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Exact Solution of the Marchenko Equation
Relevant to Inverse Scattering on the Line

Cornelis van der Mee*

This paper presents explicit solutions of the Marchenko equation relevant to the solution of
the inverse scattering problem of determining the real potential Q(x) in the 1-D Schrodinger
equation on the line from the reflection coefficient R(k), which is assumed to be rational. The
reflection coefficient is written in the form i C(k — i A)~! B. State space methods are applied to
solve the Marchenko equation, both without and with bound states.

1 Introduction

Consider the Schrodinger equation
(1.1) ¥k, x) + K2y k,x) = Q) ¥(k,x),  x€R,

where R is the real line, the prime denotes the derivative with respect to the spatial
coordinate x, k is the wavenumber, k2 is energy, and Q(x) is a real potential that
is at least integrable on the line. Then the Jost solution from the left f;(k, x) and
the Jost solution from the right f,(k, x) are the solutions of (1.1) satisfying the
boundary conditions

. eikx +0(1)’ X —> +00,
(1.2a) fitk,x) = { 1 e . L i
me + m')'e +o(l), x — —o0,
1 —ikx R(k) ikx
—_ []E) D, ,
(1.2b)  fr(k, x) = . TTof +0o(l), x — +o©
{ e—ikx + 0(1), X —> —0Q,

where 0 # k € R, T (k) is the transmission coefficient and R(k) and L(k) are the
reflection coefficients from the right and from the left, respectively. The scattering
matrix S(k) is given by

[T(k) R(k):|
S(k) = , k € R.
L) T(k)

*This material is based on work supported by C.N.R., MURST, and a University of Cagliari Coor-
dinated Research Project.
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Apart from the scattering solutions, one should also consider the nontrivial
solutions of (1.1) that are square integrable on the real line, its so-called bound-
state solutions. Such solutions occur at the values of k in the open upper half-plane
C™ where the Jost solutions from the left and from the right are linearly dependent.
When (1+|x|) Q(x) is integrable, there are at most finitely many such k, all of which
are purely imaginary. Moreover, for such potentials the reflection and transmission
coefficients are continuous in k € R. For later use, let L; (I) denote the set of mea-
surable functions f on the interval I such that || f|[1 4 = f, dx (1 4+ |xD?|f ()]
is finite.

The direct and inverse scattering theory for the Schrédinger equation (1.1) has
been studied intensively [13, 15-18]. The inverse problem that one usually consid-
ers, consists of the determination of areal potential Q € L{(R) from the refiection
coefficient R(k), the bound state poles ik; of the transmission coefficient T (k),
and the bound state constants ¢; = fr(ij, x)/fi(ikj, x)(j = 1,..., NN finite,
where there might not be any bound states). Necessary and sufficient conditions
to construct Q(x) from these data have been given in [15] for Q € L%(R) and in
[29] for Q € L} (R). For quite general R(k), an inversion algorithm based on the
Marchenko integral equation was given by Faddeev [18] (see also [15, 16], and
{13], Chapter XVII). The unique solvability of the Marchenko integral equation
was proved in [16, 18], also when bound state information is incorporated.

When using the so-called Faddeev functions

mik, x) = e fitk,x),  mpk, x) = €% fo(k, x),

one obtains the Riemann-Hilbert problem

mi(—k,x) | T (k) —R(k)e¥*x 7 [ m,(k, x) L eR
me(—k,x) | | =L(ye=2**  T() mik,x) | b
(1.3)

Since there exist integrable functions B;(x, -), B/ (x, -), R and L such that
0 . 00 .
m(k,x) = 14 / dye® Bi(x,y), my(k,x)=1 +[ dy e B, (x, y);
0 0

R(k)

i

[o,] o0
/ dze ™ R(z), L(k) = f dze *L(2),
-0 J -0

when Q € Li(R) [15], one can, by Fourier transformation and some calculus of
residues, convert the Riemann-Hilbert problem (1.3) into the Marchenko integral
equations

Bi(x, ) + f dz§Cx +y + DB, 2)
0

(1.4a) N
="-SI( 2X+y), }’>0,
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o0
B,(x, y) + f 28, (=2x + y + 2B, (%, 2)
0

(1.4b) .
=5 (-2x+y), y>o0.

Here 51 and .§, coincide with R and f., respectively, when there are no bound
states. Otherwise

N A N
$i)=R@ iy ticje™?,  S@=L@-i)y, Lz,

j=1 j=t
where iK1, ..., ik are the poles of the transmission coefficient T'(k), 1, ..., In
are the residues of T'(k) at these (simple) poles, and ¢; = f(ikj, x)/fi(ikj, x)
(j = 1,...,N) are the bound state constants. It can be shown that —it;c; > 0

(j = 1,...,N) [see Section 3; also [16]). The potential Q(x) is easily found
from the solution of either (1.4a) or (1.4b), since we have

X

(1.5) B[(x,0+)=%foodt (), B,(x,0+)=%f dt Q(t).

o _
Jump discontinuities in either of B;(x, 0%) and B, (x, 0%) lead to Dirac delta func-
tion terms in Q(x) and hence to an extension of the class of potentials considered.
Derivations of (1.4a) and (1.4b) can be found in [13, 16].

The inverse scattering problem for rational reflection coefficients is easily solved
in an ad hoc way by computing Bj(x, y) for x > 0 [B,(x, y) for x < 0, respec-
tively] from (1.3) using calculus of residues, where the values of m;(k, x) at the
poles of R(k) in C* when x > 0 [the values of m, (k, x) at the poles of L(k) in ct
when x < 0, respectively] follow by solving a linear system of equations (cf. [2]
and references therein). However, in this article we apply state space methods (see,
e.g., [9]) which allow us to derive explicit formulas for thet solution of the above
inverse scattering problem when R(k) is a rational function without real poles that
is real-valued for purely imaginary k, vanishes as k — 0o, and satisfies |R(k)| < 1
for 0 # k € R and R(0) € [—1, 1). We then have the state space realization

(1.6) RKk) =iClk—iA'B=i((k—iA)~'8,y),

where A is areal n X n matrix without imaginary eigenvalues, Bis areal n x 1
matrix coinciding with the column vector 8, C is areal 1 x n matrix coinciding
with the row vector ¥ 7, and (-, -) denotes the usual scalar product on C". Writing

(1.7 k—iA)! :if dte M E(@t: —A),

-0
the solution Q(x) of the inverse problem follows from the solution B;(x, y) of the
Marchenko integral equation

o0
Bi(x,y) — f dzCEQx +y+z —A)BBi(x,2)
0

(1.8)
=CEQ2x+y;—-A)B, y=>0,
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by means of the formula [cf. (1.5)]
d +
(1.9) Q(x) = —-2—Bi(x,07),
dx
when there are no bound states. In fact, we shall prove the following theorem.

Theorem 1.1 Suppose there are no bound states. Then for x > 0 the unique
solution of (1.8) is given by

(1.10) Bi(x,y) =CEQx +y; —A)A(x) "B,
and the potential Q(x) is given by

Q(x) = 4CEQx; —A)Ax) 'AAX) B

(1.11)
= 4(EQx; —AAX) T AA®) B, ),
where
(1.12) A(x)=1—-DE(2x; —-A)
and
(1.13) D= /:o du E(u; —A)BCE(u; —A).

When there are bound states, i.e., when T (k) has finitely many (simple) poles
at ik; with residue ¢; and bound state constant c; with d; = —itjc; > 0(j =
1,..., N), the Marchenko integral equation is given by (1.4a), where

N
(114)  §(z) = —CE(z; —A)B+ Y dje™ i = —CE(z; ~A)B,
j=1

and A, B and C are the real (n + N) x (n + N), (n + N) x 1 and 1 x n+AN)
matrices given by

A = A@diag,...,kx), B=[B —d; ... —dp]T,
(1.15)
C=1[C1...1).
Wealsowrite 8 = [B —d) ... —dy])Tand =[y 1 ... 1]7. We then have the

following theorem.

Theorem 1.2 For x > 0 the unique solution of the Marchenko equation (1.4a) is
given by
Bi(x,y)=CE(2x +Yy; ~—A)]\(x)"18,
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and the potential Q(x) is given by

Q) = 4CEQx; —AAx) T AA(x)™!

B
= HEQx; -AAx)TAAR) I8, ),

where
~ o ~ o w v VoW v
A(x)=1—-DEQ2x; -A), D= ] du E(u; —A)BCE(u; —A).
0

Since E(t; —A) is a so-called bisemigroup [10, 11] — we shall give its definition
below —, (1.8) is an integral equation with a separable kernel when x > 0, which
makes it trivial to solve. When x < 0, there are two approaches. The first is to
solve (1.4b) for x < 0, where S, (z) is written as in (1.14) and which is an integral
equation with separable kernel. The other approach is to continue studying (1.8)
which leads to

Bi(x,y) = CEQ2x + y; —A)w(x), y > —2x,

for a suitable vector w(x). Thenfor0 < y < —2x,(1.8) is first written as a system
of integral equations for the vector with components B;(x, y) and Bj(x, y) =
Bj(x, —2x —y). Since this system has a so-called semi-separable kernel, it could in
principle be solved using the methods of [21], Chapter IX. Instead, we will reduce
this coupled set of integral equations to a linear system governed by a first order
linear differential equation and solve it by elementary means, yielding Q(x) for
x < 0 as the final result. This program will first be carried out if there are no bound
states (Section 2) and then when bound states are taken into account (Section 3).
The potential Q(x) will contain the additional term (limg_ oo 2ikR(k))8(x) =
—2CBé(x) where 8(x) is the Dirac delta function [see (1.6), (1.8), and (1.9)]; this
term vanishes if R(k) = o(1/k) as k — oco. Finally, in the Appendix we give a
concise proof of the unique solvability of the Marchenko integral equations.

The inverse problem for the Schridinger equation (1.1) on the half-line x €
(0, +00) has basically been solved in the 1950’s [1, 17, 19, 20, 27, 28]. This
problem consists of the determination of a real potential Q(x) from the spectrai
function of the differential operator —(d?/dx?) + Q(x) with Dirichlet boundary
condition at x = 0. In recent years state space methods have been used to derive
the exact solution of this problem with rational spectral function and of the problem
of computing the potential from a rational scattering function. This was done for
the usual Schrédinger equation [24] and for the so-called canonical differential
operators [3-7, 22, 23].

When the research leading to the present article was completed, the author
learned of the existence of [8], where the state space method is applied to the
inverse scattering problem for the n x n matrix Schrédinger equation on the full line
with selfadjoint potential Q(x) and rational reflection coefficient R(k) = o(1/k)
as k — oo. In the present paper a different method is used to arrive at explicit
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solutions of the inverse problem. Our paper is not based on [34] (which is in turn
based on [35]), where the inverse scattering theory of the n x n matrix Schrodinger
equation has not been fully developed. The articles [8, 34, 35] will be discussed
in more detail in a later publication.

2 Solution of the Inverse Problem without Bound States

In this paper we distinguish between the genzric and the exceptional case [15, 18].
Generically f;(0, x) and f, (0, x) are linearly independent and T (k) ~ ick,k — 0
in Ct+, where 0 # ¢ € R. We then have

T()=0, R(O)=L(0O) =—

In the so-called exceptional case these two functions are linearly dependent and
Tk) = TO) + o(1), k — 0in C*, for some 0 # T(0) € R ([15, 18] if
Q € Li(R); [26] if @ € L1(R)). Thus the modulus of T(k) is known; the final
form of T (k) now depends on the presence of bound states or not.

A. Basic Concepts

Let A be an arbitrary real n x n matrix without zero or imaginary eigenvalues and let
o (A) denote its set of eigenvalues. Let ') and I'() be positively oriented simple
Jordan contours in the right and left half-plane enclosing all of the eigenvalues of
A in the open right and left half-plane, respectively. Let PJE{H and Pj(‘ ) be the
spectral projections of A corresponding to its eigenvalues in the right and left
half-plane, respectively. For 0 # ¢ € R we then define the bisemigroup generated

by A by

._IAP(+) 1 / e—tZ(z _ A)—l dz, t>0
2ni Jr
E(t;-A) =

1
~tAp() — _ [ e (z—A)7ldz, t<0.
¢ A 2mi jr( ) ¢ ) dz 1<
Then (1.7) holds true. For later use, let J &) be the natural imbedding of the range
A

of Pj(‘i) into C" and nf) the unique operator from C” onto the range of Pf) such
that j(i:) @ _ P(i)_

B. Reflection and Transmission Coefficients

Let R(k) be a rational function of k without real poles vanishing at infinity and
satisfying R(—k) = R(k) for k € R. Then there exist real matrices A (of size
n x n), B (of size n x 1 and thus representable as the column vector 8) and C (of
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size 1 x n and thus representable as the row vector yT) such that (1.6) holds. In
that case

o0
R@ty = .21; / dke™ R(k) = —CE(t; —A)B = — (E(t; —A)B, 7).

We require n to be minimal. We put Cx = CJ @) Ar = xff)AJff) and
By = nf,f)B.
Since the scattering matrix S(k) is unitary for k € R, we now easily compute

) [k—-iA i BC ]"‘[0}
ITk)? = TR)T(=k) =1—i[C 0] .

0 k+iA B
Moreover,
L _14ilC Ok—i&) 0
IT®)2 ~ THK)T(—k) B |
where
A —-BC
2.1 E= X
[BC —A]

Then MEM = —Efor M = [ (I) (I) ], so that the spectrum of £ is symmetric with

respect to the origin.

Since R(—k) = R(k) for k € R and the order of the matrix A in the realization
(1.6) is minimal, there exists a unique nonsingular J such that JA = A*J, JB =
C* and C = B*J, where the asterisk denotes the conjugate transpose. Then J is
selfadjoint, while

(B (INE=E"J & (=J))

implies that the spectrum o (£) of £ is symmetric with respect to the real line. In
the generic case £ is nonsingular, whereas in the exceptional case £ has a double
zero eigenvalue.

The following well-known result [12, 32, 33] is needed to compute integrals of
the form (1.13) above. We will omit the proof.

Proposition 2.1 Let T and T') be simple positively oriented Jordan contours
enclosing all of the eigenvalues of A and —A in the right and left half-plane,
respectively, and let

1
— | dz(z-A)'BC(z + A

D .
2wi Jr

-1
— dz(z — ABC(z + AL

2mi re)
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Then D maps the range of PJ(4+) into the range of PJ(4+), D= frff)DJf) is the
unique solution of the matrix equation

AD* + DA =2 PBeTlY
where A, = nf4+)AJ ) and D is also given by (1.13).

C. Solution of the Marchenko Equation for x > 0

Reducing (1.8) with x > 0 to an integral equation for C;(x) = f(;’o dz E(z; —A)
BB (x, z), we find that the solution of (1.8) for x > 0is given by

Bi(x,y) =CEQ2x +y, —A)A(x)"'B,

where A (x) given by (1.12)is nonsingular. Indeed, assuming A (x) singular would
lead to a solution of the homogeneous counterpart to (1.8), which contradicts
Theorem A.1. Using (1.5) and £ A(x)™! = —A(x) "N (L AG)AR) ™!, we get
(1.11) forx > 0.

D. Solution of the Marchenko Equation for x <0
To solve (1.8), put

(o]

Ci(x,y)=EQ2x+y,—AB +/ d: EQ2x+y+z; —A)BBi(x, 2).
0
2.2)

Then
2.3) Bi(x,y) =CCy(x, y)
and
o0
Ci(x,y)— / dzEQ2x+ y+z7; —ABCCi(x,z)
24) °

=EQ2x+y;,—-A)B, y>0.

For y > —2x we easily obtain (3/3y)Ci(x, v) = —ACi(x, y), where the entries
of Cy(x, y) are exponentially decreasing as y — +00. Hence,

Ci(x,y) = EQx + y; —Aw(x)

for some vector w(x) in the range of Pf) to be determined shortly.

Now consider (2.4) for 0 < y < —2x. Putting C”l(x, y) = Ci(x, —2x — y) and
using the identity [cf. (1.13)]

/ dz EQ2x + z; —A)BCE(2x + z; —A)w(x) = Dw(x),
—2x
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we obtain the coupled system of integral equations

—2x
Ci(x,y) — / dzE(y — 7, —A)BCCi(x,2)
0

(2.5a)
=EQx +y; —A)B+ E(y; —A)Dw(x);

—2x
Gitx, y) — / dz E(z — y; —A)BCCI(x, 2)
0

(2.5b)
= E(—y; —A)B + E(-2x — y; —A)Dw(x),

where 0 < y < —2x. As aresult, we get

o | Ci(x,y) Ci(x,y)
2.6) — ==& _ , 0<y<-2x,

| Cix, y) Ci(x, y)
where £ is given by (2.1). Putting @ 4 = Pf) oP , one may write the boundary
conditions in the concise form

Ci(x,0h) Dw(x)

Leawon ] [ 08 ]
Ci(x, (=2x)7) —P;_)B

(I-QA)| N .
Ci(x, (—2x)7) Dw(x)

Ci(x,0%)
Ci(x,0")

implying

I
(Qa+ (I — Qu)e™) [ = |: ; ] (Do(x) - PB).

Now note that the matrix (Q4 + (I — Q@ A)ez"g ) is nonsingular; otherwise the
homogeneous counterpart to the system (2.5) would have a nontrivial solution,
which would contradict Corollary A.2. As a result,

|: Ci(x,0%)

1
3 _ +— 2Ey-1 | D, - Pp),
cl(x,0+>] (Qartd=Qae™ [1]( v

which implies
1
Cilxr,y) =1 017 (Qa+ U - Que™®)™ [ I ] (Do) - P B).

It remains to determine w(x). From (2.2) we derive the identity

Ci(x, (=20)%) = Ci(x, (=2x)7) = B,
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which implies [with the help of P{7w(x) = w(x) = Ci(x, (~2x)*)]

w(x) = B+ Ci(x, (=2x)7)

1
B+ 01(Qae™> +( - Q)™ [ I ] (Do(x) - P{B),

yielding

-1
1
o) = <I—[1 01(QAe‘2‘5+(1—QA))-‘[I]D)

1
X (1 —U 0)(Qae > + (- Qa7 [1 ] Pﬁ(’) B,

where the inverse operator in the right-hand side exists. In fact, reasoning as
above, we see that the unique solvability of (1.8) [see Theorem A.1] implies the
nonsingularity of the two matrices Q@ 4+ (I —Q AeXEandI—[I 01(Q e~

(I—Qa)~! [ ﬁ ] D. Finally,

Bi(x,0%) =ClI 0)(Qa+ U — Qa)e*®)™! [;](Dw(x) _ PO,
@.7)

yielding Q(x) = —2dixBl(x, 01), which decreases exponentially as x — —oo.
‘We omit the rather cumbersome expression for Q(x) with x < 0.

When R(k) is analytic in C* and hence the matrix A in its realization (1.6) has
only eigenvalues in the open left half-plane, we have E(t; —A) = —e"Afort <0
and E(t; —A) = 0 for ¢t > 0. For x < 0 the Marchenko integral equation (1.8)
reduces to By(x, y) = 0 for y > —2x and this leads to significant simplifications
in the above inversion algorithm. Defining C;(x, y) as in (2.2), we get (2.3) and

—2x—y ’
Ci(x,y)+ / dz e~ @A C(x, )
0

2.8)
= —¢~ @ NAR 0<y<—2x.

Next we get the linear system of equations

—2x
Ci(x, y) + / dz e(z~y)ABCél(x, ) = ...e—(2x+)')AB;
y

. y
Crx,y) + / dze994ABCC(x,7) = —e'B,
0
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where 0 < y < —2x and C‘,(x, y) = Ci(x, —2x — y). We then get the system of
differential equations (2.6) where C;(x, 0%) = C;(x, (—2x)™) = —B. Hence

I:Cl(x,)’) _£|:h11
(2.9) ~ — eV
Ci(x,y) hy |
where
€] (21 ][ M 00] 1ol .
= + X

0 I hy o1 |oo]°

hi ~B

hy B —B '

Now note that the matrix [e2*€];; is nonsingular; otherwise one could construct a
nontrivial solution of the homogeneous counterpart of (2.8), which would contra-
dict Corollary A.2. As aresult,

by [0 [0 1] | [ -B
by | 0 I -B|

Consequently,

Bi(x,0%) = CCi(x,0")

(2.10)

_ _C[I 0] [ [e2x8]l—ll _[eZXE]l—ll[eZXE]IZ] [1 ]B
0 I I

=~} d — [ 11)B, 7).
Using (1.5) we finally obtain for x <0

Q(x) = 41T HIEP 111 [ €17 (1 — [€2€112) + [EeP4112}B, v).
2.11)

When R(k) is analytic in C™ and hence the matrix A in (1.6) has its eigenvalues
in the open right half-plane, the situation is somewhat more complicated. For
x > 0, Q(x) is given by (1.11). For x < 0 we define C;(x, y) as in (2.2), and
derive (2.3) and the integral equation

1)
Cix,y) — / dz e~ @+ tDABCC (x, 7)
max(0,—2x—y)

(2.12)

{e'(z"”)AB, y > —2x

0, 0<y< —2x.
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Since Cy(x, y) = e~ @Ay (x) for y > —2x, we obtain

~2x
Cl(x,)’)—/ dze~EHHIABCC)(x, 2)
—~2x—y

= e 'ADw(x), 0<y<—2x,

where D is given by (1.13). Putting Cix, y) = Ci(x, —2x — y) we find

y -
Cix, y) — / dze@VABCEIx, 2) = e D),
0

e(zx”)A’Dw(x),

~2x
Ci(x,y) - / dz eV 94BCC(x, 7)
y

implying (2.6), where C;(x, 0%) = C;(x, (~2x)™) = Dw(x). We thus get (2.9),

where
I 0 h =|IO+OOer£
[e€Ta1 (%] ha 00 01
hy Dw(x)
hy | | Do) |

Now note that the matrix [ez"g]zz is nonsingular; otherwise the homogeneous

counterpart of (2.12) would have a nontrivial solution, which would contradict
Theorem A.1. In that case

hi 1 0 1 Do)
|| 12151 11y | 1]

Consequently, B;(x, 0%) = CC(x, 0%) = Dw(x), where
w(x) = Ci(x, (=2x)7) =k + B = [e¥°13, (I ~ [e¥*121))Dw(x) + B.
As aresult, we obtain forx < 0

Bi(x,0") = Dw(x)=U(x)B
= (I - De¥413) (I — [P 11) ' B;
4U (x)D[e*¢15;)
(£ 10l 15, (I — %€ 1a1) + (X €10 U (1),

(2.13)
Q(x)

where U(x) = (I — D[e¥€]3, (I — [¢¥€1110))~" is nonsingular; otherwise a
nonunique w (x) may result.
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We now present two illustrative examples.

Example 2.1 Let R(k) = i§ /(k + in) where n > 0and 0 # £ € [—n, n). Then
Q(x) = 0forx > 0. Moreover, A = [—n], B = [§] and C = [1]. Further,

-n —§
5 - [ } ’
£
so that £2 = y2I with y = \/n2 — £2. Using the identity

E cosh(yy)I + E, O0<ll<n

sinh(yy)
Y
I+y¢E, §=-—n,

we getfor0 < |&| < 7

cosh(yy) — sinh}fyy) i sinh)fyy)

sinh(yy) sinh(yy)
Y

Y€ =

3 — cosh(yy) +1n

l—ny ny ] -
. From (2.10) and using that
-ny l+ny (2-10) g

Ci(x,y) = By(x, y) when x < 0, we get (2.9), where

and for &§ = —p, e =

cosh(2yx) — nsinh(Zyx) ¢ sinh(2y x) [ Iy ] [ ¢ :|
Y 4 = R
0 1 ha =

and therefore, as By(x,0%) = hy, we getfor0 < || < nandx <0
—&[y — & sinh(—2yx)]

Bi(x,0%) = ’
1 (x ) y cosh(—2yx) + nsinh(=2yx)
§ + ncosh(—2yx) + y sinh(—2yx)
= 4&y2 — 288,
Q0x) 4 [y cosh(=2yx) + nsinh(=2y x)]? F00)
where 8(x) is Dirac’s delta function. For £ = —n we get h; = hy = n and

By(x,0%) = n, so that Q(x) = 2n8(x).

One may also compute B,(x, y) from (1.4b), using the fact that (1.4b) has a
separable kernel when x < 0. As a result, we obtain

2kye Y V-2)
oty —erx
We find the same potential Q(x), because By(x, y)+ B,(x, y) =n—y forx < 0.

B, (x, )
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Example 2.2 Let R(k) = £n?/(k* + %) where n > 0and 0 # & € [—1, 1) and
bound states are absent. Then

0 1 10
-A= ! s Bz_ﬁ s C:[l 1]3 D=—§- ’
0 —1 2] -1 4100

while ﬁ(z) = (n/2)e” "2l For x > 0 we easily solve (1.4a) and obtain

_2577 e—(2x+y)n _32‘,3”2 —2xn

By(x,y) = dtneZn Q(x) = GrEe 2

Letting E24 be the matrix obtained from the 4 x 4 unit matrix by interchanging
the second and fourth columns, we obtain

1 E/2 &/2 0
£2 1 0 g2
ExEEy =T =1 / ,
-§/2 0 -1 -§)2
0 -§/2 -§/2 -1

so that E&2Epq = n*[Sg @ S¢ 1, where Sz = [ ; f ] Then

Eue’*Ex = [cosh(ynS;”*) @ cosh(yns;'*)]
(2.14)
+isinh(ynS,'*) @ sinh(yn sy IS, @ S; 1T,

where fora; = /1+E&,bg =+4/1—Eand j =0,1,2,...

J Jopi J

- _
E ST =

2 j J Iph | pi _d a0 )
. T | 11 11
Applying the similarity vAURRE, ® 11 to (2.14), we find

Tin+Taya Tiu—Tu Ti3—Toa Tiz+ T

e _ 1 Tin—Tas Tu+7Tus Tis+ Ty Ti3— T
T 2| —Tiy4 Ty —Ti3— T Ts+Tp Ts—Tn |

—T3—T4 —Ti3+Tu T3 -T2 T3+ T
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where
inh sinh(ynb,
= COSh(MaE) + (1 + g) una—s), Tag = COSh(ynbg) - (1 _ é) l_ Om E)’
2} 2) " b
sinh(ynb, sinh
{ Ty =cosh(ynbg) + (1 - g _I_M‘ T33 = cosh(ynag) — (1 + é i ()"laE);
2 b 2 ag
_ & sinh(ynag) S sinh(ynbg)
{ B= 2 ag ' n= 2 bE ’

and the y-dependence has not been written. Using Q4 = diag(1,0,0, 1) and
I — Q4 = diag (0, 1, 1, 0), we obtain the invertibility of the matrix

Qu+ (I — Qg™
(2.15)
1 0 0 0

LT - Tw) YT+ Tas) 3(Tis+Taa) 5(T13 — Taa)
L(=Ti3 + T) —3(T13+ Ta) LT3+ Tn) 3(T3 — Tn)
0 0 0 1

where T;; = T;j(2x), because the determinant of the 2 x 2 middle block

1 inh(2x7nag) sinh(2xnb
Ax,n,§) = 3 [COSh(anag)cosh(zxnbE) + sinh(2xnag) sinh(2xn é)] >0

ag bg

Writing [S(x, n, S)]ﬁ j=1 for the inverse of the matrix in (2.15), we obtain

Bi(x,0")=[11]
[Sll(x,n,§)+513(x,n,§) Slz(x,n,’s’)+514(x,n,§)][[h(x)]l]
3106, 1, &) + 5330, 1, E) Saa(x, 1, ) + Suax, 1, 8) | [ 012 |

where h(x) = Dw(x) — P{B. Since S11 = 1and Si2 = S13 = S14 = 0, we get

Bi(x,0") = —% (1 + S21(x, 0, ) + S3(x, 0, §)) [wx)]1
—% (S22(x, n, &) + S24(x, 1, §)),

where it suffices to compute the first component [w(x)]; of w(x). Then Q(x) will
follow using (1.9) for x < 0. Since R(k) = o(1/k) as k — 00, there will not
be any delta function terms in the potential [15]. We omit the rather cumbersome
computation of [w(x)];.
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3 Solution of the Inverse Problem with Bound States

A. Preliminaries

Let the (simple) poles of T (k) occur at ik ;. let the corresponding residues and
bound state constants be ¢; and ¢; (j = 1....,N), and let k1 > -+ > k.
Considering T'(k) on the positive imaginary axis where T(k) — 1 as k —
+ico, T(k) = T(~k) € Rand —itj = lime, (k — k;)T(ix), we see that
(—l)j”l(—itj) > 0, since for every pole ik, « j is asignchange of  +> 1/T (ik).
Further, fi(ikj,x) = e™/* 4+ o(1) as x = +00, f,(ikjx) = €% + o(1) as
x = —00, ¢; = fr(ikj, x)/fi(ikj, x) and the fact that fi(ix;,x) has j — 1
simple zeros (which follows from the usual cscillation theorems [14]), imply that
(-1)/-1¢ j > 0. Consequently,

(3.1) djz—itj(,‘j>0, j=l,...,N.

B. Marchenko Equation for Reflectionless Potentials
When R(z) = 0, (1.4a) reduces to

N
Bi(x,y)=—)_ dje” @1 4 u;(x)],
j=1
where
o0
ujx) = / dze " Bi(x, 2);
(3.2) 0

e—2xxj

N
-y 4 . i=1...,N,
P R

We now easily see that (d je“z"f [ (ki + K j)){.“é=1 is similar to the real symmetric
matrix M (x) with entries

\/d_i?ge——(x,--}—xj)x
M(x)]jj = ————.

Ki +Kj

PR —
On
<
+
o,
o
|
(S
=
\_K
[——
«
()
—
=
N’
I

This matrix is positive semidefinite, because for every & = (1,...,&n) € NV

o |N 2
(M(x)§, &) = f dz Z Ei\/d_’,e—xi(z-i-x) > 0.
0 i=1 ~

Hence (3.2) is uniquely solvable and

N
Bi(x,y) = ) Jdidje™ e~ I (1 + M(x))™;.
i,j=1



Exact Solution of the Marchenko Equation 255

Consequently,
N
o) =2y d,-dje‘<“f+“f>x+[(x.~+xj)[(1+M(x»—‘1ij
ij=l1

+ [(1 + M(x)~! (iM(x)) I+ M(x))“] I
dx “}‘

C. Formalism and Solution of the Marchenko Equation

The integral kernel function S‘l(z) can be written in the form (1.14), where A, B
and C are given by (1.15), f = [B —di... —dn]T and ¥ = [y1...1]7, and
dy, ..., dps are positive constants [cf. (3.1)]. Then
PO=PPolov, PO =P @0cn.

We define D as in the statement of Theorem 1.2. With these definitions, one can
repeat Subsections 2.c and 2.d when there are A bound states, where A, B, C, D,
B and y are to be replaced by A, B,C, D, 5 and y, respectively. As there is no
conceptual problem, it will not be discussed at great length.

We limit ourselves to a few remarks. Instead of (1.8), we now have the Marchenko
equation

o
Bi(x,y) - / dzCEQx +y+z; —A)BB(x,2)
0
3.3) . .
=CEQ2x+y;—AB, y>0,
where the potential Q(x) follows from (1.9). When x > 0, (3.3) has a separable
kernel and its solution B;(x, y) and the corresponding potential Q(x) are given in
the statement of Theorem 1.2. On the other hand, when x < 0, the solution of (}.3)
fpr y :v0+ is given by (2.7), where A, B, C, and D are to be replaced by A4, B,
C, and D, respectively; these replacements are also to be made in the expressions
for £ [thus converting (2.1) into (3.4) below], Q 4 and w(x). The potential Q(x)
follows by applying (1.9). When x < 0 and R(k) is analytic in C~, the solution
of (3.3) for y = 0" and the potential Q(x) are given by

Bi(x,0%) = (I - D151 — (&€ 1))~ B;

Qx)

4U (x)D(e** 1,
{[Ee™E1nle* ], (I — [e¥4Ta1) + £ 1)U ()5,
where U(x) = (I — ﬁ[ez"é]gzl(l —[e¥€1,)) s nonsingular. Here

. [ A -BC
(3.4) E=| .. .|
B¢ -A
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When x < Oand R(k) is analytic in C™, one does not find an expression analogous
to (2.11), because A4 has eigenvalues in both the left and the right half-plane.

Appendix A. Well-posedness of the Marchenko Equations

The main result of the Appendix is well-known [16, 18]. We give a short proof.
Forreal p € LY(R™), define

;1)) = fo dzp(y +2)f @)

Then £; is a compact operator on each of the Banach spaces LP(R*) (1 <
p < +00) and on BC([0, 4+-00)), the space of bounded continuous complex-
valued functions on [0, +00) with supremum norm. Moreover, £ 5 Maps L®RY)
into BC([0, +00)). Let Hfh’ (R) be the closed subspaces of L?(R) consisting of
those LP-functions that have an analytic continuation to C* (cf. [25]). Then
HY P(R)y® HP(R) = LP(R) (1 < p < +oc), where the direct sum is orthogonal
when p = 2. Letting r(H) H:t (R) = L%(R) denote the natural embeddings and

(H) : LY(R) — Hi(R) the orthogonal projections, (Fh)(k) = ffooo dt é* h(r)
the Fourier transform, and (Jh)(k) = h(—k) the sign inversion, we have on
L?(Rt)

L =F 2l im,: P F,

where (M h)(k) = p(k)h(k) is the operator of multiplication by p(k) = ff°oo
dt e=*¥ p(t). By Nehari’s theorem [30, 31],

(A.1) 125] 2+ = uefi;gm) lp — tlloo-

The following result implies the unique solvability of the Marchenko equa-
tions (1.4a) and (1.4b) on a variety of function spaces.

Theorem A.1 On the Banach spaces BC([0, +00)) and LP(R*) (1 < p <
+00), the integral operators with real symmetric kernels S;(2x + y + z) and
Sr(=2x + y + z) have their eigenvalues in the interval (-1, +00).

Proof: Withoutbound states, | R(k)| < 1for0 < k € Rand R(0) € [—1, 1) imply
that [R(k) + €| < 1 for k € R for some suitable ¢ > 0 not depending on k. Then
(A.1) implies that L is a strict contraction on L%(R"). Since d,, ..., dy > 0,
the integral kernel with kernel Y™V =1 dje i B+ s positive selfadjoint on
L2(R*). Hence, when bound states are taken into account, L has its eigenvalues
in (—1, +00). The proof for ES is similar.

A simple Fredholm argument yne]ds the same results in any of the other function
spaces mentioned above. O
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Corollary A.2 Let ¢ > 0. On the Banach spaces L? (0, ¢) (I=<p=< +00) and
IAQC ([0, c]), the integral operators with real symmetric kernels S;(2x + y + z) and
Sr(=2x + y + z) have their eigenvalues in the interval (—1, +00).

Proof: Let 7, : L%(0,c) — L2(R%) denote the natural embedding and 7, :
L2R*) - L%(0, ¢) the orthogonal projection. Then these integral operators
can be written as 7w L 5% and 7. L 5, Tos respectively, and hence when adding the
identity one gets positive selfadjoint operators.

A simple Fredholm argument again yields the same results in any of the other
Banach spaces of functions on (0, ¢). a
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