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Direct and Inverse Scattering for
Skewselfadjoint Hamiltonian Systems

Cornelis van der Mee

Abstract. In this article the direct and inverse scattering theory for skew-
selfadjoint Hamiltonian systems on the line is developed. The inverse scat-
tering problem of recovering the skewselfadjoint matrix potential from the
reflection coefficient is solved explicitly using state space methods if bound
states are assumed absent.

1. Introduction

Consider the skewselfadjoint Hamiltonian system of differential equations

4@% V(@) X(z,)) = AX(z,)), z€R, (1.1)
where
wels 3] v ] oo

with I, the identity matrix of order n, the n x n matrix function k£ has complex-
valued entries belonging to L' (R), A € R is an eigenvalue parameter, and 1 denotes
the matrix conjugate transpose. We call the function V the potential matrix, k the
potential and the parameter A the wavenumber. Note that V (z) is a Jo,-selfadjoint
2n x 2n matrix and satisfies

Joan V(z) = =V (x) Jop.

We can think of X (z,\) in (1.1) as either a column vector of 2n entries or
as a 2n x 2n matrix. For A € R, we define the Jost solution from the left, Fi(z, A),
and the Jost solution from the right, F,.(z, \), as the 2n x 2n matrix solutions of
(1.1) satisfying the boundary conditions

Fi(z,\) = e [, +0(1)], - +oo, (1.3)

Fo(z,\) = e L, +0(1)], 7 — —oc. (1.4)
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Using (1.1), (1.3), and (1.4), we obtain

Fi(w,A) = eVon® — “271/ dy e W=DV (y) Fi(y, A, (1.5)
Fr(z,)\) = e iy, / dy e @V YV (y) Fu(y, A). (1.6)

For a square matrix function E(z), let us use ||E||; to denote [~ dz||E(x)||,
where || - || stands for the matrix norm defined by ||A|| = sup{||4v||2 : |[v||]2 = 1}
and |- |2 is the Euclidean vector norm. Since the entries of k(x) belong to L' (R),
for each fixed A € R it follows by iteration that (1.5) and (1.6) are uniquely solvable
and that ||Fi(z, \)|| and ||F,.(x, \)|| are bounded above by ell*Il. From (1.3)-(1.6)
we get

Fy(x,\) = €% [q;(\) + 0(1)], T — —00, (1.7)

Fo(z,)) = e [q, () + o(1)], x — 400, (1.8)

where

1(N) = Ton — iJon / dy e~V () Fi(y, V),

— 00

o0
ar(A) = Iop +iJon / dy e~ N2V V (y) F(y, \).
—0o0

In this article we solve the direct and inverse scattering problem for (1.1),
where the inverse scattering problem consists of the determination of the potential
k(z) from either of the reflection coefficients R()\) and L(A), which are defined in
(3.7) in terms of the matrices a;(\) and a,(\), plus suitable bound state data. In
this paper we restrict ourselves to inverse scattering problems where there are no
bound states.

Shabat [32] and Beals and Coifman [10, 11] considered the n X n matrix
differential operator

dp/dz = A p +q(z) ¢,

where J = diag{oy,...,a,} with distinct complex «; and ¢(z) an n x n off-
diagonal matrix with entries belonging to L*(R) or more restrictive classes, without
requiring ¢(z) to be selfadjoint. They proved that the inverse problem has a unique
solution within a certain class of potentials for an open and dense set of scattering
data. The solution of the inverse scattering problem for such linear systems is
useful in solving the Cauchy problem for various nonlinear evolution equations.
For details and further references, we refer the interested reader to [1, 12] and the
references therein.

By putting Z(z,A) = \%[Ign +igq,] X (z, \), where

o I,
4z, = In 07
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we can convert (1.1) into the massless Dirac equation of order 2n. The direct and
inverse scattering problems for the Dirac system on the half line were studied in
[16]. The interested reader is referred to [16, 22, 23] and the references therein for
more information on the Dirac system.

Melik-Adamyan [25, 26, 27], L.A. Sakhnovich [30, 31], and A.L. Sakhnovich
[29] have studied the direct and inverse scattering problems for (1.1) on the half
line. Alpay and Gohberg [3, 4, 5, 6] have applied state space methods to derive
explicit expressions for the solution of the inverse problem for (1.1) on the half line
from the general theory in [27] when the scattering data are rational functions and
consist of either the spectral function of the differential operator H = _iJQn% —
V(z) or a reflection function. Gohberg et al. [18, 19, 20] have solved a similar
inverse problem when the scattering data consist of the spectral function of H and
this function is rational.

In this article we develop a direct and inverse scattering theory for (1.1) when
k(z) has entries belonging to L(R). Working within the framework established by
Faddeev [15] and Deift and Trubowitz [14] for the Schrodinger equation on the line,
we derive the analyticity and asymptotic properties of the Faddeev matrices and
the scattering coefficients, employ them to derive a Riemann-Hilbert problem and
various Marchenko integral equations, and recover the potential in terms of the
solutions of the Marchenko equations. We prove the Ja,-unitarity of the scattering
matrix and exploit this property to prove the unique solvability of the Marchenko
equations. We also establish the unique canonical Wiener-Hopf factorization of
the scattering matrix and show how the potential is obtained once the factors
are known. After that, for rational reflection coefficients we present a procedure
to compute explicitly the scattering matrix from a reflection coeflicient, assuming
there are no bound states. When the reflection coefficients are rational, we apply
state space methods to solve the Marchenko equations and the inverse problem
explicitly.

This article follows its predecessor [2], where the potential matrix V(z) is
selfadjoint, the scattering matrix is unitary, and there do not exist bound states.
Here we are dealing with a more complicated but physically much more inter-
esting problem, where the potential matrix V(z) is J2,-selfadjoint, the scattering
matrix is Jo,-unitary, and bound states may exist. As a result, there are notable
differences in the proof of many equations in this article from their counterparts in
[2]. However, when deriving the Marchenko integral equations and applying state
space methods to solve them we assume for simplicity that there are no bound
states.

Let us discuss the organization of this article. In Section 2 we introduce
the Faddeev matrices, obtain their analyticity properties, and analyze some other
properties of the Faddeev matrices and the Jost solutions of (1.1). In Section 3
we define the scattering matrix S()\) in terms of the spatial asymptotics of the
Jost solutions, prove the Ja,-unitarity of S()), and obtain various properties of
the scattering coeflicients. In Section 4 we analyze the Fourier transforms of the
Faddeev matrices and the scattering coefficients. We then go on, in Section 5,
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to derive a Riemann-Hilbert problem for the Faddeev matrices. In Section 6, we
convert the Riemann-Hilbert problem into both coupled and uncoupled Marchenko
integral equations and prove their unique solvability, assuming there are no bound
states. In Section 7 we show how to construct S(X) explicitly when one of the
reflection coefficients is a rational function and bound states are absent. Finally,
in Section 8 we give an explicit solution of the inverse scattering problem with
rational reflection coefficients.

Let us give some definitions. By C*t and C~ we denote the open upper half
and lower half complex planes, respectively. We will use the notation L7 (I; CP*9)
to denote the Banach space of all complex p x ¢ matrix functions z(a) whose entries
belong to L7(I), endowed with the norm [ [, da ||z(@)||]; if ¢ = 1, we simply write
Li(I;CP).

2. Scattering solutions

In this section we introduce the Faddeev matrices and study some of their proper-
ties. The results obtained here will be used later to establish various properties of
the scattering matrix and to solve the inverse scattering problem by the Marchenko
method.

Proposition 2.1. Let X (z,\) and Y(z, \) be any two solutions of (1.1). Then, for
real A, X(z, )Y (z,\) is independent of x.

Proof. The result follows by differentiating X (z, \)'Y (z,\) and using (1.1) to-
gether with the selfadjointness of J3,V(z) and Jap,. a

Proposition 2.2. For A\ € R, either Jost solution F(xz,\) or F.(z,)) forms a
fundamental matriz of (1.1) and has determinant equal to one. Moreover, the
matrices a;(\) and a,(X\) appearing in (1.7) and (1.8), respectively, satisfy

deta;()) = deta,(A) = 1. (2.1)

Moreover, for A € R, the Jost solutions satisfy

Fi(z,\) = Fo(z, ) ai(V), (2:2)
Fr(z, )T Fi(z,A) = ¢, (V)T = ai(N), (2.3)
Fy(z, N Fi(z,\) = ay(\)T ay(N) = Lo, (2.4)
Fo(z, ) Fo(z,)\) = a, (N ar (V) = Loy, (2.5)
and hence
ai{A) ar(A) = a,(X) ai(A) = Iop, (2.6)
aMN) P =aW, W) =a ). (2.7)

In particular, a;(\) and a,(X) are unitary matrices.
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Proof. From (1.1) it follows from [28] that

d [det Fy(z, \)]

72 = (tr {iJon V(2) + iAJ2n}) (det Fiy(z, \)),

where tr denotes the matrix trace. By (1.2), iJon V() + iAJ2y has zero trace, and
hence det Fi(z, ) is independent of z and its value can be evaluated as x — +oc.
Thus, we get det Fi(z,\) = 1, from which we also conclude that Fj(z,\) is a
fundamental matrix of (1.1). Similarly, we find that det F,.(z,A\) = 1 and F,.(z, A)
is a fundamental matrix of (1.1). Then, from (1.2), (1.7), and (1.8) we obtain (2.1).
Since either of Fj(z, \) and F,.(z, \) is a fundamental matrix of (1.1), with the help
of (1.3) and (1.7), we get (2.2). Using Proposition 2.1, we obtain (2.3)-(2.5) by
evaluating F,(z, \)! Fi(z, \), Fi(z, \) Fi(z, \), and F,.(z, \)! F.(z, ) as ¢ — too.
Then (2.6) and (2.7) readily follow. O

In terms of the Jost solutions, we define the Faddeev matrices M;(z, A) and
M. (z, ) as

M(z,\) = Fi(z, \) e~ Aane, M, (z,)\) = F.(z,)) e an, (2.8)
From (1.3) and (1.4) we get

Mi(z,A) = Ly, + o(1), T — 400,
M, (z, ) = Iz, + o(1), r — —00.

Let us partition the Jost solutions and Faddeev matrices into n x n blocks as
follows:

E3 z, E4 z, F’r3 z, FT4 x,
My (z,\)  Mp(x, A) Myy(z, ) Mio(z, )
M, A) = ’ ’ = .
Ha, ) [Mlg(z,)\) Mz V)| M@V =GN Mo(e )
(2.10)
We also define
+oo
oe@ =% [yl (2.11)

Proposition 2.3. Assume that the entries of k(z) belong to L*(R). Then:

Mll(fl', )\)

(i) For each fized z € R, [Mlg(:c, \

] can be extended to a matriz function that

In

O} as A — oo

is continuous in A € C* and analytic in X € C* and tends to [

in Ct.
(i) For all x € CF, My (x,)\) and Mis(z, \) are bounded by e+ in the norm.
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Mlg(x, )x)

(iii) For each fized x € R, [Ml4($7 y

] can be extended to a matriz function that

is continuous in A\ € C~ and analytic in A € C~ and tends to [IO] as A — oo
n

in C—.
(iv) For all A € C=, Mis(z,\) and Myy(x, \) are bounded by e+ in the norm.
Proof. Using (2.8) in (1.5), we obtain

Mi(z,\) = Iy, — iJoy, / dy e~ M=) V(y) My(y, \) e =2 (2.12)

x

Iterating (2.12) once, we get the uncoupled systems

Min(, ) = I — / dy / dz 23G9 () k(2)T M (2, V), (2.13)
z y

Ms(z,)) = —i / dy &3 k(y)

—/ dy/ dze” 2207 k(y) k(2) Mia(z, V), (2.14)
x y

Mig(z, \) = ~i / dy M2 ()T
- / dy / dz e22=2) k() k(2) Miz(z, ), (2.15)
z Yy

Mia(z,\) = I — / dy / dz e~ k() k(z) Mia(z, ). (2.16)
x y

Iterating the Volterra integral equations (2.13) and (2.15), we prove that the series
of iterates converge absolutely and uniformly in A € C*+, and we also get the
estimate in (ii). Similarly, we prove that the series of iterates of (2.14) and (2.16)
converge absolutely and uniformly in A € C— and that the estimate in (iv) holds.
To prove the assertions concerning the large-) limit we first consider M;3(z, A). To
deal with the first term on the right-hand side of (2.15) we define

x>
[ e gy

By approximating k(y) by infinitely differentiable matrix functions of compact
support (as in the proof of the Riemann-Lebesgue lemma) it follows that w()) —
0 as A — oo in C+. Iterating (2.15) we get ||Mj3(z, )| < w()\) e+, which
implies that || Mj3(z,\)|] — 0 as A — oo in C+. Next we consider M (z, A). Let
Gii(z,\) = My (z, \)—I,, and consider the following integral equation for Gj1(x, A)
which follows from (2.13):

Gu(z,\) = Hy(z,\) — / dy / dz €22 k(y) k(2)T Gi (2, ),

z Y

w(A) = sup
z€R

o0
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where

Hu(e,) =~ [ dy [~ e k) k)Y
@ y
Since ||[Hii(z, N)|| < v(X) o4 (x), we conclude that ||Gii(x, )| — 0 as A — oo in
C+. This proves the assertion of (i) regarding the limit A — oco. The proof of the
corresponding statement in (iii) is similar. o

We have a similar result for the Faddeev matrix M, (z, A).

Proposition 2.4. Assume that the entries of k(x) belong to L'(R). Then:
Mrl(l‘a )‘)

(i) For each fized z € R, [Mr3($, \

] can be extended to a matrix function that

is continuous in X € C— and analytic in X € C~ and tends to [1;)"] as A — 00
in C—. L
(i) For all A\ € C=, M,y(z, ) and M,3(z, ) are bounded by e~ in the norm.

. MT‘2 (Iv /\)
(iii) For cach fized v € R, [Mr4(x7 X

] can be extended to a matriz function that
is continuous in X € C+ and analytic in X € C* and tends to [ })
in C+. _

(iv) For all A € CF, Myo(x,\) and M,4(z,\) are bounded by e?-(*) in the norm.

Proof. Using (2.8) in (1.6), we obtain

]as)\—>oo

M, (z,)) = Io + iJan / dy e PV V(y) My (y, ) e (2.17)

—0oQ0

Iterating (2.17) once, we obtain the four systems given by

x Y .
My(z,\) = I, — / dy / dz e”2M=2) k() k(2)T My (2, N), (2.18)

Mo(z, )y = z/ dy €272V k(y)

— / ’ dy / Y gz etine-y) k(y) k(2)t Mya(z, \), (2.19)
Maw,3) =i [ dyem e k)l

—/I dy/y dz e 2N Y k()T k(2) Mys(z, M), (2.20)
MT4(x,>\):In—/x dy/y dz e22=2) k() k(2) Ma(z, ). (2.21)

Iterating (2.18)—(2.21) as in the proof of Proposition 2.3, we complete the proof.
O
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Let us write

_{an(N)  a(N) _ e (V) ar2(N)
a(\) = [ais()\) aM(A)], ar(\) = [(mm M(A)} (2.22)

From (1.7), (1.8), and (2.8) we see that
—2iAx
e ot R v Vi
o) o] =t [y T ] e
Using (2.12), (2.17), (2.23), and (2.24) we find the integral representations
on) =L —i [ dykts) May.) (2.25)
aip(X) = —i /_ b dy e "2 k(y) Mia(y, ), (2.26)
aiz(A) = —i / b dy €2 k(y)T My (y, \), (2.27)
aiu(\) =1, —i /jo dy k(y)t Mia(y, ), (2.28)
an(N) = I, +i /_ " dyk(y) Mis(y, V), (2.29)
ar2(A) = i/oo dy e~ 2N k(y) Mya(y, M), (2.30)
ars(X) =i / h dy €M k()T M1 (y, ), (2.31)
0ra) = L [ dyk(y) Mia(y. ). (2.32)

Proposition 2.5. Assume that the entries of k(x) belong to L'(R). Then:

(i) The matrices an(N) and ar4(\) are continuous in X € C* and analytic in
A€ Ct and tend to I,, as A — oo in C+. L
(ii) The matrices aia(N) and ar1(N) are continuous in A € C~ and analytic in
A€ C™ and tend to I, as A\ — oo in C—.
(iii) The matrices a;2(N), aiz(A), ara(N), and ar3(X) are continuous in A € R and
vanish as X — £oo.
(iv) The matrices aja(\), aiz(A), ar2(X), and ar3()\) satisfy

a2\ = asN)t, eV =ax(V)f,  AeR (2.33)

Proof. Using Propositions 2.3 and 2.4 in (2.25)-(2.32), we get (i), (ii), and (iii).
We obtain (iv) from (2.3). U
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Using the notations of (2.9), let us form the following matrices:

E](l‘,)\) FTQ(wvA) F’r‘l(x))\) FlQ((f,)\)
= — A = .
@ = Fy@y) Faen)] 7OY = [Fa@d) Fule)

Let an asterisk denote complex conjugation. From Propositions 2.3 and 2.4,
it follows that f.(x, ) is a solution of (1.1) that is continuous in A € C*+ and
analytic in A € C¥; similarly, f_(z, )) is a solution of (1.1) that is continuous in
A € C~ and analytic in A € C™.

(2.34)

Proposition 2.6. The 2n x 2n matriz f_ (z, \*)! f(x, ) is independent of x for
all X € C+. Similarly, fi(x, \*)! f_(x,\) is independent of z for all X € C~. We
have

Fo(@ A faA) = [a”é” aMO(A)] . aeCT (2.35)

Furthermore, aj(A)t and a,4(\)! have analytic extensions to C~, a,1(A)T and
aia(\)T have analytic extensions to C*, and

al1()\) = ar1(>\*)T, ar4()\) = al4()\*)T, A€ C_;, (236)
amn(N) =an (M), auN) = e (M), AeC-. (2.37)
Proof. Using (1.1), one can show that fx(z, M)t fi(z,A) is independent of x for

A € C=*. Evaluating it as * — 4oo and using (1.7) and (1.8) we get (2.35)-
(2.37). O

As in the proof of Proposition 2.2 we find that det f1(x, A) is independent of
z, and evaluating that determinant as x — +oo we obtain

det f4(z,\) = detaj1 (\) = det ara(N). (2.38)
In analogy with (2.38), we get
det f_(z, \) = det a,1(N\) = det aia(N), (2.39)
Using (2.10) and (2.34), let us define

_ Mll(l', A) MTQ((L'7A) _ —iAJ2nx 4
ma(z,A) = [ pe ) M@ < f e )

_ Mrl(l', >\) MZQ(x, )‘) . —iAJanx 41
m_(z,\) = |:MT3((L‘,)\) Mz N)| = f-(z,Ne . (2.41)
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3. The scattering matrix

In this section we define and analyze the properties of the scattering coefficients
of (1.1) when the entries of the potential k(x) belong to L!(R).
We can write (2.6) as

ain(A) ar1(A) + aiz(A) ar3(X) = I = ar1 (M) an(A) + ar2(X) aiz(), (3.1)
a1 (A) ar2(A) + aiz(A) ara(A) = 0= ar1(A) a2 (A) + ar2(X) ara(N), (3:2)
ai3(A) ar1(A) + au(A) ars(A) = 0= ar3(A) an () + ara(A) az(A), (3.3)
ai3(A) ar2(A) + ais(A) ara(A) = I, = ars()\) ai2(A) + ara(X) aig (). (3.4)

For those real A for which a;;()\) and ar4(\) are nonsingular, let us define
the transmission coefficients T;()) from the left and 7.(\) from the right, and the
reflection coefficients R()) from the right and L(A) from the left, as follows:

TN =anN)7 TN = aa(N)7
R\ = ara(N) ar sV, L) = as(N)an(V) 7!
From (3.2), (3.3), and (3.6) we get
R(A) = —an(N)tap()), L) = —ara(A) " ars(N). (3.7)

Note that using (2.3) and (3.1)—(3.7), we can express the matrices in (2.22)
in terms of the scattering coefficients as follows

CHOY R OV

ail}) = {L(ASTz(A)"l 7, ] 0
[N~ BTN

ar(A) = [_TT(IA)_I]L()\) Tr()‘) :I .

where the off-diagonal entries can be expressed in terms of L{A) or R(A) by using
L) TN = [R) TN, (3.10)

which is immediate from (2.33).
The scattering matriz S()) associated with (1.1) is defined as follows:

S\ = [12((;\)) ,ﬁ ((’;))] : (3.11)

Theorem 3.1. The scattering matriz S(\) is continuous and Jon-unitary, except
at those A € R where a;(\) and ar4(N) are singular. Further, it converges to Iy,
as A — too. Hence the scattering coefficients satisfy

TN TN = RO RN = I, = T,() T,(\) — R(V)T RO, (3.12)
TN Ti(N) — LT L) = I, = T,) T (M) = L) LV, (3.13)
T,(\) RV — L)Y Ti(N) T =0 =T\ L) — RV Ti(N). (3.14)

Moreover, for those A € R where a;1()\) and a,4{\) are nonsingular, we have
det Ty(\) = det T,(\) (3.15)
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) I Y I N B L PR TV R
det 50 = [(feitj? (AA))] (3.17)

Proof. The continuity and the large-A asymptotics follow from Proposition 2.5.
Using (3.5)(3.7) in (2.7), we get S(A) Jon S(A)T = Jay, from which (3.12)—(3.14)
follow. Furthermore, from (2.38), (3.8), and (3.9) we obtain (3.15). Using (3.10),
we can write (3.8) and (3.9) as

w0 =" ) [ty R .
= [T ] L ] (819)

and hence, using (2.1), (3.15), (3.18), and (3.19), we get (3.16). Using (2.2), (2.34),
(3.5), and (3.6) it follows that

f=(z,A) = f+(z, A) Jan S(A) Jon, AeR. (3.20)
Thus, from (3.5), (2.38), (2.39), (3.20), and det Jo,, = (—1)", we obtain (3.17). [

Corollary 3.2. Suppose a;1(\) and a,4()\) are nonsingular for all A € C+. Then the
transmission coefficients Ti(\) and T»(\) and their inverses Ty(\) ™! and T (\) ™!
are continuous in A € C+ and analytic in X € C*t; these four matrices converge
to I, as A — oo in C+. Similarly, the matrices Ty(\*)! and T..(A\*)T and their
inverses [T;(A*)1]™! and [T.(A\*)]~! are continuous in A € C~ and analytic in
A € C; these four matrices converge to I, as A\ — 00 in Cc-.

In general, R(\) and L(\) do not have analytic continuations off the real axis.
In the special case when k(z) vanishes on a half line, we have the following.

Proposition 3.3. If k(x) is supported in the right half line R, then a;3()\) extends
to a function that is continuous on CF, is analytic on C*, and vanishes as A — o0
in CT. Similarly, if k(z) is supported in the left half line R™, then ar2()\) extends
to a function that is continuous on C+, is analytic on Ct, and vanishes as A — o0
in Ct.

Proof. If k has support in R*, then from (2.27) and Proposition 2.3 we see that
a;3(A) has an extension that is continuous in A € C+, is analytic in A € CT, and
converges to 0 as A — oo in C+. In a similar manner, if k is supported in R™,
using (2.30) and Proposition 2.3, we obtain that a,2(\) extends to a function that
is continuous on C+, is analytic on C*, and vanishes as A — oo in C+. O
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4. Fourier transforms

Let W7 denote the Wiener algebra of all ¢ x ¢ matrix functions of the form

o

Z(A) =Z +/ da z(a) e, (4.1)

—00

where z(a) is a ¢ X ¢ matrix function whose entries belong to L!(R) and Z., =
Z(+£00). Then W1 is a Banach algebra with a unit element and endowed with the
norm

o0
1Zwe = 12l + [ darlz(a)]|

and its invertible elements are those Z(\) as in (4.1) for which Z,, and Z()\) are
nonsingular matrices for all A € R (see, e.g., [17]). We will use WY to denote the
subalgebra of those functions Z(\) for which z(a) has support in R* and W{ ,
to denote the subalgebra of those functions Z(\) for which Zo, = 0 and z(«) has
support in R*. Then, W1 = W! e W? j = Wi ;e W?.

In this section we prove that the matrix functions M,(z,-), M,(z,-), and S(-)
belong to W™, and that m4 (z,-) belongs to W3". Let us construct the L!-matrix
functions b4 (z,-), Bi(z, ), and B,.(z,-) such that

mx(z,A) = Loy, +/ doby (z, o) eX™e (4.2)
0

M(z,\) = I, +/ da By(z,a) e,
000 , (4.3)
M. (z,)) = I, +/ da B,(z,a)e"2ne,
0

Indeed, partitioning the matrix functions B;(z, a) and B,(z, ) in (4.3) into n X n
blocks as

) BIQ(CE,Oé):|
) Bu(z,a)|’

Bii(z,a) Bpa(z, )
Br(l'ya) = I:Brg(ib,a) Br4(l',a) B
so that
_ |Bu(z,0) Bro(z,
by(z,a) = |:Bl3(1'7a) Boa(z.o)|’
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we apply (4.3) to (2.12) and (2.17), and derive the coupled integral equations for
a>0

oo

Bu(e,a) = —i / dy k(y) Bus(y, o), (4.5)
zt+a/2

Bip(z,a) = —%k(m +af2) — z/ dy k(y) Bu(y, a + 2z — 2y), (4.6)

x

. zt+a/2
Bis(z,a) = —%k(aﬁ—ka/Q)Jr —z'/ dyk(y)TBll(y,a—i—Qx—Qy), (4.7

Bl4(:L', a) = —1 /Oo dy k(y)T Blg(y, Ot), (48)

Byi(z,a) = z/_x dy k(y) Br3(y, ), (4.9)

Bo(z,a) = %k(x—a/?)—l—i/w dy k(y) Bra(y,a + 2y — 2z), (4.10)
z—a/2

T

B.s(z,a) = %k(ar:—oz/2)Jr +i/ dy k(y)TBll(y,a—i—Qy—Qx), (4.11)

z—a/2

Bra(.) =i [ dyh(u) Braly,a). (4.12)
We first prove that, for each z € R, the four systems of integral equations (4.5)
and (4.7), (4.6) and (4.8), (4.9) and (4.11), (4.10) and (4.12) have unique solutions
with entries in L!(R¥). Then for the matrix functions mg(z,A), Mi(z, \), and
M, (z,\) defined in (4.2) and (4.3), we derive the integral relations (2.13)—(2.16)
and (2.18)—(2.21). In this way we will have proved that M;(z, -) and M,(z,-) belong
to W2" and m4(z,) belongs to W3.

Let us introduce the following mixed norm on the 2n x 2n matrix functions
B(z,«) depending on (z,a) € R x RT:

IB(s Mloo1 = sup 1B, )]|1- (4.13)

The proof of the next result is identical to that of the analogous result in [2].

Theorem 4.1. Assume that the entries of k(x) belong to L*(R). Then, for each
z € R, the four pairs of integral equations (4.5) and (4.7), (4.6) and (4.8), (4.9)
and (4.11), (4.10) and (4.12) have unique solutions with finite mized norm as
defined in (4.13). Consequently, m . (z,-) belongs to W3", m_(x,-) belongs to W2",
and M(z,-) and M.(z,-) belong to W?".

The integral equations (4.5)—(4.12) allow us to derive the following relations
for the potential k(x) :

k(z) = 2 B (z,0%) = —2i Byo(x,01) = —2i Bjs(z,0") = 2i Ba(2,07)1. (4.14)
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Theorem 4.2. The scattering coefficients ai2(N), aiz(A), ar2(A), and ar3(X) belong
to W™, and vanish as A — too. The scattering coefficients aj1(A), aia(X), ar1(A),

and a,4(X) belong to WY, and they converge to I, as A — oo in Ct.
Proof. Using (2.3) and (2.6)—(2.8) we get
ai(\) = e7 e I Mo (2, N Jap My(z, X) 20 (4.15

)
ar(A) = e o My(x, N Jon My (2, X) e22%. (4.16)
From Theorem 4.1 we see that M;(z, \) and M,.(z, \) belong to W?". Using (4.15)

and (4.16) at z = 0, we can show that a;()\) and a,(\) are products of elements
of W and hence belong to W?2". O

If a;1(A) and a,4()\) are both nonsingular for any A € R, then Theorem
4.2 and (3.6) show that the reflection coefficients L(\) and R(\) belong to W™.
Theorem 4.2 and (3.5) show that in this case the transmission coefficients T;(\)
and T;.(A) belong to W™ as well. To prove that T}(\) and T,.(\) belong to WY, one

needs that a;;(A\) and a,4(\) are nonsingular for all A € C+.

5. Wiener-Hopf factorization

Using (2.40), (2.41), and (3.20), we obtain the Riemann-Hilbert problem

m’-(-%)‘) = m+(x7)‘) G(va)7 (51)
where G(x, ) is the unitarily dilated scattering matrix given by
Ti(A) —R(}) e*?*

G(z,)) = e o S(N) Jop e~ A2 = (5.2)

—L()\) e~ %2 T.(\)
Here G(z, \) is a Jo,,-unitary matrix which is defined for those A € R where a;;(\)
and a,4()\) are nonsingular.

Equation (5.1) can in principle be used to compute the potential from a
reflection matrix. To do so, we first construct the scattering matrix S()) in terms of
L(X) or R()) alone. Indeed, given R()) for A € R and assuming it to be continuous
for A € R, we first obtain the matrix function Tjo(\) which is continuous on C+, is
analytic on C* and tends to I, as A — oo in C+, by performing the Wiener-Hopf
factorization

TioN) TN = L, + RO) RN, XeR, (5.3)
in agreement with (3.12). In a similar way, the matrix function T;.o(A) which is con-
tinuous on C+, is analytic on C* and tends to I, as A — oo in CT, is constructed
by performing the Wiener-Hopf factorization

TN Tro(\) = I, + RANTR(Y),  XER, (5.4)
in agreement with (3.12). We then define the matrix function

Lo(A) = o) RV [To(W)']™Y, AeR (5.5)
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Let Tio(A) and To(A) be the n x n matrix functions that are continuous
in ( C+, are analytic in C*, are nonsingular in C+, and tend to I, as A — oo in
C+, such that (5.3) and (5.4) are satisfied, and let Lo(\) be the corresponding
right-hand side of (5.5). Then Tjo(A), Tro(A), R()), and Lo()) are the scattering
coefficients if a;1(\) and a,4(\) are nonsingular for A € C+ (i.e., in the absence of
bound states). When both a;1(\) and a,4(\) are nonsingular for A € R and at least
one of a;1(A) and a,4()) is singular for some A € C* (i.e., in the presence of bound
states), there are rational matrix functions B;(A) and B,()\) that are unitary for
A €R, tend to I,, as A — 00, and are analytic in C~, such that

Ti(A) = Tw(NB(A),  Tr(N) = B(\)Tro(N). (5.6)
Then we easily see that
L(XA) = Br(A\)Lo(A)Bi(N). (5.7)
Moreover, (3.15) implies that

N A + iﬂj P

det By(\) = det B,(\) = ]1:[1 ( " mj) , (5.8)
where ix1,...,ikz are the distinct poles of the transmission coefficients T;(\) and
T,(A) in C* and py,...,py are the respective poles orders of det B;()\). Thus
T;(X\) and T,.(A) necessarily have the same poles in C* and their determinants
have the same pole orders. However, except in the case n = 1 where B;(\) and
B.()) are scalar functions that both coincide with the right-hand side of (5.8), the
transmission coefficients may be different and have different sets of partial pole
orders at the same pole in C*.

6. The Marchenko method

In order to establish the connection between the Riemann-Hilbert problem (5.1)
and the Marchenko integral equations, we assume throughout this section that
a;1(A) and ar4(X) are nonsingular for all A € R. This allows one to express the
scattering coefficients in terms of their Fourier transforms as

R(\) = /00 da R(a) e, L(\) = /oo da L(a)e™e, (6.1)
Ti(A) =1, + /oo davy(@) e, T.(\) =1, + /oo dav.(a)e™™.  (6.2)

Note that by Theorem 4.2, v;(@) and v,(a) vanish for & < 0 and their entries
belong to L'(R"), while the entries of R(-) and L(-) belong to L'(R). Let us
define

0 ~R(2z + )

g9(z, o) = [_13(_23”0[) 0 ] ,  a>0. (6.3)
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Theorem 6.1. Suppose a;1(N\) and a,4(\) are nonsingular for all X € C+. Then for
each x € R the matrices b_(z,-) and by (z,-) defined in (4.4) satisfy the 2n x 2n
systems of coupled Marchenko equations

b-(z,0) = g(z,0) + AOO dBby(z,B) g(z,a + B), (6.4)

bi(z,a) = Jon g(x, a)Jr Jon + / dBb_(z,B3) Jan g(z,a + ﬂ)T Jon, (6.5)
0
where a > 0.

Proof. Using (4.2), (5.1), and the fact that b4 (z,a) = b_(z,a) = 0 for & < 0, we
get

my(z,\) [G(z, ) — Iy ] = /_00 da[b_(z,a) — by (z,—a)] e™%, A €R. (6.6)

Furthermore, from (5.2) we conclude that under the above assumptions

G(x,\) — I, = /Oo do H(a)e™*,  AcER, (6.7)
where .
H(a) = [_ﬁ (fé‘;)_ o ‘RSZ”G; a)} . aeR (6.8)

The hypotheses of Theorem 6.1 imply that v;(a) and v.(«) are supported on
a € RY. Upon writing

my (2, ) [G(z,A) — Lan] =[G(z,A) — Izn] + [my. (2, A) — I2n] [G(z, A) — I2n],

by using (6.6) on the left-hand side, (4.2), (6.1)-(6.3), (6.7), and (6.8) on the
right-hand side, together with the convolution theorem, we obtain (6.4). Similarly,
using

m_(z, A) Jon [G(x, Nt = ) Jon = Jon [Gz, N = Lnn] Jon
+[m—(z,X) — Izn] J2n [G(z, ) = Iop] Jon,
we obtain (6.5). O

Using (6.4) in (6.5) and vice versa, we can uncouple these 2n x 2n systems.
Using the notations in (4.4), this leads to the uncoupled n x n Marchenko equations
for & > 0 given by

Bia(z,a) = —R(a + 22)
- [as [T avBu ) RE 4y 20! Rlat 20, (69)
0 0
Bl3(l‘, a) = R(a + 2.7})T

—/Oodﬂ/oodfszza(x,'y)R(,@-i-’y—i—Zm)R(a+,6’+21)T, (6.10)
0 0
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Bo(z,0) = L(a — 2z)1

—/oodﬂ/ood’yBrz(x,’y)ﬁ(ﬁ—l—’y—2w)ﬁ(a+ﬁ—2x)T, (6.11)
0 0

B,s(z,0) = —L(a — 22)

‘/ s / T dyBua(e) BB 4y —20) E(a+ B-22),  (6.12)
0 0

By (z,a) = — /oo dB R(B + 2z) R(a + 8 + 2x)1
0

- [T [T avBue o RB+y 20 Rla+ B+ 20)1, (613)
0 0

By (z,a) =— /OO d,BR(ﬂ + Qx)T R(a + 6+ 2x2)
0

—/oodﬁ/oodme(w,’y)R(/B—Fv+2x)TR(a+ﬂ+2a:), (6.14)
0 0

Bi(z,0) = — /00 dB L(8 - 2z)' L{a + B — 2z)
0

~ ["as [T avBua@) 4y —20) Llat f-22), (6.15)
0 0

Bry(z,0) = — /00 dB L(B — 2z) L(a + B — 2z)'
0

—/oodﬁ/oodyBM(w,fy)ﬁ(ﬂ—f-v—2x)ﬁ(a+ﬂ~2x)T. (6.16)
0 0

Theorem 6.2. The coupled system of Marchenko integral equations (6.4) and (6.5)
is uniquely solvable in L'(R*;C?"*2n), The integral operator in each of the eight
uncoupled Marchenko equations (6.9)—(6.16) is selfadjoint, and each of these eight
equations is uniquely solvable in L'(RT;C"*™).

Proof. The selfadjointness of the integral operators in (6.9)—(6.16) is clear. From
(3.12), (3.13), and Corollary 3.2 it follows that

sup |[IL(A)| < +oo, sup ||R(A)]| < +oo. (6.17)
AER AER

Now observe that, for fixed z € R, the action of the integral operators with kernels
R(a+p+2z), R(a+B8+22)!, L(a+8—2z), and L(a+6—2z)" on L*(R*; C") can be
interpreted as follows: one imbeds L?(R*; C") into L?(R; C™) isometrically, applies
the sign flip ~(8) — h(—@), implements a convolution with an L'-matrix function,
and then projects orthogonally onto L?(R*;C"). Since the Fourier transforms of
these matrix functions are bounded in A € R, also these integral operators are
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bounded in L?(R;C"). Since the adjoints of all of these systems can be written in
the form

I+K'K)B=C

for some bounded operator K on a Hilbert function space, the system of equations
(6.4) and (6.5) as well as each of the eight equations (6.9)—(6.16) are uniquely
solvable on the direct sum of a suitable number of copies of L?(R"). Since, as a
result of the integrability of L(-) and R(-), the integral operators are compact on
both L? and L' (cf. Lemma XII 2.4 of [17], the proof for the L2-case there can
easily be adapted to cover the L'-case), the system of equations (6.4) and (6.5) as
well as each of the eight equations (6.9)—(6.16) are uniquely solvable on the direct
sum of a suitable number of copies of L!(R™). O

From (4.14), we see that we can recover the potential k(z) by solving any
one of the four Marchenko equations (6.9)—(6.12).

The unique solvability of the Marchenko equations (6.9)—(6.16) has a num-
ber of other consequences. For example, if R()) is analytic on CT, then R(a) is
supported on R~ and hence the right-hand sides in (6.9), (6.10), (6.13), and (6.14)
vanish for z > 0. Since these equations are uniquely solvable, their solutions vanish
as well and therefore k(z) = 0 for z > 0. On the other hand, if L()) is analytic
on C*, then L(e) is supported on R~ and hence the right-hand sides in (6.11),
(6.12), (6.15), and (6.16) vanish for z < 0. Since these equations are uniquely
solvable, their solutions vanish as well, and therefore k(x) = 0 for z < 0. We have
thus proved the converse of Proposition 3.3.

It remains to prove that the potential k(z) obtained by the Marchenko
method has entries in L'(R). To do so, we modify the inversion procedure as
follows. We solve one of the Marchenko equations (6.9) and (6.10) for z > 0 and
then employ (4.14) to compute k(z) for z > 0. By the same token, we solve one
of (6.11) and (6.12) for < 0 and then use (4.14) to find k(z) for z < 0. In fact,
this procedure will be implemented in the case of rational reflection coeflicients in
Section 8.

We first derive the following partial characterization result.

Theorem 6.3. Let R(\) be a matriz function in W™ such that
sup ||[R(A)| < +o0, / do (HR(a)H +a||R(a)||2) < 400, (6.18)
AER 0

where R(a) is defined in (6.1). Then, for x > 0, the unique solutions Bia(z,a)
and Biz(z, ) of (6.9) and (6.10), respectively, satisfy

/ dz || By (z,01)|| < +o0, j=2,3.
0
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In particular, the entries of k(z) = 2 Bjo(z,01) and k(z) = —2i Bis(z,0")! belong
to LY(R"). Similarly, let L()\) be a matriz function in W™ such that

wp L)) < +e, [ da (L@l - alE@I) < o0, (619

where L(a) is defined in (6.1). Then for x < 0 the unique solutions Byo(z,a) and
Bys(z, ) of (6.11) and (6.12), respectively, satisfy

0
[ delBo@on)l < 4o, =23
In particular, the entries of k(x)=—2i Byao(z,0%) and k(z)=2i B,3(z,0")! belong
to L'(R™).

Proof. We only prove the theorem for z > 0, as the proof for z < 0 is similar. Put

o= (g 757

and consider the integral equation
Bi(z,a) - / df B(z, 8) Ra (22 + a+ B) = Ra(2¢ + a), (6.20)
0

where o > 0. This integral equation, which follows directly from (4.4) and (6.3)-
(6.5), has a unique solution in L'(R*;C?"*2") which coincides with the matrix
function Bj(z, ) in (4.3). Moreover, the once iterated integral equation (6.20) has
the form

(I+K'K)B=C

on L?(Rt*;C?"*?")  which makes (6.20) uniquely solvable in L?(R*; C?"*?"). Us-
ing the unique solvability of the equation obtained by taking the adjoint of the
matrices on either side of (6.20) we obtain

1
0 2

IR : [ I3 S|

1
o0

NG [ as 125 (0)1] %

1By, )| < || Ba (22 + )| + [/ i

<||Ra(2z + a)l|+C [/2

T+

<|Ba(z +a)| +C / dy [ Ra()IP,
2z

where C is some constant, and therefore

[ wiB@al< [ asiha@l+ [ alawlt 621
0 0 0

which is finite. |
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The natural conditions under which one would expect to be able to recon-
struct a potential with L'-entries for z > 0 are R € W™ and

sup ||R(N)| < 400, lim ||R(A\)|| =0. (6.22)
AER A—=to0

However, evaluating the first iterate of (6.20) as & — 0T, we get

(e}

oo dB R(B) R(B)' 0
B (x,0") = / dBRa(B)? = /2 ( w
2 0 / 3 R(B)" R(6)

X

which strongly suggests that condition (6.18) is probably indispensable if the in-
tegral [ dz ||Bl(1)(x,0+)|| is to be finite.

7. Construction of the scattering matrix

Throughout this section we assume that R(\) is a rational matrix function satis-
fying (6.22). We recall that then R € W™ by the comments following the proof
of Theorem 6.3. From the theory of transfer functions [7], since R(A) — 0 as
A — Fo0, it follows that R(\) can be represented in the form

R(\) =iC(A—iA)"'B, XeC, (7.1)

where A, B, and C are independent of A and belong to CP*P, CP*" and C"*P,
respectively, for some positive integer p. Here it is assumed that the order p of .4
is minimal, i.e., the realization (7.1) is minimal and hence unique up to similarity
(cf. Theorems 6.1.4 and 6.1.5 in [24]).

Our goal is to construct S(\) in terms of the matrices A, B, and C given in
(7.1). Since R()) is continuous for A € R, from the minimality of the realization
given in (7.1) it follows that .4 does not have any eigenvalues on the imaginary
axis (cf. Theorem 6.2.2 of [24]). Using (7.1) in (5.3) and (5.4), we obtain

TN T\ =1, +i[c 0] (A—ik) ™" [g] (7.2)
TN T, =1, +i[0 B (A —ik,)™" [’3] : (7.3)
where
_ BBt A
K= [61 —Ifﬁ]’ K = [—CTC —?4*]' (7.4)

Then K; and K, both have the set o(A4) U {—X* : A € o(A)} as their spectrum
(0(A) standing for the spectrum of .A4), even though they need not have the same
Jordan normal form. Note that the inverses of the right-hand sides in (7.2) and
(7.3) can be written as

[Tz(/\*)T]‘1 TN =1, —i[c 0](A-i&)" [(2] , (7.5)
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T\t [TT(/\*)T]—I =I,—i[0 B(—i&)™ m : (7.6)
where £ is the “state characteristic matrix” given by
A BB
5‘[—0*0 —AT]’ (7.7)

which, apart from some factors i = y/—1, has been used in [21]. We note that
Ki, K-, and £ do not have eigenvalues on the imaginary axis. This follows from
the invertibility of I, + R(X\) R(A\)! and Corollary 2.7 in [7]; for K; and K, this
also follows immediately from the special form of the matrices K; and X, in (7.4)
and the fact that A has no eigenvalues on the imaginary axis. Hence the matrices
(A—iK)™Y, (A= iK,)7, and (A —i€)~t in (7.2), (7.3), (7.5), and (7.6) all exist
for A e R.

The following result is essential for obtaining explicit expressions for the
factors Tj(\) and T;.(A\) and their inverses.

Propeosition 7.1. Let A, B, and C be the matrices in the minimal realization given
by (7.1) and consider the quadratic matriz equations

AX + XAt = BB — xCicx, (7.8)
ATV + YyA=—Clc+ yBBIYy. (7.9)

Then the spectrum of the matriz € given in (7.7) is symmetric about the imaginary
azis. Moreover, the spectral subspace M of £ corresponding to its eigenvalues in
the right half-plane is of the form

M:{[}Yp]u:ue@}, (7.10)

where X is a hermitian solution of (7.8), and the spectral subspace L of & corre-
sponding to its eigenvalues in the left half-plane is of the form

c={[§3]u:uecp}, (7.11)

where ) is a hermitian solution of (7.9). The hermitian matrices X and Y are
unique.

Proof. The symmetry of the spectrum of £ about the imaginary axis follows from
the similarity Japqs,Eqs,Jop = —ET, where gy, is defined by
_ |10 L
q 2p [ Ip 0 :| .
The remaining assertions follow from Theorem 7.6.1 in [24] applied to the matrix
J2p€Jap (to comply with the condition D > 0 there) and the E-neutrality, where
E = iJ3pqyy, of the spectral subspaces M and L. Note that the spectral subspaces
M and L both have dimension p, which is the order of A, because £ has no

eigenvalues on the imaginary axis. Also note that the controllibility condition of
Theorem 7.6.1 of [24] is satisfied as a result of the minimality of the realization
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n (7.1). Indeed, CiCA/w = 0 for j > 0 implies ||CA’w||? = 0 for j > 0, then
CAlw =0 for j > 0, and then w = 0; similarly, one proves the other controllability
statement. ]

The nonlinear equations (7.8) and (7.9) are called state characteristic equa-
tions in [21] and (continuous algebraic) Riccati equations elsewhere in the literature
(e.g., [24]). Since in the literature the term “hermitian” (instead of “selfadjoint”)
seems to have some tradition when referring to solutions of Riccati equations, we
will use this terminology here.

The matrices X and Y used in Proposition 7.1 allow us to block diagonalize
the matrix &. Since the subspaces £ and M have dimension p and M N L = {0},
the matrix ¥ defined by

I, X
r=|7 7.12
5 1) (1
is nonsingular. Hence, both I, — XY and I, — YX are nonsingular, and
_ IL,—xy)! —(I ”Xy)”lX}
= | (b p : 7.13
0y @ (713)

Theorem 7.2. Let A, B, and C be the matrices in the minimal realization given by
(7.1) and let X and Y be as in Proposition 7.1. Then

Er 0}

7.14

TlEY = [

where

& =A-BB'Y, &=A+XxCC (7.15)
Moreover, the matrices &, and & have all their eigenvalues in the left half-plane
and are related via the similarity transformation

5r = (I;D_Xy)_lgl (Ip_Xy)- (7-16)

Proof. The relations (7.14)—(7.16) follow by direct computation using (7.7)-(7.9),
(7.12), and (7.13). The assertions about the spectra of & and & follow from
(7.14) and Proposition 7.1 which imply that |, is similar to & and £|,, is
similar to —5;[. a

In the following we also need representations of the form (7.10) and (7.11)
for certain invariant subspaces of K; and X,.

Proposition 7.3. Let A, B, and C be the matrices in the minimal realization given
by (7.1). Then the spectrum of K; (K.) is symmetric about the imaginary axis.
Moreover, the invariant spectral subspaces of Ky and K, corresponding to the left
and right half-planes all have dimension p. In the case of K, both of the invariant

subspaces are of the form
{mu; uE(Cp}, (7.17)
Ip
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where X is a solution of the Riccati equation
AX + XA = —XcicX. (7.18)

In the case of K; both of the invariant subspaces are of the form

{[gi;]u: uecp}, (7.19)

where Y is a hermitian solution of the Riccati equation
A'Y + YA =YBB'Y. (7.20)

Proof. Apply Theorem 7.2.4 of [24] to J5,K;J2p and g9,K;q,- The symmetry of
the spectrum about the imaginary axis follows as in the proof of Proposition 7.1
for £. O

Before we can apply the main factorization result from [7] to (7.2) and (7.3),
we need the following proposition based on the positive selfadjointness of the
matrix functions in (7.2) and (7.3) for all A € R.

Proposition 7.4. Let M (resp. L) be the invariant subspace of the matriz € given in
(7.7) corresponding to the eigenvalues in the right and left half-plane, respectively,
and let N (resp. V) be the invariant subspace of K, (resp. K;) corresponding to its
eigenvalues in the right and left half-plane, respectively. Then

LON =C?, MaVy =C?,

Proof. The above decompositions then follow from Theorem I 1.5 of [7], due to the
existence of left and right canonical factorizations of a positive selfadjoint matrix
function with respect to the imaginary line. O

Now let II be the projection such that

ImII =L, Ker I1 = N, (7.21)
and let Q be the projection such that
Im Q@ =YV, Ker @ = M. (7.22)

Applying Theorem 1.5 of [7] we can express the transmission coeflicients in terms
of the matrices appearing in (7.1) and the projections I and Q as follows:

T,(A\) =1, +i[0 B (A—iK,)" (I, — II) [zg] ) (7.23)
T,(\) =L +i[0 BT —ik,)™" [zg] : (7.24)
TN '=I,—i[0 Bl(A-i&) 'O [103] ) (7.25)

[T =1L —i[0 B (I, - I) (A —i&)™" [tg] , (7.26)
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TN =L, +i[c 0](A—iK)™'Q [g] (7.27)
T =L +i[C 0] (Typ — Q) (A — k)™ [gf] , (7.28)
LA =1, —i[C 0] (A—i€)™" (Izp — Q) [CO] , (7.29)
TN =1, —i[C 0]Q(\—i&)~" [CO] . (7.30)

With the expressions (7.23)-(7.30) we have accomplished the desired canonical
factorizations of the matrix functions on the right-hand sides of (7.2), (7.3), (7.5),
and (7.6). Our next goal is to find more explicit representations for the projections
IT and Q and for the invariant subspaces A" and V.

Proposition 7.5. Let X and Y be as in Proposition 7.1 and let X = )a and )NJ = )NJ_
be as in Proposition 7.3, where the subscript + (resp. —) indicates that the spectral
subspaces given in (7.17) and (7.19) are those associated with the right (left) half-
plane. Then the invariant subspaces N' and V and the projections Il and Q can be
written as

N:{[’fﬂu:uecp}, Vz{[élju:ue@’}, (7.31)

- [ (I, ~ fiy)‘_l —(Ip - fiy)__l’?i } , (7.32)
V(lp — X4Y) ! _y(Ip_Xer) 1‘X+

(L-XY)™ (L, - XY )~'x
Q= |~ e ~ ~ . 7.33
ly_up SXV ) P 1, - XP)7X (739
Furthermore, if A has all its eigenvalues in the set I'# then .;\~f+ =0 and
N={0}eocCr, V=C?as{0}, (7.34)
I, 0 L, —-X
H:L’; 0}, Q=[é’ 0]. (7.35)

Proof. First, (7.31) is immediate from (7.17), (7.19), (7.21), and (7.22). Then (7.32)
and (7.33) follow from (7.21), (7.22), and Proposition 7.1. If A has all its eigenval-

ues in the right half-plane, then X, = J_ = 0, by the particular form of K; and
K, in (7.4), and so (7.34) and (7.35) follow from (7.31)—(7.33). O

In order to find more explicit expressions for II and Q when A has at least
one eigenvalue in I', we employ suitable similarity transformations which bring the
images of K; and K, in a form amenable to the same treatment as if A had only
eigenvalues in the left half-plane. To set up these similarity transformations it is
convenient to choose a basis such that .4, B, and C are partitioned as

A= [“‘B— ﬂ . B= {gj . c=[c. c]. (7.36)
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Here A, (A_) has all its eigenvalues in right (left) half-plane and we denote its
order by py (p-), so that py +p_ = p. Moreover, By, B_, C;, and C_ are p; X n,
p— X n, n X py, and n X p_ matrices, respectively. Now put

I, 0 0 0 I, 0 0 0
0o 0 0 I, 6|0 P 0 I
0 0 I o] ~lo o I o]
0 -I,, 0 P 0 —-I,, 0 0

P, =

where P; and P, are the unique solutions of the equations (cf. Theorem 14.1 of
[17], Theorem VII2.4 of [13])

A P+ P AL =B.BL, (7.38)

PA, + AP, =ClC,. (7.39)

In fact, we have

o x
P = /0 dte B, Ble ™ P = /0 dteAeleeTAr, (7.40)

so that P; and P, are positive selfadjoint. Then, we easily compute

_ Qy —0:s01 _ Q4 0
O =K =" 5, Qe =9,K,87 = ] 7.41
LT [0 —ol |7 © = alas —ai]r (T4
where
A_ —B_B! A_ 0 B_
O3 = + = = Qs=[C_ 0].
3 [ 0 —.ATI_ :| ) Q4 |:_C;r|_c— _AT+:| ) QF) !: 0 :| ) 6 [ ]

Note that all the eigenvalues of Q; and ), lie in the open left half-plane. Therefore,
in analogy to (7.34), (7.35), and Proposition 7.1, the projection operators @ and
IT are such that

Im Q = &' [CP & {0}], Ker @ = Im [}Y} , (7.42)
P
Kerll = @' [{0} ®CP], ImI=Im [SZ;] : (7.43)
Let us partition the inverses of ®; and &, defined in (7.37) into p x p blocks as
_ All Alg -1 Arl ATQ
ot = ol = ) 7.44
! [AB Al4] ’ r Ars Ay (7.44)
Note that
(I)l_l = QZp®lq2p7 (I):l = q2pq)1'q2p7 (745)

so that the entries of ®;! and ®;! are readily available from (7.3).
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Proposition 7.6. Suppose a basis is chosen such that the matrices A, B, and C in
the realization (7.1) have the form indicated in (7.36). Then the matrices Xy, Y,
II, and Q in Proposition 7.5 can be expressed as

S 0 0 = 0 0
Y —A A‘1=[ _], X:ATA;1={ _], 7.46
13439 0 Pll + 2 4 0 —P21 ( )

A (A — XA3)™Y —Ap(Ap — XAIS)_l)(] (7.47)

Q= [Al3(Al1 —XAi3)™t —A(An — XA) X

Cm= [TAr(Ara = YAR)TIY Ara(Ars - yArz)_l}
IQP = |:_Ar4(Ar4 - yArz)_ly A'r4(Ar4 — yAr2)_1 . (748)

Proof. Tt follows from (7.37), (7.42), (7.44), and (7.45) that

V=ImQ= {[A”]u: uEC”}.
Ay
Now (7.31), (7.37), (7.44), and (7.45) imply (7.46) for Y_. Similarly, by (7.31),
(7.37), and (7.43)—(7.45), we have
N=KerH:{[AT2Ju: uECp},
A'r4
and so, by comparison with (7.31), we obtain (7.46) for X,. Then (7.47) and (7.48)
follow on using (7.46) in (7.32) and (7.33). In the derivation of (7.48) we have also
used the identity (I, — X V)1 Xy = X (I, — YXL) ™ O
Note that in (7.48) we have stated the result for I, —II rather than IT because
we will only need the former. By using (7.36) and (7.37) one easily verifies that
X4 and Y_ given in (7.46) satisfy (7.18) and (7.20), respectively.
In order to use the results of Proposition 7.6 in (7.23)—(7.30) we need some
additional notation. We decompose the solution X of (7.8) as
X A
Xy Xy’
so that X7 and X4 are selfadjoint and have orders p_ and p., respectively, and
XQT = X3. We denote by P; the unique solution of the equation

QP+ P& = A4 BB, (7.49)

|

which is given by
o0
Py = / dt e A,y BBt (7.50)
0

and we define P4 to be the unique (and generally nonsquare matrix) solution of
the equation

QuPy+ Py .AT_ =—Any BBT_,
given by

Py = / dt e A, BB AL, (7.51)
0
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Note that in contrast to the solutions P, and P of (7.38) and (7.39), respectively,
the matrices P; and P4 are in general not selfadjoint. Furthermore, we let

T = (A — AX) A, Tr =Y (Arg — Ar2Y) 7Y, (7.52)

and introduce the matrices

1 A'_p 0 >3 B+ S -y
A= [ . L]’ B= |z c=le, &, (7.53)
where , ,
- _[-& o S | S | - 54
A= [ 0 —AL] A= [—AMBBT QJ ’ (7.54)
~ ct X L T
.-, - [noEE R,

Cy=[-BI,+7.P) BIP+B], C =[8, -B7]. (756

We mention that A, B, and C are 3p x x 3p, 3p X n, and n x 3p matrices, respectively.
Moreover, Ay, A_, By, B_, C, and C_ are (p_ +p) X (p_ +D), (01 +p) X (4 +p),
(p— +p) X n, (p+ +p) Xn,n x (p— +p), and n X (p4+ + p) matrices, respectively.

Next we present the main result of this section, expressing the scattering
matrix in terms of the quantities defined above in connection with the similarity
transformations induced by ®; and ..

Theorem 7.7. Let R(\) be a rational reflection coefficient satisfying (6.22). Then
the remaining entries of the scattering matriz (3.11) are given by

Ti(\) = I, — i CA (A — i) "L (A — XA3) "t XCT, (7.57)
T,(\) = I, + i BT 7, () — iQ4) " AruBB, (7.58)
L) =iC(A—iA)~'B. (7.59)

In the special case when A has all its eigenvalues in the left half-plane, these
expressions simplify to

Ti(\) = I, —iC(A —iA)~Lxct, (7.60)
T,(\) = I, +i BTY(\ - iA) 7B, (7.61)
L) = —i BtY(\ —id)"'xet —i BN (I, — YX)(\ +i&)) 1t (7.62)

Proof. Using (7.27), (7.37), (7.41), (7.44), (7.45), (7.47), and the equality
0 I -
w0 || = - [] (an - 2wyxer,
we obtain (7.57). From (7.23), (7.37), (7.41), (7.44), (7.45), (7.48), as well as the
identity

&, (I — ) [’(ﬂ - [0] (Avs — YAr2)"'VB,

Iy
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it follows that
T.(\)F = I, —i BI A4 (A +i90) 7 (As — YA2) T YB.

Now (7.58) follows by taking the adjoint and using (7.52). Note that A2, Ar4, and
Y are hermitian.
With the help of (7.14), (7.26), (7.47), and (7.52), we derive

[T =1, —icx(A +ig)H) ' aict. (7.63)
From (7.1), (7.63), and using
I, — Ty = —Ais(An — XA) 7' X,
—icfcx = A +iAh) — (A +4&)),
we get
RO = iBT (A + i AN T Ays (A — XA) 1 xXCt
—iBt(\+igh)tgct. (7.64)

Using (5.5), (7.57), (7.64), and some standard results on realizations (Chapter 1
of [7]), we obtain

L(\) =i Qs(\ — iQ7) ™10, (7.65)
where
Q4 AuBBF —A4BBT
Q= |0 —Af 0 ,
0 0 —&
0
Qs =B'[7, I, -L)], Qo= |Ap(An—XAs)'X|Ch
Ji
To bring L(\) into the form (7.59) we use a similarity transformation. Let
0o 0 0 I, P 0 —I
|0 I, 0 0 1|0 I, 0 0
=10 o 1, of Y =lo 0o 1, ol
I, P, 0 P I, 0 0 0

where P; and P, have been defined in (7.50) and (7.51). Then it is straightforward
to verify that

A=0Q,071,  C=0Qg0!, B=UQ, (7.66)

where A, B, and C are the matrices defined in (7.53). Using (7.66) in (7.65),
together with the fact that for one of the blocks of {29 we can write

-1
- 4y [0 0L, & A1 Ay
Aiz(Ap — XAp) ™ X = [0 IP+] [ 0 P —2X Xz Ay

- [(P1 - 284)—1X3 (P — /24)—1)(4] :
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we obtain (7.59) with the matrices (7.54)—(7.56). The expressions (7.60)—(7.62)
can be obtained from (5.5) and (7.23)—(7.30) by using the special forms (7.35) for
Il and Q, or by obvious reductions from (7.57)—(7.59). The details are omitted. U

8. Inverse problem with rational scattering matrices

Let R(A) have the form (7.1) for certain matrices A, B, and C, where A has minimal
order and hence does not have zero or purely imaginary eigenvalues. Then

R\) =iC(A—iA)"'B= —/ dte= M C E(t;—A) B, (8.1)
where
e_tAP§+) = 2%”/ dze % (z — A)71, t>0,
Bt -A) = —tAp(=) 1 r —tz -1 (82)
—e Py =5 11dze (z—A)~, t<0,

is the bisemigroup generated by A (cf. [8, 9]). Here I'y and I'_ are the positively
oriented simple Jordan contours in the right and left half-planes enclosing all of
the eigenvalues of A in the open right and left half-planes, respectively, and Pff)
and PJ(“_) are the spectral projections of A corresponding to its eigenvalues in the
right and left half-planes, respectively.

Our strategy for reconstructing k(z) from R(\) is as follows. When = > 0 we
will solve the Marchenko equation (6.10) by using R(A) as the input, and when
z < 0 we will solve the Marchenko equation (6.11) by using L()) as given in (7.59).
Then we use (4.14) to determine k(z). Throughout we assume the absence of poles
of Ty(A), Tr(A), Ty(A\)~1, and T:-(A)~! in the upper half-plane.

First consider (6.10) with

R(t)=-CE(t;—-A)B, Rt =-B'E(;-A"CT,

which are obtained from (6.1) and (8.1). Introducing the positive selfadjoint p x p
matrices

D= / dt E(t;—A) BB'E(t; — A", Dy= / dt E(t;— A" CT C E(t; —A),
0 0

and assuming = > 0, we obtain for the hermitian integral kernel in (6.10)
0
/ dBR(y + 8+ 2z) R(a + 8 + 22)" =C E(y + 22, — A) D1 E(a + 22; —AT) CT.
0

The unique solution of the separable integral equation (6.10) is then given by

Bis(x,a) = —B'[I, + E(2x; - A") D, E(2z; —A) D1] ™' E(a + 225 —A") T, (8.3)
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where the inverse exists because of the unique solvability of (6.10). For later use
we note that, by (7.36) and (7.40), we have

n- 0] m=ff Y. -

When z < 0 we start from L()\) as given in (7.59), so that
IL(ty=-CE@t;-A)B, L) =-B'E®t-A"C.
Proceeding as in the derivation of (8.3), we obtain
Bya(z, &) =B [l +E(~2z; — A") Dy E(—2a; —A) D3]~ E(a—2x; A1) CT, (8.5)

where the inverse exists because of the unique solvability of (6.11). Here D3 and
D, are the positive selfadjoint matrices given by

D3=/ dt E(t;—A) BB' E(t; - A"), D4:/ dt E(t; — A" C' C E(t; —A),
0 0

which, by means of (7.53)—(7.56), can be written as
P 000 Ps P, 0 0
|0 000 | P00
Bs=1o 000/ P =|o o 0 of
0 0 00 0 0 00

where

(e o] ox
Ps :J/ dte’s! gicteglet, p= / dt e (I, + P} IHBBY (I, + J,Ps)e'!,
0 0

(8.6)
and P7, Ps, and Py are irrelevant because they will not contribute to k(z), as we
will see.

Now we are ready to prove the main result of this section. Again we first
state the general result and then specialize it to the particular case when A has all
its eigenvalues in the left half-plane or, equivalently, when R(}) is analytic in C*.

Theorem 8.1. Suppose that R(\) satisfies (6.22) and is given by the minimal rep-
resentation (7.1) in a basis where (7.36) holds. Then the matriz potential k(x) in
(1.2) is given by
. 2iCy e 20 A+ [, 4 P e~ 2L pye~20A+] TR, z>0, 1)
) = —1 .
2% CJ [I,, + =261 py g~ 28] P5] e~228([, + PJJHB, =z <0.

If R(\) is analytic in CT, then

0 z>0
k — ? _ ’ 8.8
(@) {QiC[Ip — el y e 20E] Y| T e~ (I, - XV)B, <0, ®.8)
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where X and Y are the unique solutions of (7.8) and (7.9), respectively. Moreover,
if R()) is analytic in CT, then the jump in the potential at x = 0 is given by

kE(0%) —k(07) = —k(07) = —2iCB. (8.9)

Proof. The representation (8.7) for k(x) is a direct consequence of (4.14) and
(8.3)—(8.6). Thus we need only establish the simplifications that occur when R()
is analytic in C*. In this case A has all its eigenvalues in the left half-plane so
that from (8.2) we get E(t;—A) = 0 for t > 0. Thus k(z) = 0 for z > 0. For
x < 0, starting with (7.36), we can simplify the expression in (8.7) by deleting the
blocks associated with the spectrum of A in the right half-plane. This reduction
is implemented by the following substitutions: Ajy +— I, Aj3 — 0, and hence

I I, (8.10)

by (7.52). Similarly, Ays — 0, A;4 — I, and hence jTT — Y. Since Q4 — A, the
solution to (7.49) becomes P3 = —X and thus

I+ PlJl— I, - xY. (8.11)

Furthermore we can compute Ps and Pg in (8.6). We observe that P5 and Ps are
solutions to the following Riccati equations:

P&+ &P = —Cle, (8.12)
P&l + &Ps = —(I, — XY)BB' (I, — YX). (8.13)

First note the identity
ngy + V&, = _CTC(IP - Xy)? (814)

which follows from (7.9) and (7.15). On multiplying (8.14) from the right by (I, —
XY)~1, using (7.16), and comparing the result with (8.12), we find that

Py =Y(I, - xY)~ = (I, - YX)~' ). (8.15)

Similarly, on multiplying the identity
EX +XE = BBY(I, - YX),
which follows from (7.8) and (7.15), from the left by I, — XY, using (7.16), and
comparing the result with (8.13), we obtain
Ps = —X(I, — YX). (8.16)

Since, by (7.16) and its adjoint,

(I, — y)c’)e_%ng — o 2aE] (I, — VX),

the result (8.8) for z < 0 follows from inserting (8.10), (8.11), (8.15), (8.16) in
(8.7). Finally, letting z — 0 from below gives k(0~) = —2{CB, and hence (8.9)
follows. U
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