctl = (Dful’l)]:n)AS(Dc(ul'l)]:n)*a

where the diagonal matrices A;, i =0,1,2,3, contain the eigenvalues of the cor-
responding o-circulant matrices.

Extending the Strang and optimal preconditioners to two-level Toeplitz linear
systems is relatively straightforward (see [9, 25]). We first need to introduce the notion
of admissible band, that is a set E C J (see (1.3)) such that i,j € E and ((i; — js)/ns)
€Z (s=1,2) imply i =j. Then, fixing any admissible band E, the Strang pre-
conditioner of a Toeplitz matrix A is the circulant matrix § = (s;_;) i jez, Which agrees
with A on the band E, that is

_ Ja, i€Eand ((iy—js)/ns) € Z,
Si= { 0, otherwise. (3.3)

The generalization of the admissible band adopted by Strang in [21] is the set
E={(i1,i) € Z°: |n;/2] —ng+1<i; < [ng/2], s=1,2}.

As the two-level optimal preconditioner is concerned, the circulant matrix C =
(¢i—j);, jez, Which solves the problem

min ||C — Al|p,

for a given Toeplitz matrix A, is given by

(a0,0), iy =i, =0,
ny —12)a,i,) + 1240, -n ; j
(ny — ip) (0,i2) T 124(0,i 2)7 i1 =0,i, >0,
ny
Chn) = (m—h)ago) +hag-n0 g Y
ny L o
51' i
M, i17i2 > O’
niny

where 0 <11 <m —1,0<i, <n,—1 and

Ciriy = [(m—in)(na—i2)ag, ) + (1 — i)i2a(, jy—ny)

+ i1 (n2 — 0)a(i, -y i) + 1120, -y iy -
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As in the one-index case, the construction of the first preconditioner requires
no computation, while the second one can be obtained in O(n;n;) flops. We also note
that both preconditioners are real whenever A is real and Hermitian whenever A is
Hermitian.

The algorithm for the construction of the superoptimal circulant preconditioner
is more involved and is described in the next section.

3.1. Construction of the superoptimal preconditioner

The natural approach to computing the superoptimal circulant preconditioner D
of a two-level Toeplitz matrix A = (a;—;); jc7, would be to generalize the one-level
algorithms given in Sections 2.1 and 2.2.

Let us first take into consideration the first one. The first step consists of decom-
posing the matrix A into the sum of a lower triangular and an upper triangular Toeplitz
matrix. In the two-level case, and in general in the multilevel case, the definition of a
triangular matrix is not unique. One has to introduce a linear order < on Z? which is
compatible with addition, i.e., satisfying i + [ < j + [ whenever i,j,/ € Z* and i < j.
Then, a matrix L (U) is lower (upper) triangular when L;; = 0 for i < j (U; = 0 for
i>J).

In extending Tyrtyshnikov’s algorithm we found a major difficulty in the fact
that the product of two lower (upper) triangular multilevel Toeplitz matrices is not
Toeplitz in general. As a simple counterexample consider the block Toeplitz matrix
with Toeplitz blocks

Ly O
I —
[Ll Lo}

where L and L; are any Toeplitz matrices of dimension larger than 2 and L is lower
triangular. This matrix is what we get if we order the entries of a triangular two-level
Toeplitz array with respect to the same linear order which defines its triangularity.
Multiplying L by itself we do not obtain a two-level Toeplitz matrix (i.e., block
Toeplitz with Toeplitz blocks) since the (2, 1)-block LiLy + LoL; is not Toeplitz. For
this reason, in the following we generalize the construction by Chan/Tismenetsky to
two-level matrices.

Since equation (2.3) is formally identical in the two-level case, we can rewrite
(2.4) as

— *
bpp _ (B >pp

2 *
ZjeI,, |bpj | (BB )pp

where B = F,AF, and T = diag (v,)
the inverse of the preconditioner D.

T = , pETL, (3.5)

H N . .
ver, = FnD I F, contains the eigenvalues of
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Using the factorizations (3.2) in the additive decomposition (3.1) of A we get
B = A+ EyA\E; + E{ AE| + EyAzE;
where the matrices

Ey=E QFE, E =E®l, E=I,QE

are unitary circulant and the elements of the matrices E; = F ;k D, F, (s=1,2) are
given by
2

(ES)i‘ = T =~
/ 775(1 - wsné )

, 1,j=0,...,n,— 1. (3.6)

We recall that the tensor product of two matrices M and N is the biindex matrix
defined by (M ®N)ii = Mi],leiz,jz’ l,] S In.

To obtain the quantities at the denominator of (3.5) we should compute the
diagonal entries of the matrix

BB® = AgAG + AoE2ATEs + AEIASET + AgEASE,
+ (AE2ATES )" + ExAATEs + E2 A (Ey @ E5)AS EY
+ B3N E\NSEG 4+ (AE\ASET) + (Ex A\ (Ey @ E3)ASEY)
+ Ei A ASEY + E{ A EsASE + (AEg A3 Ep)
+ (B2AE\ASEp)' + (E{ MEX NS Eg) + Eg A3 ASE.
By examining the 16 terms in the previous expression one notices that they fall in five

categories, each of which can be computed by means of FFT’s and Schur products. In
fact, letting

— k — _
6k - (61(7 >)p€Z,1 - <<Ak)pp>p61n7 k= 07 17 27 37

it can be verified that

pp}pEIn =806
‘)pp}pezn = 69 0 My
{(EADLED),,  per, = Mi(6i 0 &) (3.7)
{(E-AENE) )} ez, = M (85 0 M83)
{(E2 A0 (Ey @ E3)ASEY) Y ez, = Maby 0 My,

{(AoAD)
{(AEALE]
)

where i =0,1,2, k=1,2,3, r,s = 1,2 and the matrices Z/WV, with entries

[~ 2
(Mi)pq = |(Ei)pq| , Dq € Im
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are circulant. The matrices M can be evaluated by O(njn;) operations using the
expressions (3.6).

For the sake of clarity, we prove here the last of the equalities (3.7). First of all it
should be noted that, for any diagonal matrix D = diag(d(y, 1)) rez,» We have

(E\DE2) g = (Eo)pgdigpr) and  (E2DE1),, = (Eo),yd(p,.g2)»
for p,qg € Z,,. Then

(B2 (Ey @ E;)AEET)W = [(EZAIEI)(EIAZEZ)*]pp

B =y 26 <2

= > 1Bl 1100k )
keZ,
1 —— m]

_ 202, 2¢(1)

- kzo |(E1)P1k1| 6(/<17172) 1;) ’(Ez)mkz’ 6(P1,k2)
1= 2=

== (M162 OM26l)p-

The application of (3.7) leads us to the following expressions for the numerator
and the denominator of (3.5):

{B)yptper, = o +M261~+ M6, +M0£3 N
{BB*),,}per, = 0060 +M2(ﬁ 0_61) + M, (60 (?E)i—MO(& 0 63)
+ 2 Re(éy o M261) + 2 Re(6p o M16,)
+ 2 Re(8) o Myd3) + 2 Re(M,8, o M,6,)
+ 2 Re(M,(8, 0o M1683)) + 2 Re(M (65 0 M»83)).

This shows that the two-level superoptimal circulant preconditioner can be computed
in O(nynylog,niny) flops.

To speed up the computation we observe that since the matrices M, k=0,1,2,
are tensor products, their eigenvalues can be evaluated by taking products of the
eigenvalues of the matrices M| and M, defined by

(Mk)ij: |(Ek)1:j|2’ iaj:()a"~7nk_17 k:172a

an operation which involves O(n;n,) flops.

A straightforward implementation of the previous formulae is contained in
Algorithm 3.1. This algorithm takes as input the first columns m; of the matrices M|,
M, and the first columns cj(w), j=0,1,2,3, of the two-level matrices C (0.0) and

(D) CD) o =(0,1),(1,0),(1,1),
coming from (3.2). All such vectors can be computed in O(nin;) flops. The algorithm
takes 25 two-dimensional FFT’s and relies on the definition of discrete Fourier
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transform used in Matlab [15], namely if X = (x4p) and y = (ypp), with k=
0,...,ny—land £=0,...,n, — 1, then

n — 1112 1

(££t2(x) Z Zx, 5) ZS = /nny * ]:Zx

r=0 s=

and

—_

m—ln—

(1fft2(y - Fy,

1
yrsmnz,—ﬁ

where 1) = e2m/m and m = e2™/"2 This means that if C = F nAF Z is circulant, then

Il
=}

r=0 s

Cx = ifft2(8 o £1£2(x)).

In the algorithm, the function ones(m, n) returns an array of dimension m x n whose
entries are all 1, conj(x) gives the array (X( ), the complex conjugate of x, while
Re(x) denotes the real part of x.

input : ny, ng, m; (1 =1,2), c (w) ,(1=0,1,2,3)
for j =0,1,2,3
8, = ££t2(c\)
I'Yll = fft(ml)
ﬁlg = fft(mg)
m; = m,; * ones(1,ny)
m, = ones(n, 1) * m]
My = m,; o my
0, = ifftQ(fflg o fft2(51))
0, = ifft2(m, o ££t2(5,))
0; = ifft?(ﬁ\lo o fft2(53))
Y= conj(50 +01 + 02 + 03)
s, = if££2(m,; o ££t2(conj(Js))
So = ifft2(my o ££t2(conj(d3))
7, = Re(dg o conj(61)) + Re(dg o conj(6y))
+ Re(dp 0 conj(03)) + Re(B; o conj(6s))
+ Re(ifft2(my o ££t2(d; 081)))
+Re(ifft2(m; o £££2(d3 0 89)))
Y2 = 2%, + 8o o conj(do)
+ ifft2(my o £££2(d; o conj(d;)))
+ ifft2(m; o £££2(d2 o conj(ds)))
+ ifft2(ig o £££2(J5 o conj(ds)))
Y =7, ./ ¥o (componentwise division)
d = ifft2(v)

Algorithm 3.1. Construction of the two-level superoptimal preconditioner.
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input : ny, ng, m; (i =1,2), cg-w), (7=0,1,2,3)
N =ny *ng
for j=0,1,2,3
8, = ££12(c\)
l’Yll = 1fft(ml)/n2
m; = ifft(my)/n;
m; = m; * ones(1,ny)
m, = ones(n;, 1) *x mJ
fflo = ffll o l'/fl2
6, = £££2(my o c\)
6, = £££2(m, o c”)
0;=0,+0,+ N % fftQ(I/I\l() o ng))
1 = conj(do + N * 6;)
s; = N * £££2(f; o )
sy = N * £££2(fhy o c{)
5 = Re(dg o conj(f3)) + N x Re(6; o conj(6s))
+ Re(fft2(my 0 if££2(d; o conj(sy))))
+ Re(£f£t2(m, o ifft2(d3 o conj(sz))))
o = 60 0 conj (6)
+N * (2%, + £££2(my 0 i£££2(8; o conj(4,)))
+ £££2(my o if£t2(d3 o conj(ds)))
+N * £££2(imy o if££2(83 0 conj(ds))))
v =, ./ v, (componentwise division)
d = ifft2(v)

Algorithm 3.2. Optimized construction of the superoptimal preconditioner.

The number of two-dimensional FFT’s can be reduced to 20 by further optimi-
zing the algorithm. The optimization is achieved by suitably economizing the
computation by means of the identity

ifft2(££t2(x) o ££t2(y)) = nyny £££2(ifft2(x) o ifft2(y)).

The resulting procedure is sketched in Algorithm 3.2.

4. Numerical results

To assess the effectiveness of circulant preconditioning of two-level Toeplitz
linear systems we performed various numerical tests. Formulae (3.3), (3.4) and
Algorithm 3.2 have been implemented in Matlab [15] and executed on a computer
equipped with an AMD Athlon 64 3200+ processor and 1.5 GB RAM, running the
GNU/Debian Linux 3.1 operative system [20].
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In the numerical experiments we used two symmetric positive definite Toeplitz
matrices. The first one is the Gaussian matrix A = (a;_;); jez, Whose elements are

det(%) KT Sk
ap = a(khkz) = s exXpl| —

ke T,
27 2 >’ €J

where
o1 9
E_ |:(9 0’2:|

is a positive definite parameter matrix [17]. If ¥ = diag(o, 0,) the Gaussian matrix is
indeed a tensor product, since

g O',‘kiz
Ak ky) = Aky ° Alyy Ay = % * eXp —T y

while in the general case it is genuinely two-level. This matrix has a great importance
in image restoration since it models atmospheric blurring [13].

The second example is a generalization of the KMS (Kac—Murdock—Szego)
matrix [14, 24], defined by

a = ag, ;) = pRL T pe(0,1), ke T,

which consists of the tensor product of two one-level KMS matrices.

The first test concerns computational complexity. Taking a two-level Toeplitz
matrix of dimension n = (ny,n,) with n; = ny = 2%, k=15,..., 11, the superoptimal
circulant preconditioner is constructed by Algorithm 3.2 and the execution time (in
seconds) is recorded as the mean over 10 repeated experiments, in order to minimize
the influence of system time. The results, shown in figure 1, give a numerical evidence
of the O(nynylog,(niny)) complexity of the algorithm.

The effectiveness of the preconditioning procedures with respect to the condition
number of a test matrix is investigated in table 1. Namely, we consider the Gaussian
matrix of dimension n = (5,5), letting ¥ = of with 0 = 0.2,0.5, 1, 1.5,2. The matrix
is first renumbered according to the lexicographic ordering on Z2, i.e.,

iRj <= i1<jioriy=jiand ip <jp, Vi,j€ Ly,

and then passed to the cond function of Matlab which returns the two-norm condition
number. The same is done with the preconditioned matrices S~'A, C~'A and D~'A.
Table 1 shows that there is a substantial reduction in the conditioning whenever
cond(A) is small, while the circulant preconditioners are progressively less effective
as the condition number increases.

The convergence rate of iterative methods in the solution of a linear system is
strongly influenced by the location of the eigenvalues of the matrix, more than by the
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0o 05 1 15 2 25 3 35 4 45 5 6 7 8 9 10 11
x10° k

Figure 1. Execution time in seconds of Algorithm 3.2, with respect to the dimension N = njn; = 4k | =
5,..., 11, in semilogarithmic scale (leff) and in loglog—scale (right); the dashed line is 107°N log, N.

mere condition number. In fact, it is known that if the spectrum of a Hermitian matrix
A exhibits a proper cluster at 1 as the dimension n grows, that is if all its eigenvalues
lie in a fixed neighbourhood of 1 except a finite number of outliers independent on n,
then the conjugate gradient method applied to the linear system Ax = b converges
superlinearly [1, 19] (see also [22]).

To illustrate the effect of preconditioning on the spectrum it is customary to draw
in a graph the layout of the eigenvalues of the preconditioned matrices and of the
original one. The top row in figure 2 shows a case in which the preconditioning
procedures are successful (the dashed line marks x = 1). The test refers to the KMS
matrix with p = 0.5 and n = (5,5) or n = (20, 20). The eigenvalues are computed by
the eig function of Matlab after reordering lexicographically the matrix. We can see
that in both cases the ‘clustering around one’ effect takes place, so we expect a
substantial reduction in the number of iterations of the conjugate gradient method.
This outcome is rather obvious, since a two-level linear system of dimension n =
(n1,ny) whose matrix is a tensor product can always be decomposed by solving in

Table 1
Preconditioning of the Gaussian matrix A, with n; = n, = 10 and X = diag(o, 0); in the three rightest
columns the matrix is left-preconditioned by the Strang (S), optimal (C) and superoptimal (D) circulant

preconditioners.
o cond(A) cond(S~'A) cond(C~'A) cond(D~'A)
2 2.9-10! 6.5 5.1 4.7
1.5 1.3-10% 1.8-10! 1.1- 10! 1.1-10!
1 22103 2.6+10% 7.1+ 10! 2.4-10%
0.5 3.5-10° 2.0-10° 7.2+ 10* 8.4-10°

0.2 4.7-10 5.4-10'" 9.0+ 10'° 1.3-10"
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Suﬁﬁ'ﬂﬂiﬁﬂ?' pr‘econc‘iitioner - cond=5.44e+00 supetoptimal preconditioner - cond=8.52e+00
UL T | }
opti‘nml‘ ;ﬂr:e‘c‘o;?ditio‘ner - cond‘=5.99e+00 optirﬁal preconditioner - cond=9.29e+00
LR T T ’—H'IH—W }
Strang preconditioner - cond=8.966+00 Straﬁg preconditioner - cond=1.06e+01
[T [ I
(LR LA T T HH } }
starting matrix - cond=3.94e+01 stanihg matrix - cond=7.45e+01
I 1| | | O [ | |
1 I I I '.meHHIII\IHHHHHH T 1T [ [ [
0 1 2 3 4 5 6 0 2 4 6 8 10
superoptimal preconditioner - cond=1.10e+02 . ‘SL‘J‘p‘e‘ropt‘i‘n“nal‘r‘)reconditiﬁ‘l"ler L L
“HH‘HH—’i LU L T T
optimal preconditioner - cond=7.34e+01 (ﬁp‘t‘im‘al p‘l“e&“:fn(‘ﬁitioner L ‘f‘ | | .
HHH‘H‘H—’_’“‘ T T T [ T 1T
Strang preconditioner - cond=2.29e+02 Strang preconditioner
| | | L HHHHH [ T [ | I |
I [ [ IRIL T T T I I
starting matrix - cond=2.95e+02 starting matrix
[] T | |
IHHH : T 11 T T .
-12 -10 -8 -6 -4 -2 0 2 4 0 0.5 1 15 2

Figure 2. Effect of preconditioning on the spectrum: KMS matrix, with p = 0.5, n; = ny =5 (top left)
and ny = ny = 20 (top right); Gaussian matrix, with oy = o, = 1.3, 0 = 1, ny = ny = 5 (complete view
bottom left, zoomed view bottom right).

cascade ny + ny one-level Toeplitz linear systems, and it is known that for one-level
matrices the three preconditioners here considered are superlinear.

On the contrary, the bottom row of figure 2 shows a genuinely two-level example
in which the clustering effect is rather ineffective. This test concerns the Gaussian
matrix of order n = (5,5) with ¥ = 113 1?3]. This result is not surprising since, as it
has been proved in [18], for every multilevel circulant preconditioner there are
Toeplitz matrices for which that preconditioner is not superlinear. We note that in this
particular example the Strang preconditioner is not positive definite.

To ascertain the performance of a preconditioner it is anyway necessary to look
at its real effect on the convergence of an iterative method. To this end, we imple-
mented the two-level preconditioned conjugate gradient method, which is straightfor-
ward, since the method can be stated for any positive definite self-adjoint linear
transformation. In this case we applied it using the two-level formalism, that is without
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reordering the matrix, and employing fast algorithms for all the computations in-
volving circulant and Toeplitz matrices by means of the two-dimensional FFT (i.e.,
the ££t2 function of Matlab). To highlight the numerical performance of the pre-
conditioners, we recorded the number of iterations required to reduce the a priori error

Ix — x|
Ep ="t
I

to 1078, where x = (1,1,..., l)T is the true solution of the linear system and x*) is
the k-th iterate of the conjugate gradient method.

The two graphs on the left column of figure 3 concern two tensor product
examples (Gaussian matrix with ¥ =7 and KMS matrix with p =0.9). Both
experiments clearly confirm that the convergence of the preconditioned conjugate
gradient method is superlinear, even though with different performances. These linear
systems, in fact, are decomposable into one-index problems and so must conform to

2009 -+ o & o @ o W o @ o 30 @ o - @ o o o ) ) o [
o no precond. DT o no precond.
180+ —a— Strang “— Strang
« — optimal v — optimal
160 superoptimal 250 superoptimal!
1401
w w
5 5
= 120F = 200
= 2
5 100 s
‘E BO- ‘E!SO )
=2 3 -
= = .
60} b
401 100 i o -
20
& 4 | X ="= x X X
0 . . . £ . .
50 100 150 200 250 300 el 50 100 150 200 250 300
m m
2007 @ o 300 T T ¢
o no precond. o no precond. -
180 “— Strang 4 Strang "
w - optimal 250 ¥ - optimal
160+ superoptimal superoptimal
L i ! L o
140
2 @ 200
(=3 (=3
= 120 =
2 2
= 100 = 150
2 z
g 80 E o
2 2
e £ 100
BOF
407
b 50; . . e 7
20k - % 7 % < 5 v n Y PR > -
0 | . | 0 " . .
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Figure 3. Number of iterations needed by the preconditioned conjugate gradient method to reduce the

relative error to 10~8: Gaussian matrix with n; = n, = m = 25,50,...,300,01 =0, =1,0=0 (top left)

and 0y = 0, = 1.3, 0 = 1 (top right); KMS matrix with n; = n, = m = 25,50,...,300, p = 0.9 (bottom
left) and sum of two KMS matrices with p; = 0.5, p, = 0.99 (bottom right).
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the theory of one-level Toeplitz matrices. On the contrary, if we consider the Gaussian
matrix with a non-diagonal parameter matrix X (top right graph in figure 3) the
performance of both the Strang and the optimal preconditioners is much less im-
pressive than before and the superoptimal preconditioner does not converge within 300
iterations.

The fourth test problem appears to be particularly interesting (bottom right
graph). In such a case we consider the sum of two KMS matrices with different
parameters. We recall that if a matrix is the sum of tensor products, then both the
Strang and the optimal preconditioners have the same structure, while the super-
optimal preconditioner does not. Hence, we expect the first two to perform much
better than the last one, which is confirmed by the numerical results.

In figure 4 we investigate, by suitably varying the parameters of the two
matrices, the influence of their condition numbers on the speed of convergence of the
conjugate gradient method. Here, as in table 1, we observe that the preconditioners are
progressively less effective as the conditioning gets worse and that the Strang and the
optimal preconditioners appear more robust than the superoptimal one.

As an application, we illustrate the restoration of a blurred image [2]. The
solution of this ill-conditioned problem by iterative regularization has been recently
studied in [11]. We applied Gaussian blurring with > = 0.2 -] to a 256 x 256 image,
shown in the top row of figure 5. The bottom row of the same figure displays the
solutions obtained by six iterations of the conjugate gradient method with optimal and
superoptimal preconditioning (in this case the solution obtained by Strang precondi-
tioning is meaningless). It can be seen that both methods produce artifacts on the
boundary of the images, which could be reduced significantly, for example, by
imposing suitable boundary conditions on the image [12]. The boundary distortion is

4009 @ 9 @ o o o o @ o @ 1 400 . . - > - -
o nd.
350} o no precond. | o 0 préco
T 350 “— Strang
— Strang
| 7 timal
300+ = - optimal . 300 opiima
superoptimal
& superoptimal ” o parcpti
5 250} T 5 2504
g =
2 5
= 200 5 200
B 5
E 150+ £ 150
= =
100+ 100
50¢ 50
v
: q 4 v v ? : 4
8.4 0.5 0.6 0.7 0.8 0.9 1 B.B 0.82 0.84 0.86 0.88 0.9 0.92 0.94
c P

Figure 4. Effect of the variation of the condition number on the iterations needed by the preconditioned

conjugate gradient method to reduce the relative error to 10~8: On the left, Gaussian matrix with n; =

n, =50, =0l and 0 =0.4,045,...,1; on the right KMS matrix with n; = n; =50 and p = 0.8,
0.82,...,0.94.
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——

Figure 5. Original and blurred image (top), solution with optimal (bottom left) and superoptimal
preconditioning (bottom right) after six iterations.

stronger for optimal preconditioning, but this method nevertheless produces a neater
image, especially around the contour of the satellite.
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