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ANALYTIC OPERATOR FUNCTIONS WITH COMPACT SPECTRUM.
I. SPECTRAL NODES, LINEARIZATION AND EQUIVALENCE

1) 2
M.A. Kaashoek, C.V.M. van der Mee /, L. Rodman )

This paper arose from an attempt to classify analytic oper-
ator functions modulo equivalence in terms of their lineariza-
tions and to use the linearigzation as a tool to obtain spectral
factorizations. In this first part spectral linearizations and
spectral nodes are introduced to provide a general framework to
deal with problems concerning the uniqueness of a linearigzation
and the existence of analytic divisors. Two analytic operator
functions W, (.) and W, (.) with compact spectrum are shown to have
similar spectral llnearlzatlons if and only if for some Banach
space Z the functions W;(.) @ I, and W,(.) @ I, are equivalent.
In parts II and III of this papéer spectral nodés will be used
intensively to deal with a number of factorization problems. In
particular, in part III for Hilbert spaces and bounded domains a
full solution of the inverse problem will be given, which will
be used to construct spectral factorizations explicitly and to
solve the problem of spectrum displacement.

0. Introduction

First let us recall some known notions and facts concerning
equivalence and linearization. Let © be an open set in {, and
let Wy ¢ @ » L(Yy) and W, : Q@ » L(Y,) be analytic operator-valued
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functions. Here L(Yi)’ <+ = 1,2, stands for the Banach algebra
of all (bounded linear) operators acting on the complex Banach
space Y. The functions W; and W, are called equivalent on if

Wi(a) = EQOW(MF(A) , 2 e @,

where E;(A) : Y, » Y, and F()) : Y, + Y, are (two-sided) invert-
ible operators which depend analytically on x ¢ @. (In this
case Y, and Y, are necessarily isomorphic.) A (bounded lineary
operator T: U + U, where U is a Banach space, is called a line~
arization of the analytic operator function W: @ » L(Y) if for
some Banach space Z the operator functions W(A) ® I, and AI, = T

Z U
are equivalent on 9. Here I, and I, stand for the identity

operators on the spaces 2 ang U, regpectively. The operator
function W(.) @ I, will be referred to as the Z-extension of W.

A systematic study of the problem to classify analytic
operator functions modulo equivalence was started in [9,10]1. 1In
these papers the linearization was introduced and proved to be an
important tool in the study of operator functions. Later papers
about linearization ([22,5,181) concerned mainly the existence of
linearization and various explicit formulas for it. In the pre-
sent paper we come back to one of the main themes of [9,101].

Can linearization be used to classify operator functions up to
equivalence and extension? In general the answer is no. A given
analytic operator function may have many different non-similar
linearizations. Nevertheless for operator functions with compact
spectrum the problem has a positive solution provided spectral
linearizations are used.only.

Let W: @ » L(Y) be an analytic operator function, and assume
that the set

(0.1) (W) = {x ¢ @ | W(2) is not invertible}

is a compact set of Q. We call the set I(W) the spectrum of W
in Q. An operator A: X » X, where X is a Banach space; is said
to be a spectral linearization of W on Q if the spectrum o(4) of
the operator 4 is a subset of @ and for some Banach spaces Z; and
Zland (AIX - 4) @ IZ2

equivalent on Q. A spectral linearization of W always exists

Z, the operator functions W(1) & T are
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provided the spectrum f(¥) is compact, and if Y is a Hilbert
space, then the domain of a spectral linearization can be chosen
to be a Hilbert space too.

The linearizator, introduced and studied in [20], is an
example of a spectral linearization. If W(A) = Z§=O /
monic (i.e., its leading coefficient AK is equal to the identity

Va4, is a
J

operator I) operator polynomial, then its companion operator

(o I 0 ... 0]
0 0 I ... 0
(0.2)
0 0 0o ... I
L ~40 A1 4 “Ap_1

is a spectral linearization of W on § (see [12, 13, 14] for more
details). A Hilbert space contraction 7 with spectral radius
less than one turns out to be a spectral linearization of the
7 on the open unit disc, where o is the
Sz-Nagy-Foias characteristic operator function of T (ef. [28])

holomorphic function Ue

and U is a suitable fixed unitary operator.

Spectral linearizations classify analytic operator functions
with a compact spectrum up to equivalence and extension. This is
the contents of the next theorem, which is one of the main re-
sults of the present paper.

THEOREM O.1. Let Wi,W, : @ + L(Y) be analytic operator
functions with compact spectra. Then there exist Banach spaces
21 and Zy such that Wy(A) & Iz, and Wp()) @ IZ2 are equivalent on
Q 2f and only ©f W, and W, have similar spectral linearizations.

In particular one sees that for a given operator function
the spectral linearization is uniquely determined up to simi-
larity. In other words we have the following corollary.

COROLLARY 0.2. Let X, and X, be Banach spaces, and let
T, « L(Xi), < = 1,2. Then for some Banach spaces 7Z; and Z, the
functions (AIX1 - T;) ® IZ1 and ()\IX2 - Ty) @ IZ2 are equivalent
on an open set containing the spectra of T and T, if and only
i1f T, and T, are similar.

In case 27 = Z, = 0 Corollary 0.2 was proved in [25]1, but
the method used in [25] 1s not strong enough to obtain Corollary
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0.2. The similarity referred to in Corollary 0.2 will be de-
scribed explicitly in terms of the operator functions that give
the equivalence between (kal- T1) P IZ1 and (AIXZ— Tz) » Izz'
Theorem 0.1 is proved in this paper as a corollary
of a general theory of spectral nodes. Let 2 be an open set in
¢, and let W: @ - L(Y) be an analytic operator function with
compact spectrum in Q9. A quintet 6 = (4,B3,C;X,Y) is called a
spectral node for W on @ if X is a Banach space,

4: X » X , B: Y » X, c: X ~ Y

are (bounded linear) operators and the following conditions are
satisfied:

(P) o(4) < 2 ;

1

(Pz) w(\) T - c(aI —A)_lB has an analytic extension on Q;

(P) w(x) c(ur -4)"! has an analytic extension on o ;

5=0 Ker c4? = (0)

(P,) N

The operator A will be referred to as the main operator of the
spectral node 9. ]

The notion of a spectral node is a natural generalization
of the notions of standard triples and T-spectral triples for
operator polynomials, which have been introduced and studied in
{12, 13, 14, 16, 27]. On the other hand, spectral nodes are
related to realizations for analytic operator functions (cf. [3],
Section 2.3; also [11], Section III.1).

Linearization theorems of [10] are used to establish the
existence of spectral nodes. Spectral nodes for a given ¥ are
unique up to similarity, i.e., if (4,,B,,C;X,,7) and (4,,B,,C,;
X,,Y) are spectral nodes for ¥ on @, then

-1

=571 - -
4y = 57ta,s, ¢y =C,5, By =5 "B,

for some invertible operator 5. Furthermore, we show that the
main operator in a spectral node is a spectral linearization of
¥ on @, and, conversely, every spectral linearization of W on @
is the main operator in some spectral node for ¥w. ©Note that
these properties already prove Corollary 0.2.
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In part II of this paper the connection between the invari-
ant subspaces of the spectral linearization and analytic divi-
sors will be explained. As applications the stability of spe-
tral factorization will be proved and necessary and sufficient
conditions will be obtained for the existence of Wiener-Hopf
factorizations in terms of the moments of w~! (cf. [271, also
[11], Section III.,1). In part III for Hilbert spaces and bounded
domains the main inverse problem will be solved completely, and
this will be used to construct spectral factorizations explicit-
ly without using the cocycle theory (see, for instance, [15]).
Furthermore, in part III the problem of spectrum displacement
will be solved and we give applications to the theory of charac-
teristic operator functions.

Let us now describe the contents of the various sections of
this first part. In Section 1 we prove the uniqueness of spec-
tral nodes. In Section 2 a calculus of spectral nodes is deve-
loped which is comparable to the operational calculus for ope-
rators. Explicit formulas are given for the spectral nodes of
a product and a direct sum of two operator functions. The con-
nection between the spectral nodes for an operator function ¥
and the spectral nodes for an extension W(-:) ® I, is described.
Also, in this section, we describe the effect on the spectral
nodes of a number of standard operations on operator functions,
such as taking duals, applying Mébius transformations (cf. [3],
Section 1.5) and passing to the hull of an operator function.

In Section 3 the existence of spectral nodes is established and
the connection with linearization is described. In Section 4
spectral nodes are characterized in terms of invertibility of
operator matrices of the form

Fa-r =B
c . B rE Q

As a corollary we obtain that the main operator of a spectral
node is a spectral linearization. Further, we give necessary
and sufficient conditions in order that the quintet (4,B3,0;X,Y)
is a spectral node for an analytic function ¥W: @ » L(Y¥) such
that ¥#{1)"! has an analytic continuation outside z(W%) including



Kaashoek et al. 509

the point «, and we show how in that case the function may be
reconstructed from the spectral node. In Section 5 we prove

Theorem 0.1 mentioned above. Further, in this section,

for separable Hilbert space we give a complete description of
the minimal extensions that are needed to make equivalent two
operator functions that have similar spectral linearizations.

We conclude with a few remarks about notation and termino-
logy. We use the symbol ¢m to denote the Riemann sphere { U {=}.
By a bounded Cauchy domain A we mean a bounded open set in ¢
whose boundary consists of a finite number of disjoint, closed,
rectifiable Jordan curves that are oriented in the positive
sense. If g is an open subset of ¢ and o a compact set in g,
then one can always find a bounded Cauchy domain A such that
g cAchcq (see [24], Section 148). The symbols ¥, ¥, 2
denote complex Banach spaces. The Banach space of all (bounded
linear) operators between X and Y is denoted by L{X,¥); if Xx=17,
we write L(Xx). Throughout this paper ¢ is an open subset of ¢,
and

W e > L(7)

is an analytic operator function whose spectrum z(¥), which is
defined by (0.1), is a compact subset in @. All operators are
assumed to be bounded and linear. .

Acknowledgement: We are grateful to I. Gohberg for several
useful and stimulating discussions on the subject of this paper.

1. Uniqueness of Spectral Nodes

In this section we show that for a given analytic operator
function spectral nodes, whenever they exist, are unique up to
similarity. First we derive the dual of Condition (P,) for a
spectral node.

PROPOSITION 1.1. I1f o = (4,B,C;X,Y) is a spectral node for
W oon @, them (A - 4) 1BW(X) has an analytic continuation to Q.

Proof. Let A be a bounded Cauchy domain such that
o(4) €< A ¢ & ¢ 9. We have to show that for each y ¢ v

" -4) "B (A) - -
¢(2) —rJaA Y ydh = 0  (z e o\ &).

271
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Put #(3) = w(x) ! - ¢c(x-4)"1B, » € @\ z(W). Note that & has
an analytic continuation to @ (cf. Condition (P,)), while

(1.1) c(x ~4) Bw(x) =1 - E(AO)W(A).
By induction one proves that

n _ 1 AV (G-4) B () -

A (2) = s JaA ey ydr (z €9\ A, nz0),
It follows that for each z € Q\ A
n ! V- F ()] - >
ca () = T f P ydr = 0 (n=z=0)

Using (P,) one sees that ¢(z) = 0, z €0a\ A. o

THEOREM 1.2. For < = 1,2, let 6, = (Ai’Bi’ci;Xi’Y) be a
spectral node for W on Q. Then there exists a unique invertible

operator S: X, » X, with the property that

(1.2) c,8 =

) ,» A,S =S4, B, =3B

2 1

The similarity S and its inverse S ! are given by the formulas

(1.3a) s = (2ni) "1 LA (X~A2)‘1B2W(A)CI(A-A1)'1dA ;
(1.3b) s-1= (Zni)‘lf (A-4) 1B () C,(h-4,)"tdr
3A

where A 18 a bounded Cauchy domain such that (O(Al) Uo(4,)) ¢ 4
A C Q.

Proof. Let T be the operator defined by the right-hand
side of (1.3b). Note that the definition of 7 and § does not
depend on the particular choice of the Cauchy domain A. There-
fore we choose a bounded Cauchy domain 4’ such that 4 ¢ &4 c &'
c AT ¢ 9. Then

rs

it

(278) 1 (u-4,) "', W) C, (u-4,) 'sdu
SA T 1 1 2

oy 2 [ (] ea e e, i) T 0ma ) T
3a’ 9A

-1
© B0, (-4,) | du

We use the resolvent identity to rewrite the integrand as
-1
Al -
N Bzw(x,cl(x Al)

(u-dy) B Cy(u-a,)” T -
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-1
(u-2 )78 WOIC, 1

(A-2,) "' (e, (A-4))7
A-u

Observe that for a fixed u € 3A' the first term is analytic in
A on A. It follows that the double integral of the first term
is zero. To integrate the second term we interchange the order
of integration. By Proposition 1.1 the function (u—Al)'lBlw(u)
is analytic on 9. It follows that

g = (27¢) * J (A—Al)-lBIW(A)CZ(A~A2)-lew(A)Cl(A—Al)-ldk.
3A :

Now we use formula (1.1) together with Condition (P3) and Pro-
position 1.1, and get
75 = (2mi) * J (x-Al)'lBlw(x)cl(x-Alj'ldx.
3A
For n =2 0 we multiply by the operator CIA? from the left, apply
the formula AI(A—AI)'l = x(A—Al)'l— I and make use of Condition
(P3) n times. For n = 0 this yields
c,a%rs = (2n) " J Ao (-4 B WO (-4 T han.

A
Finally we apply formula (1.1) and Condition (Pa) once again and

get
ClA?TS = 01-(2ﬂi)_1 J x”(A-Al)"ldx s n=0
3

As 3A encloses 0(41), we eventually get

n

1 s nz0

¢, 4rs = c A
Now we use Condition (P,) and conclude that 75 = IXl. In the
same way it is shown that 7S = Iy . Hence, S is invertible and
57t =, 2
e To prove (1.2) we use arguments exposed previously, namely
formula (1.1), Proposition 1.1 and Condition (P3). For instance,
denoting #,(3) = w(r)-1 - C?_(A-Az)’lB1 we have

€,5 = (2mé)"} f CZ(A—AZ)‘lew(x)cl(A-Al)'ldx =
3d
- (Zni)-lLA c,(x-4) -(zni)'lLA 2,(OW(AC (A-4)  Tan.

Because of (P,) the second integral vanishes, and the first one
equals e
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Finally, the uniqueness of the similarity is immediate
from Property (P,) and Eqs. (1.2). o

COROLLARY 1.3. If 6 = (4,B,C;X,Y) T8 a spectral node for
Won Q, and & is a bounded Cauchy domain such that o(4) ¢ & ¢ B

< Q, then
(2r2) "} j (r-4) "B\ c(r-4) "tdr = T, .
X
34
Proof. Apply the previous theorem for &, = 8, = 6, and
remark that the similarity obtained is unique. o

Two spectral nodes 6, = (A1’51’C1;X1’Y) and 8, = (4,,8,,C,;
X,,Y) are said to be similar if there exists an invertible
s X, >, such that formula (1.2) holds true.

THEOREM 1.4. Two analytic operator functions W,, W,:
2 -+ L(Y) with compact spectrum have similar spectral nodes on
0 if and only if the function W ()71 - Wz()\)'l has an analytie
continuation to Q.

Proof. Suppose that for ¢ = 1,2 the quintet 6, = (Ai’Bi’
Ci;Xi’Y) is a spectral node for Wi on @, and assume that 6,
and 6, are similar. Then there exists an invertible §: X, - X,
such that ¢,8 = ¢, 4,5 = S4, and B, = SB;. Then the function
WI(A]'I - WZCA)‘l = v, (A1 - CI(A~A1)'1BIJ - [WZ(A)'l -
¢,(x-4,)71B,1 has an analytic continuation to Q.

Conversely, assume that W](A)“l - W,(3)"! has an analytic
continuation to @, and let & = (4,5,C;X,Y) be a spectral node
for ¥, on Q. Obviously, W,(x)-! - ¢(x-4)-!B = [w;(A)-} -
c(r-4)"1B] + [W,(x)~! - w,;(x)"!] has an analytic continuation
to @. Further, the function ¥W,(M)c(x-4)"1 = w (M)c(r-4)"1 -
wz(x)[wz(x)'l - WI(A)'1]W1(A)C(A—A)'1 has an analytic continua-
tion to @. So Properties (P;) - (P,) hold true for the node
and the operator function ¥,. Hence, & is also spectral node

for W2 on Q. o

2. Calculus of Spectral Nodes

In this section a calculus of spectral nodes is developed.
In the next section these results will be used to construct ex-
plicitly a spectral node for a given analytic operator function,

starting from linear functions. First we derive a lemma that
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will play an essential role in what follows.
LEMMA 2.1. Assume that for the quintet (4,B,C;X,Y) the

properties (Pl)’ (Pz) and (P3) hold. Let x be an element of X
such that C(X—A)_l
Then C(X-A)_lx = 0 for all x £ o(4).

Proof. Write A(A) = C¢(r-4) 1z, » £ o(4). Let A be a
bounded Cauchy domain such that o(4) ¢ A ¢ & ¢ 9. It suffices
to show that 2(x) = 0 for X £ A. Let U be the unbounded con-
nected component of ¢ \ &, and let &,,...,4 be the connected

x vanishes on a neighbourhood of infinity.

components of A. The closure of U has points in common with 4.
Assume hg € TN Kl. As n(x) vanishes on U and % is analytic
outside o(4), the function % vanishes on a neighbourhood of A,.
But then the same is true for Wh. According to Property (Pj)
the function ¥k has an analytic continuation to ©. Because 4,
is connected, Wh is zero on Kl. From Property (Pz) it follows
that (W) < o(4). So we may conclude that % vanishes on 3h .
But this implies that % is zero on the unbounded component of

¢m A\ '6 Kj’ and we can repeat the argument. Proceeding in this
way w%=obtain h = 0, and the proof is complete. o

In the same way we can show that, if ¢(A-4)-!z vanishes on
some non-empty open set in the complement of o(4), then the
vector C(Ar-4)"lx = 0 for all A-ﬁ a(4).

THEOREM 2.2. For 2 = 1,2, let Wei o= L(Y) be an analytic
operator function with compact speectrum, and let 6, = (Ai’B 205
Xi,Y) be a spectral node for W, on Q. Put

A, Blcz} L

0 4,

(2.1) 4 =

I
N c=[c1 q 1,
2

where the operators R and § are defined by

_ . -1 -1 -1 -1

R = (2%1) LA (A-4y) "Byiw,(\) - C,(x-4,) "B,}dx ;
_ .y -1 -1 -1 -1

g = (2w1) LA{WI()\) - 0y (x-4)) Bl}Cz(A-AZ) dx

Here A is a bounded Cauchy domain such that (a(4;) U U(Az)) c A
A C Q. Then (4,B,03X, ®X,,Y) ie a spectral node for W = W,W
on 9.

271
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Proof. Since o{4) ¢ (G(Al) U U(Az)) it is clear that Pro-
perty (Pl) holds. For i ¢ (c(Al) U o(Az)) we have

! (X—Al)-lBlCz(k—Az)-lJ

(-2) 7' = l-(A‘Al)-
0 (r-4,)"1

It follows that for X ¢ (G(Al) € o(AZ)]

1

1B2 + Q(x-4,)"'B

-1, -1 -1 RS
c(r-4) "B = CI(A-AI) R+—CI(A—A1) Blcz(x Az) .
Take w € o\ A. Using the resolvent identity and Property (P,)
for ¥, and ¥, we compute that

A R I AV NS
A

-1
Cl(w-Al) R

Qw-2,)"'B, = (zni)‘lj (w-2)""g, W, ()
aA
. = = -1 - - -1
where for < 1,2, Hi(k) Wi(x) Ci(x Ai) Bi' It follows

that the functions

1

-1 = -
W) TTE,(N) - 0 (A TR, B ()W, (0) L

1 -
- q(x-4,) B

have an analytic continuation to Q. Now

1 1

W) T - e- e = w0 T, (0 T - - B

1 1

-1
-Q(r-4,)7'B,} -

= 7, ()7, 00 - () TIRY ¢ 1 ()W, () ,

Hl(A)HZ(A), X € QN (o(Al) U c(AZ))

This shows that w(A)-! - ¢(ix-4)-1B has an analytic continuation
to @ too.
To derive (Pa)’ we first note that for w € @ \ &
Q-4,) "1 = (2ri) 7} J w-2)"tE (Ve (h-a,) Tan
3A
This implies that Hl(A)CZ(A-AZ)'l - Q(A-AZ)'l has an analytic
continuation to 9. Now

W(A)C(A—A)_l

vy, v, (1,
where

W, 007 (A (a-a) 7

v, ()

- -1 -1
v,(0) = w,(0)c, (r-4)) L+ w(nier-4,) - B, (00,407 ).



Kaashoek et al. 515

This implies that W(X)C(X-4)-! has an analytic continuation to
%, and hence Property (P3) holds true. )

Finally, to prove (P,), take = = (x,,x,) ¢ ‘EO Ker 47,
Then C(A-4)~lx vanishes on a neighbourhood of infinity. Using
Lemma 2.1 we conclude that ¢(x-4)"lz is zero for 2 £ o(4). Take
A €\ (o(Al) Uo(4,)). As c(x-4)-1z = 0, we have

-1 -1 -1 -1 =
Cl()"Al) X, * Cl(A-Al) BICZ()\—AZ) z, + Q(X—Az) x, = 0.

Multiplying from the left by w,(}) and rearranging terms we get

1

- 1
C,(r-4,) "=

, = W ) (x-4)) Txy *

b og(r-4,) s,

W (D LE (M) C, (h-4,)"
In this identity the left-hand side is analytic outside G(AZ),
whereas the right-hand side has an analytic continuation to Q.
By Liouville's theorem we have Cz(A—AZ)'le = 0 outside c(Az),
and therefore =, = 0. But then Cl(A-Al)'lac1 = 0 on a neighbour-
hood of infinity, and therefore z, = 0. Hence =z =0, and Pro-
perty (Pq) has been established. o

If for ©7 = 1,2, the function W;l has an analytic continua-

tion to ¢_\ Z(Wi)’ then it is clear from Property (P,) and
Liouville’s theorem that for < = 1,2

W, (0 - D, *+ C.(x-4.) lBi
for some bounded operator D,: ¥~ ¥. Applying the previous

theorem one sees that in this case the node

Al BICZ]

_0 4,

2}, e, D0, 1; x,82%,,Y
2
is spectral node for ¥ = W,¥, on @. In the terminology of [3],
Chapter 1, the node 8 is the product & = 6,8, of the nodes s,
and ¢,.
A result similar to Theorem 2.2 has been provided in [12]
in the framework of operator polynomials (see also [2, 261).
THEOREM 2.3. Let 6 = (4,B,C;X,Y¥) be a spectral node for W
on Q, and let E(A) € L(Y) and F(A) € L(Y) be invertible opera-
tors that depend analytically on A € Q. Put
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1

Vit dx

; (2n8) "} jaA(A—A)_lBE(A)_

(2ni) 1 j F(A) “ro(r-4) "t
A

where A is a bounded Cauchy domain such that o(4) ¢ A € A < Q.
Then (A,RE,QF;

Proof. Remark that (0,0,0;{0},¥) is a spectral node for
both £ and F on @. Now apply Theorem 2.2 twice and identify

9

X,Y) 4s a spectral node for EWF on Q.

the new space {0} @ ¥ € {0} with the original space X. o

THEOREM 2.4. for ¢ = 1,2 let ¥, be a complex Banach space,
Wi @ o> L(Yi) an analytic operator funetion with compact spec-
trum and ei = (Ai’Bi’ci;Xi’Yi) a spectral node for Wi on Q.

Then

(4, ®4,,B, ®B,,0, @ Co3X, ® X,,Y, ®7,)

1 1 2271
ig a spectral node for W, ® ¥, on Q.

THEOREM 2.5. Let Y and Z be complex Banach spaces, and de-
note by m and tv the projection of Y ® Z onto Y along Z and the
natural embedding of Y into Y ® 2, respectively.

If (4,B,C3;X,Y) is a spectral node for W on 9, then (4,Bn,tC;
X,Y ® z) i8 a spectral node for W(-) & I, on Q. If [i,é,é;

X,Y ® 2) is a spectral node for W(+) ® I_ on 9, then (4d,Bt,nC;

X,Y) is a spectral nede for W on Q.

Z

Proof. The first part is clear from the previous theorem
and the fact that (0,0,0;{0},2) is a spectral node for WZ(A)=.IZ
on @. Let us prove the second part. Obviously, Property (7))
holds. Since W(A)-nC(r-4)"1 = no(w(2r) & Iz)é(x—l)'l, and
WA~ - al(x-2) 1B = Al @ 1) - c(a-4)"1B]r for
A € 2\ o(d), it is clear that Properties (P,) and (P;) hold too.

To establish the final Property (P,), we assume that for
some x ¢ X the vector function n¢(r-4)-lx = 0 on a neighbourhood
of infinity. As (Pl), (PZ) and (P3) have been established al-
ready, we may apply lLemma 2.1 and infer that wC(a-4) !z = 0 for
A £ o(4). Let us denote by p the projection of ¥ & 2z onto 2
along Y; Put
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1

2O = ) e 1, - CO-A) B, aeaN (W),

Applying o to this identity we see that oC(A-4) 2 has an ana-
lytic continuation to @. But then p&(x—ﬁ)'lé =0, xfo(4).
With the help of Corollary 1.3 we obtain

oC = (21i) * j 08(A-1) 'BIN(A) @ IZJE(A-A)‘ldx =0,
3A

where & is a bounded Cauchy domain such that c(ﬁ) cACACaQ.
So on a neighbourhood of infinity we have C(A-4) lz=tnl(r-4) lz
= 0, and =z = 0 because (P,) holds for (4,3,0;x,712). a

In the next proposition ¢ will denote the Mobius trans-
formation

o)) = (pA+q)(rr+s) ',

where p, g, r and s are complex numbers and ps - gqr # 0. We
consider ¢ as a map from the Riemann sphere {_ into itself.
The inverse map is given by
-1 -
0 1) = (st ) (rr-p) 7t
In analogy with Theorem 1.9 of [3] we have
THEOREM 2.6. Put @ = ¢ [} \ {»}. ILet o = (4,B,C;X,¥)

be a spectral node for W on @, and suppose T =p - r A is in-
vertible. Put

4 = -(q-sA)T_l, B = T-IB, ¢ = (ps—lﬂq)CT-1

Then 6 = (4,B,0;X%,Y) is a spectral node on Q for the operator

funetion
WO = wWle(N)), A €q

Proof. As T = p -rA is invertible, the inverse map ¢-! is
analytic on the spectrum of 4. So ¢-1(4) is well-defined. 1In
fact, ¢ 1(4) = -(g-s4)T-! coincides with the main operator of 6.
By the spectral mapping theorem

oo 1 (4)) = Taed: o(A) €a(A)} ¢ {Aed: o(r) €q} = &,

which establishes (Pl).
A straightforward calculation shows that for all i € @\ ¢(4)

1 'lB .

rCT B+ C(A-2) 7B = cle(X) - 4)
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Since &(A) = W(e(2)), » € Q, we now directly obtain (P,).
Property (P,) is clear from the identity

EA-1)7 = (eate) M(pe-gr)Cle()-A) el

and the fact that r»A + s # 0 for all » ¢ ¢. From the same
identity and Lemma 2.1 it follows that, if J(a-4)"lz = 0 in a
neighbourhood of infinity, then

Cle(A) -4 te =0, Aed\o(d)

Hence, C(z-4) 'z = 0 for all g €a\o(4). Using Property (P,)

for the spectral node 8, we conclude that x = 0. This estab-

lishes (P,) for the quintet 6, and the proof is complete. o
Next we consider a well-known construction for Banach spaces,

which originates from [4]. Let X be a complex Banach space.

We associate with X the Banach space <X> = ¢ _(X)/e, (X}, which

consists of all classes of bounded sequences (xn):=0, x € X

n

(two bounded sequences (x ); 0 and (yn):=0 are in the same class

n
Il

if and only if 1lim Hxn-yn 0), and is endowed with the quo-
7-se0

tient norm
H<(xn):=0>u = Inf{Sup le, -z, I+ lim 2, = o}.
nz0 koo

Then one easily sees that z — <(x,xz,x,...)> 1s an isometric
embedding of X into <X>.

If ¥, and X, are complex Banach spaces, and 7: X, » X, a
bounded linear operator, then the so-called hull of the operator
T will be the operator <T>: <X;> - <X,>, given by

<T> <(xn):=0> = <(Txn :=0> .

One easily checks that this operator is well-defined and bounded.
Further, the map 7 - <T> is a continuous linear transformation
from L(Xi,Xz) into the space L(<X1>,<X2>). If 7 ¢ L(X1’X2) and

S € L(XZ,X3), then
<ST> = <S> <I>

If ¥ is a Banach space and T € L(X), we easily see that o(<T>)
c o(7) (in fact, o(<7>) = o(7r); see [19]). A Hilbert space
analogue of the above construction can be found in [19].
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We now state the following
THEOREM 2.7. Let © = (A4,B,C;X,Y) be a spectral node for W
on Q. Then

<0> = (<d>,<B>,<C> <X>,<¥>)

18 a spectral node on Q for the operator function <W>, defined
by ’

(2.2) <W>(A) = <W(X)> , X €@

Proof. Because the map T-+<T> is a continuous algebra homo-
morphism from the Banach algebra L(Y) in L{(<¥>), it follows that
the operator function <W>, defined by (2.2), is, indeed, analy-
tic on Q. Since <Iy> =1I_y > it follows that <W> has a compact
spectrum which is contained in the spectrum of the operator

function w. To see this, note that for x e q\ L(W)

H(M)> <W(D) s = w7 s <w(M)> = <I,>

We shall now establish Properties (P;) - (2,) for the
quintet <6>. Property (Plj is clear, because o(<4>) < o(4).
Properties (P,) and (P;) follow from the identities

1

<W>(N<C>{(AI_, - <5y = ar)cO-a) s

X>

1

Loc(h-4) "Bs

<W>(A)—1 - <C>{AI< —<A>}_1<B> = <w{nr)"

2

X>
which hold true for »€¢q\ I(W).
It remains to establish Property (P,). Choose <(xn):=0>

€ <X>, and let <C><A>k<(xn):=o> = O<y> (k = 0,1,2,...). Then

-1 o0
(2.3) <C>{AI< - <d>} <(mn)n=0> =0 ,

X> <¥>
on a neighbourhood of infinity. Using Lemma 2.1 we see that
Eq. (2.3) holds true for all X £ o(<4>), and therefore for all
A £ o(4).

Since ¢ = (4,B,C;X,Y) is a spectral node for ¥ on 9, it
follows from Corollary 1.3 that for some bounded Cauchy domain
A such that o(4) ¢ A ¢ & ¢ 9 we have

(2.4) (27e) ! J (r-2) " 'BR(N)C(r-4) tdr = Iy
3A

Observe that this integral is defined as a limit in the norm
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topology of L(X) of a sequence of Riemann sums. Since T -+ <T>
is a continuous algebra homomorphism from L(X) into Z(<X>) which

maps IX into I< , it follows from Eq. (2.4) that

X>
(ZWi)_l (A-<A>)—1<B><W>(A)<C>(A-<A>)-ldA =T
34 <X>
With the help of (2.3) we now obtain <(xn):=0> = O<Y>’ which
establishes Property (7,). o

THEOREM 2.8. Let & = (4,B,C;X,Y) be a spectral node for W

on . Then
*

6 = (A*,C*,B*;X*,C*)
ig a spectral node for w* on Q, where (W*)(x) = W(A)*, A EQ
Proof. Properties (P,) and (P,) hold true by duality, and
Property (P,) is clear from Proposition 1.1. To prove (2},
take g ¢ ﬂ:=0Ker B*(4*)". Then B*(%x-4*)-1g vanishes on a neigh-
bourhood of infinity. Lemma 2.1 implies that B*(A—A*)‘lg =0,
A £ o(4%) = o(4). So for all =z € ¥ and A £ o(4) we have
g((x-4)-1Bx) = 0.
Take z € X. For the moment we fix A € o\ o(4), put
z = W(x)c(r-4) "1z and conclude that g((x-4)"1Bw(x)c(r-4)"1z) =0.
But then the latter identity holds for all z ¢ ¥ and X € 2\ o (4).
We now apply Corollary 1.3 and infer that g(z) = 0 for all z€x
Hence g = 0, which established Property (2,). o
Note that Theorem 2.8 implies that for any spectral node

span U_Im 4"B = x .

It follows that, in the terminology of Chapter 3 of [3], spectral
nodes are minimal nodes.

In the definition of a spectral node the roles of the
operators B and C are not symmetric. Of course, in (P;) and
(P,) they play analogous roles, but (P,;) and (P,) are conditions
on the pair (C¢,4) only. The analogues of (Pa) and (Pu) for the
pair (4,8) are:

(Pa’) The operator function (x-4)"'BW(A) has an analytic
continuation to Q ;

(P, ') span Im A'B = X .

n

i 8
o
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Note that from Proposition 1.1 and Theorem 2.8 we may conclude
that a spectral node 6 = (4,B,C;X,Y) for ¥ on o has the proper-
ties (P4') and (P,’). Conversely, if the quintet & = (4,B,C;X,Y)
satisfies the conditions (P;), (P,), (P;') and (P,') for ¥ on @,
then 6 is a spectral node for ¥ on @. To see this, observe that

8% = (A*,B*,C*;X*,Y*) satisfies (P;) to (P,) for w* on @, and

* %
’

hence 6% is a spectral node for #* on . But then o™" = (4
B**,C**;X**,Y**) is a spectral node for w** on Q, because of

Theorem 2.8. It follows that conditions (Ps) and (Pq) hold true
for the pair (C**,A**)

the pair (C¢,4) has Properties (P;) and (P,) too. Consequently 8

, and thus, since ¥ is embedded into X**,

is a spectral node for ¥ on Q. Hence, the notion of a spectral
node is completely symmetric with respect to B and C.

Suppose that & = (4,B,C;X,Y) is a quintet such that for
some open subset @ of § and some analytic operator function
W: @ » L{Y) with compact spectrum, the conditions (7;), (P,),
(Py) and (P,') are fulfilled. Using the technique of the proof
of Theorem 1.2 one easily shows that

N xer cA® @ span U Im 4"B = 1 ,
n=0 n:O

and that the projection of X onto the closed linear span of the set
U:=O Im A"B along ﬂ:=0 ker 4" is given by the operator

(27i) 1 J (A-2) " 'BW(A)c(a-4) "tdn ,
9A

where A is a bounded Cauchy domain with o(4) ¢ A ¢ A ¢ g. In
that case (P,) holds if and only if (P,') holds.

3. Construction of Spectral Nodes and Linearization

Up to now several properties of spectral nodes have been
established but not yet their existence. This will be done in
the next theorem. In the next theorem we assume for simplicity
that zero is inside Q.

THEOREM 3.1. LILet W: @ = L{(Y) be an analytic operator func-
tion with compact speetrum L(W). Suppose that A is a bounded
Cauchy domain containing 0 such that (W) ¢ 4 ¢ A c Q, and let
M be the set of all continuous Y-valued functions f on the

boundary 3A which admit an analytic continuation to a Y-valued
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function in §_ \ L(W) vanishing at =, while W(A)f(X) has an ana-
lytie continuation to Q. The set M endowed with the supremum

norm 1s a Bawnach space., Put

4 Mo~ W, (AP (2) = af(z) - (2nd) " J Flu)do
A

it

-1
Bir oM, B <y | My
T

i My, cf = (2n8) " J £(w)dw
A

In the definition of B the contour T is the boundary of a
bounded Cauchy domain &' such that L(W) C A' C AT < A, Then
(A,B,C;M,Y) ie a spectral node for W on Q.

From the proof of Theorem 3.1 it will be clear that this
theorem remains valid if M is endowed with the L,-norm (see the
remark after the proof of Lemma 3.3). Hence we may conclude
that for the case when ¥ is a separable Hilbert space the space
on which the main operator of a spectral node acts may be
taken to be a separable Hilbert space too.

The proof of Theorem 3.1 takes several steps. First we
employ the calculus of spectral nodes, which has been developed
in the previous section, to construct a spectral node for ¥ on
2 assuming that a linearization of ¥ on @ is known. This will
be done in Theorem 3.2 below. Next, we use the fact that ex-
plicit formulas for linearizations of ¥ may be given. In fact,
making use of the linearization formulas of [10], Section 2.2,
we shall derive Theorem 3.1 as a consequence of Theorem 3.2,

THEOREM 3.2. Consider on Q the linearization

(3.1) Wwix) & I, = EM)(A-TYF(X) , A€ Q

Let m: Y @ Z +~ Y be the projection onto Y along Z, and let t be
the natural embedding of Y into Y & Z. Further, let b be a
bounded Cauchy domain in Q sueh that L(W) ¢ A € A c Q. Put

X = Im[(2n2) "} f (-1 " tang
3a

i.e., X ig the spectral subspace of T corresponding to the part
of o(T) inside Q. Define

Ar X > X, A= Ty
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(Zﬂi)-IJ (-1 'EO) T eda
2

[s]
~
v
bt
[s]
]

c: x>y, ¢

(Zni)_lL AF(A) T (a-1) "
A

Then (4,B,C3X,Y) is a spectral node for W on Q.
Proof. By the linearization (3.1) it is clear that (W) =
o(T) N q. Let

P = (Zni)_lj (x-7) "taa
A

be the Riesz projection of T corresponding to the part of o(7)
inside @; so ¥ = Im P. Further, let U be the space on which 7
acts, and let x: ¥ + U be the natural embedding of X into U.
Then (4,P,x;X,U) is a spectral node for A -7 on Q (here P is
considered as an operator from U into X).

Choose a fixed point A, ¢ o, and put E()) = E(Ao)‘lE(A) and
F(A) = F(AF(Ay)~!. Then E(A), F(A): U > U are invertible and
depend analytically on A. Consider the operators B: U + X and
C: X~ U, defined by

[vs]
|

2

(zni)'lLA (A-A)'IPE(A)'ldA = (zni)'lLA (A-T)'li(x)'ldx

1
1§

(Zni)_IJ FOO O e an = (Zni)_lj FoO to-m s,
3 3h

By applying Theorem 2.3, we get a spectral node on 2 for the

operator function vV, defined by

v(x) = E((-TF(A) , A €,

namely the quintet (A,é,&;X,U). Note that w(a) & IZ = E(AO)V(A)'
F(AO) for each » € 9. It follows that

(AjEnorl,Fuor1&XJ®z)
is a spectral node for w(2) & IZ on @, and hence
(3.2) (4,BE(x) " lo,nr(n )" 1C3x,7)

is a spectral node for W on @ (éf. Theorem 2.5). Finally, ob-
serve that B = Bz(),) 1t and ¢ = meF(xy)"1C. o

We shall use Theorem 3.2 to derive Theorem 3.1. We begin
with a remark. Let @, be an open set in ¢ such that (W) c 2,
ca. Ife = (4,8,0;X,7) is a spectral node for W on Qg, then
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trivially 6 is a spectral node for ¥ on Q2. Hence it suffices
to construct a spectral node for ¥ on some open neighbourhood of
r(w). Now choose Qg = 4, where 4 1s as in Theorem 3.1. We
shall apply the Gohberg-Kaashoek-Lay linearization of ¥ on A
(cf. [10], Section 2.2) and Theorem 3.2 to construct a spectral
node for W on A, and hence for ¥ on Q.

Let €(34,Y) be the Banach space of all continuous Y-valued
functions on 3A endowed with the supremum norm, and let T be the
operator on C(s84,Y), defined by

(3.3) (7£)(2) = 2f(a) + (Zwi)-lj W) - T1F () da
oA

The operator T is a linearization of W on & (cf. [10], Theorem
2.2). In fact,we have (cf. [10], Section 2.4)

(3.4) G w(X) & IZ] = (A-T)F(x) , A€ A,

where Z = {g € C(34,Y): (2ni)“1%A 2 1g(2)ds = 0} and

(3.5 O () = -y - gl - o | ZO g aw ;
3A

(3.6) (F(M) (y,9)) () = (2-2)"1(y+g(2))

The operators G¢(1), F(A): Y @ Z > C(34,Y) are invertible and de-
pend analytically on A. It is known (cf. [10], Theorem 2.3)
that

o(r) = (W) U 34
To construct from this linearization a spectral node we have to
identify the spectral subspace of T corresponding to the part of
o(T) inside A. This is done in the next lemma.

LEMMA 3.3. The spectral subspace M of T corresponding to
the part of o(T) inside A consiste of all f € C(34,Y) that can
be extended to a Y-valued function analytic outside L (W) and
vanishing at =, while Wf has an analytic continuation to Q.
Further, for each f € M
(3.7) (7£) (2) = af(z) - (2n8)7" LA £w)dw

Proof. For each f € C(84,¥) and x» € 4 \ I(W) we have

5.0 (00 = fE BN L | EEL poa

A -2 271 A Y - A

Let A' be a bounded Cauchy domain such that (W) c A’ ¢ &7 c A,



Kaashoek et al. 525

and put I' = 3A'., The Riesz projection P of T corresponding to
the part of o(T) inside A is then given by

.0 e - gy [ R [ L ra)a

First assume that f can be extended to a Y-valued function
analytic outside r (W) and vanishing at =, while Wf has an ana-
lytic continuation to @. Then formula (3.9) implies that for
all z € 3A we have (Pf)(z) = f(z2). So f ¢ M. Also, in this
case,

J WM F(ND)dr = 0
34

By substituting this into the definition of T, we see that (3.7)
holds true.

Secondly, assume that f ¢ M. Then f = Pf, and hence we can
apply formula (3.9} to show that f can be extended to a function
analytic outside A’ and vanishing at «, This extension of £
will also be denoted by f. Take z, € A\ A’. To show that Wf

0
admits an analytic continuation to @, it suffices to show the

equality
(3.10) — f W(Z)_gj) dz = Wiz )f(z,)
34

Using f = Pf, we have

1 LA P(2)f(s) 4, . 1 LA i) (L L WL

2ni z -z 2w z - zy\2n1 Z - X
1 -
°[m J Wh(;w_—))‘f f(w)dw)dx}dz
A

As the integrand is a continuous function in (z,X,w) on the com-
pact set 3A x T x 3A, we may apply Fubini's theorem. At first,
we evaluate the integral over z and obtain
1 J W(z) gz = 7 - W(zo)
Zni N iz-zoéiz—xi Az, :
Substitution yields
L[ e gL L ASSELICHINS
34 0 T 20
[
211

JBA o) -1 f(w)dw]dx
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Now we split the double integral at the right-hand side into
two terms, apply Fubini's theorem to the first one of these
terms, and obtain

1 LA W[zj.if) dz = =ir LA w(w)f(w)[_l_ L -1 ]dw +

2nz 0 2n1 211 0 w- A
1 w(n) -1 1 W(w)-I
W(zo) s L, EFRES FETA NUCER fw)dw|dx

As z, and w are lying outside &', the integral over A appearing
in the first term at the right-hand side vanishes. Comparing
the second term at the right-hand side to formula (3.9), we now
obtain Eq. (3.10). a

In the case when Y is a separable Hilbert space, none of
the previous arguments is affected if we take the space ,(34,Y)
of strongly measurable Y-valued I,-functions on 34 instead of
c(3A,Y). For this case, and A the unit disc, Lemma 3.3 has
been established in [23], where Fourier expansion was used. In
this particular case the operator (3.7) coincides with the 1li-
nearizator introduced in [20], where the space M has been de-
fined by using the characterization described in Lemma 3.3. It
was shown in [20] that U(TIM) = 5(W); this fact is now immediate
from Lemma 3.3 and the linearization (3.3). In the present form
Lemma 3.3 also appeared in [21].

Let us finally prove Theorem 3.1.

Proof of Theorem 3.1. Let 7T be the operator defined by

(3.3). We know that 7 is a linearization of ¥ on A. So we may
apply Theorem 3.1 to the linearization (3.4). By Lemma 3.3 the
spectral subspace of T corresponding to the part of o(7) inside
A coincides with M and

A=T’M
(cf. (3.7)). Let be the boundary of a bounded Cauchy domain
A' such that (W) < A’ ¢ A7 ¢ A. To finish the proof it suf-

fices to show that the operators B and ¢ introduced in the
theorem satisfy the following identities:

(3.11) B = (2r4)°} [ (r-7) "o () dr
T
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(3.12) c = (2ni)" ! J (V) T-n T,
T

where F(1) and ¢(A) are given by Egqs. (3.5) and (3.6), the map
m is the projection of ¥ ® Z onto Y along Z and t is the natural
embedding of ¥ into ¥ ® Z. Recall that 2 {f € Cc(3n,Y):
(Zni)'lfaAz‘lf(z)dz = 0}. Then (1y)(z) = y(z € 3a) and nf =
(Zﬂi)'lfaAz'lf(z)dz.

To compute the right-hand side of (3.11), note that

(-1 -e(M)ty = FOO W) "1y,0).

Using the definition of F(1A)} (see (3.5)), we obtain for each
z € 3A and y € Y the following equality:

[1 L (A-T)'la(x)rydx]dz S L UICYREAPIY

2wt 2ni 2 - A

This proves (3.11).

Take f € M. Denote by f also the analytic continuation of
f to ¢ _\z(w). Since Wf has an analytic continuation to @, we
see from (3.7) that

(-1 7 y(e) = LELLA)
Thus

2wt ’

wF(A) PO T = i—J £)-f(E) 4, - £
34 3
and (3.12) holds. o

We now state a corollary that is immediate from Theorem
3.1, the linearization (3.4) and Theorem 1.2.

COROLLARY 3.4. The spectrum of the main operator of a
spectral node for W on Q coineides with I(W).

From Theorem 3.2 it follows that on a bounded open set Q
every analytic operator function ¥ with compact spectrum has a
spectral linearization (see the introduction), namely, the main
operator of a spectral node for ¥ on 2. To see this, recall
that on a bounded open set Q every analytic operator function ¥
has a linearization 7 (cf. [22, 5]1), i.e., there exist a Banach
space Z and invertible operators E(A) and F(X) depending analy-
tically on A € @ such that

(3.13) W(ix) @ I, = EMN)(-T)F(X) , x € q .
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From this equation and the compactness of I (¥) it is clear that
o(T) N @ = =(W), while (W) and o(T)\ o are spectral subsets of
1 where o(To) = o(7) N @ and

o(Tl) = o(r)\ a. If ¥ and U are the spaces on which the opera-

. So we may write T = T0 & T

tors T0 and Tl act, respectively, then it is clear from (3.13)
that

W) @1, = E()I-T) @ IU]Z"(A) , A €aqa,

where ﬁ(x) = [IXQQCA-Tl)] F(A) is an invertible operator de-
pending analytically on X ¢ 9. So the operator T, is a spectral
linearization for ¥ on @. From Theorem 3.2 it follows that T,
is the main operator of a spectral node for ¥W on 2. Hence on a
bounded domain 2 the main operator of some (and, by Theorem 1.2,
every) spectral node for ¥ on 9 is a spectral linearization for
W on Q.

We shall see in Section 4 that a spectral linearization
for W on @ exists also if © is unbounded.

We conclude this section with a remark concerning functions
with continuous and invertible boundary values. Let Q be a
bounded Cauchy domain, and let w: © - L(Y) be an operator func-
tion that is analytic and continuous up to the boundary of q.
Assume that W has invertible bdundary values. For such a func-
tion the spectrum (W) = {r» € Q: wW(A) is not invertible} is a
compact subset of 2. The definition of a spectral node applies
to ¥ without essential changes, and all the results and construc-
tions of Sections 1 -3 remain valid. Of course, in all the con-
siderations one can choose the bounded Cauchy domain A to be @
itself.

4. Characterizations of Spectral Nodes and Inverse Problems

The main theorem of this section is the following:

THEOREM 4.1. Let A: X » X, B: ¥ » X and C: X » Y be given
operators. Then & = (4,B,C;X,Y) s a spectral node for some
analytie operator function W: @ » L(Y) with compact spectrum if
and only if the following two conditions hold:

(1)  o(4) < a;

(ii) there exists an analytic operator funection H: Q- L(Y)

such that
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(4.1) E()) =

" A-) B
¢ H(A) |
18 Znvertible for all h ¢ Q.
More preecisely, if (i) and (ii) hold, then W: @ » L(Y), defined
by

* *
-1
(4.2) E()\) = , A €Q,
_* WX
ie analytic on Q, has a compact spectrum, 8 = (4,B,C;X,Y) ig a

spectral node for W on Q, and

(4.3) W) = B ¢ e B, A€o\ o(4)

Furthermore, W is uniquely determined by these properties.

Conversely, if 8 = (4,B,C;X,Y) ig¢ a gpectral node for W on
Q, then (i), (i1) and (4.2) hold for a unique operator function
HE defined by (4.3).

Proof. Suppose that conditions (i) and (ii) hold. TFor
A € 2 let W()) be defined by the right lower entry of the block
matrix E(x)-! (cf. (4.2)). We shall show that & = (4,B,C;X,Y)
is a spectral node for W on Q.

Write

F) L - T () T12(>‘)j| e,
.7, () W)

where 7,, (2} € L(x), T,,(3) € L(¥,Xx) and 7,,(2) € L(X,Y) depend
analytically on A». From the identities E(A)E(x) ! = I and
E(A)"1E(A) = I we have for all a ¢ q:

(A—A)le(x) = -BW{A) ; TZI(A)(A—A) = -W(A)C
Cle(A) + H(WVWA) =1, TZI(A)B + W(ME(N) = T

T, (D) (4-2) + T,(v)C = I .

From these equations we easily compute that for » € @\ o(4) we
have

7,00 = (x-8)TBR(A) 7,,(0) = wcr-) "1

1

[H(A) + c(a-2) " 'BIw(A) = I3 w)[EO) +c(r-4) " 'B] = T ;
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Ty,(0) = - e () ey er-a) !

We know that o(4) ¢ 9, which establishes (Pl). From the above
equations it appears that Properties (Pa) and (P3') hold true
(see at the end of Section 2 for (Pa’)). Also the operator
function ¥ has a compact spectrum contained in o(4), while

v =m0 rc-a) B, 2 €2\ o(4)

From this identity Property (P,) is clear.
To establish (Pu)’ we choose a bounded Cauchy domain &
such that ¢(4) ¢ A c & ¢ @. From (4.3) and the analyticity of

T,, on @ it appears that

11

(2r2) "} J (h-4) lBw(Mc(a-4) tdx = I .
34
In view of the remark made in the last paragraph of Section 2,

Property (Pu) follows. Hence 6 = (4,B,C;X,¥Y) 1is, indeed, a
spectral node for ¥ on Q.

Conversely, let & = (4,B,C;X,¥Y) 'be a spectral node for w
on @, and use Property (P,) to define an analytic operator func-
tion #: @ » L(Y) by Eq. (4.3). Define 2z: 2\ o(4) » L(X) by

1

(4.4) 20 = (=) P ) e c(r-a) 7

First we show that 2z has an analytic continuation to q.
Let A be a bounded Cauchy domain such that o(4) cAcacaQq,
and take u € o \ 4. With the help of the identity

1 1

-0 - s et T s -0 Tt T o0 € e,
we easily compute that

1 20 i e -1 S
VT LA'EffX dr=-(u-4) "+ (u-4) 7T

ldx +

f (r-4) 'BR(A) c(r-4)
3A

-1 1 Br(A)c(ra-4) "1 .
(u-4) LA 5 dx = 0

271

in view of Corollary 1.3, Property (?,) and the fact that u £ 5.
So Z has an analytic continuation to @.

From Property (P,) and Proposition 1.1 it is clear that
T z()) (r-4) "‘Bw(n) ]

(4.5) .

WM c(r-4)" wiA)
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has an analytic continuation to Q. We define analytic operator
functions H: ¢ - L(Y) by (4.3), and E: Q@ >~ L(X ® Y) by (4.1).
Then a straightforward computation shows that for x» € o\ o(4)
the operator E(A) is invertible and that its inverse is given
by (4.5). By analytic continuation, E(X) is invertible for all
A € @, which establishes Condition (ii). Condition (i) is iden-
tical to (P,). Finally, the uniqueness of #Z(X) follows from
(4.3). a

Note that in condition (ii) of Theorem 4.1 the compactness
of the spectrum of the operator function ¥ does not appear.
This fact we shall exploit later in part III of the paper.

COROLLARY 4.2. If 8 = (4,B,C;X,Y) is a spectral node for

W on Q, then the operator 4 is a spectral linearization of W on

Q. In fact,
B Iy 0 J [ A-4 0 ]
= F(2) , (x €q),
_0 W(x) 0 I

Y

where E{A) and F()A) are invertible operators depending analy-

(4.6) E())

tically on the parameter X € Q and are given by

A-x B T (x=2)"1BW (N
s F(A) =
¢  EM) ¢ I-c(x-4)"1BW(A)

E(A) =

Here H(A) = W(A)~! - ¢(a-4)"1B.

Proof. The invertibility of E(X) for all x € @ is clear
from the previous theorem. The inverse of F()) is easy to cal-
culate and is given by

- re(A-4) T lBW(AN) e (A-4) T1BW(A) J
F(A)71 =

c I
Finally, Eq. (4.6) is established directly. o

From Property (Pz) it is clear that (W) < o(4) if 4 is the
main operator of a spectral node for ¥ on 9. Using Corollary
4.2 we directly infer that

(W) = o(4)

From Corollary 4.2 it is also clear that any analytic

operator function with compact spectrum has a spectral
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linearization (note that in the previous section we only proved
this for operator functions on a bounded domain). The converse
of Corollary 4.2, namely that any spectral linearization of ¥ on
@ is the main operator of a spectral node for ¥ on q, will be
proved in the next section.

We remark that Theorem 4.1 and Corollary 4.2 have obvious
analogues for analytic operator functions on a bounded Cauchy
domain ¢ with continuous and invertible boundary values. For
example, if W: @ » L(¥) is an analytic (in @) operator function
with continuous and invertible boundary values, and & = (4,5,C;
X,Y) 1is a spectral node for ¥ on @, then there exists an ana-
lytic operator function #: © + L(¥) with continuous boundary va-
lues such that the operator Z(A), defined by (4.1), is invert-
ible for all A € @. Further, the spectral linearization (4.6)
holds on the closure of @.

Given an operator function ¥: @ - L(Y) as in the preceding
paragraph, one can find an analytic (in @) operator function
W: @ - L(Y) with continuous and invertible boundary values,
which satisfies the following properties:

(a) #! has an extension to ¢_\ I(¥) that is analytic ex-

cept possibly for a finite number of poles outside Q;
(b) # and ¥ have the same spectral nodes.
Moreover, if ¢ \ Q@ is connected, then we can choose ¥ in such a
way that w~1 is analytic in ¢\ (W) except possibly for a pole
at infinity. To prove this one applies the operator version of
Runge's theorem (cf. [7], Lemma 1.1 in [15]) to approximate on
Q the operator function Z(1) appearing in (4.1) by a rational
operator function R(») with poles in ¢ \ %. If @ has a con-
nected complement, then R(A) may be chosen to be a polynomial.

As a final remark in connection with Theorem 4.1, we con-
sider the special class of monic operator polynomials. Let
L{1) be a monic operator polynomial on ¥, and let (4,3,0;X,Y)
be a spectral node for L on the full complex plane. Then it
follows from Theorem 4.1 and the identity L(A)"! = ¢(r-4)"1B
(» € ¢\ z(L)) that the operator
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(4.7)

is invertible for all » ¢ {, and

533

|

its inverse is given by

Ay 877t |’ z2(2) (r-4)"1BL(})
l: ¢ 0 ) LA c(r-a)7 L(x) ’
where
Z(x) = -(Aa-4)"1 + (x-2)"1BL(A)c(r-4)"!
For the spectral node
s
0 L
kK, [0 ... 0 I, <Y, X
0

of L, where ¢ is the degree of L and X is its companion operator
(see formula (0.2) and [14]), the invertibility of (4.7) can be
seen directly, because in this case (4.7) is equal to

B2 I 0o ... 0
0 -A I
(4.8) : . - T : s
0 0 LotA I 0
-AO —A1 _Al—z -A—AZ_I I
I 0 0 0 0
where Aj’ g =0,...,2-1, are the coefficients of L.
The characterization of spectral nodes, given by Theorem
4.1, can be viewed as a solution of an inverse problem. Let
A: X > X, B: Y » X and C: X » Y be given bounded linear opera-
tors, and let @ be an open set in { containing o(4). The in-

verse problem concerns the following question: Under what con-

ditions on 4, B and ¢ is the quintet (4,B,C;X,Y) a spectral node
for an analytic operator function W on 9? If one specifies the
class of functions, then more explicit solutions of this inverse
problem than the conditions of Theorem 4.1 are known.

ple (cf. [12, 23), the quintet (4,B,C;X,Y) is a spectral node

For exam-
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for a monic operator polynomial on the full complex plane if and
only if for some positive integer % the map

c
CA
X - Y2
R
is invertible and its inverse is of the form [ = ... * B 1.

The next theorem solves the inverse problem for another
class of operator functions.

THEOREM 4.3. Let A: X » X, B: Y - X and C: X -~ ¥ be given
operators. Then 8 = (4,B,C;X,Y) i8 a spectral node for some
analytic operator function W: @ - L(Y) with compact spectrum and
with the property that W(A)~! has an analytic continuation to
¢w \ Z(W) 2f and only if the following two conditions hold:

(1) o(4) c o

(i1) there exists an operator D: Y » Y such that

" A-A B
_c D

ig invertible for all A € Q,
More precisely, if (i) and (ii) hold, then W: @ - L(Y), defined

by
—* *
, A €0,
% W)

Conversely, if 6 = (4,B,C;X,Y) is a spectral node for W on
@, and W(2)~1 has an analytie continuation to ¢w\ (W), then (Z)

E(A) =

2 =

has the required properties.

and (i) hold for a unique operator D defined by
(4.10) p = lim w(\) 1
A0
Furthermore, W is uniquely determined by these properties and
(4.11) WA=+ c(xa-2) B, A€ o)\ o(4)

Finally, if Ay €0 and
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1

(4.12) E(x,)

then W is also given by
(4.13) WA = U+ (A—AO)R(I-(A-XO)S)_IQ . x€Q

Proof. Suppose that Conditions (i) and (ii) hold. For
A € g let w(A) be defined by the right lower entry of the block
matrix E(x)-l. Then it is clear from Theorem 4.1 that
W: @ ~ L(Y) is an analytic operator function with compact spec-
trum such that & = (4,8,C;X,Y) is a spectral node for ¥ on Q.
Using Eq. (4.3) (with H(2) = D) we obtain (4.11). So w(a)-!
has an analytic continuation to ¢w\ T (w).

Conversely, let 8 = (4,B,C;X,Y) be a spectral node for ¥
on @, and suppose that w(ix)-! has an analytic continuation to
¢m \I(¥W). Then it is clear from Theorem 4.1 that there exists
an analytic operator function H: @ =+ L(Y) such that the operator
E(2), defined by (4.1), is invertible for all » € Q. Further,
we exploit Eq. (4.3) and see that

H(N) = W)L - c(x-4)"1B, A € o\ (W)

Liouville's theorem yields that #(A) = D is constant. But then
Conditions (i) and (ii) and Eq. (4.10) are clear.

It remains to establish Eq. (4.13). Let A, €8, and let
E(AO)‘1 be given by (4.12). Writing 4-2x = (A-AO) - (A—AO) and
inserting (4.12) we get

~ I 0 }
(xR I

'A-Ao B 171 4-a B
- C D Y D

Since for all x € @ the operator E(A) is invertible, it follows
from the above identity that I - (A—AO)S is invertible for all

A € q, while
" 0 "(I-(A-Ac)s)‘l 07 s ¢
(A-2p)rR T J| O IR U ’

__I-(A—AO)S 0
0 I

E(AM)"Y =

and therefore
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(4.14) E(M) 71 Cs(-(ag)8) (I-(-2p)8)"te }
i E(A) -1 =

_R(Z (a-a)s) 7! U+(A-2 JR(I-(x-2)s) g
But according to Theorem 4.1 the right lower entry of the block
matrix E(A)"! coincides with W(A), A ¢ £, which establishes Eq.
(4.13). o
Observe that the above argument proves the following gene-

ral statement: Let 4 ¢ L(X), B € L(Y,X), ¢ € L(X,Y) and
D € L(Y) be operators. Then the operator

T A-a B
C D

is invertible for all x €@ if and only if E(xo) is invertible
for some Ay € ¢ and 1 - (A-AO)S is invertible for all 1 € Qq,
where S is defined by the equality

" 5 %

_* &

To conclude this section we remark that an analogue of

E(A) =

E()‘O)-l =

Theorem 4.3 holds for the case when 9 is a bounded Cauchy do-
main and ¥ is an analytic operator function with continuous and

invertible boundary values.

5. Spectral Linearization and Equivalence

In this section we show in general that a spectral lineari-
zation of an analytic operator function is the main operator of
a spectral node and conversely. Using this result we prove that
two analytic operator functions have similar spectral lineari-
zations if and only if they are equivalent after some extension,
and we specify the extension spaces.

We recall the definition of a spectral linearization (see -
Introduction). Given an analytic operator function W: Q - L(Y)
with compact spectrum, then an operator 4 ¢ L{(X) is called a
spectral linearization of W on 9 if o(4) < @ and there exist
Banach spaces 2z and U, and invertible operators E(A) € L(x&U,
Y®2) and F(A) ¢ L(Y92z,x@U) depending analytically on 1 € @,
such that
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(5.1) W(ix) @ IZ = E(A)[(x-4) @ IU]F(X) s A € Q.

In the previous section (cf. Corollary 4.2} we have shown
that the main operator of a spectral node for ¥ on @ is a spec-
tral linearization of ¥ on @. The next theorem shows the con-
verse to be true, and hence by Corollary 4.2 we can always take
7 = X and U =Y in (5.1).

THEOREM 5.1. A spectral linearization of W on Q is the
main operator of a spectral node for W on Q, and conversely.

In particular, a spectral linearization of W is uniquely deter-
mined up to similarity.

Proof. Let 4 € L(X) be a spectral linearization of W on @,
and suppose that the linearization is given by Eq. (5.1). Clear-
ly, (A,IX,IX;X,X) is a spectral node for 1-4 on @, because
0(4) ¢ @. With the help of Theorem 2.5 it is clear that
(A,WX;TX;X,XfaU) is a spectral node for (r-4) & IU on Q. Here
m,: X ®U + X is the projection of ¥ @ U on X along 7, and

X
T,: X » X®U is the natural embedding of ¥ into Y@ U. Next, we

X
apply Theorem 2.3 and conclude that (A,RE,QF;X,YGBZ) is a spec-
tral node for w(-) @ I, on q, where
(2ni) 7} J G- e EO) T,
94

. (2mi) "t LAF()\)_ITX(A-A)_ICZA ,

and A is a bounded Cauchy domain such that o(4) ¢ A ¢ & < Q.

By

Q

Finally, we apply Theorem 2.5 again and infer that (4,B,C;X,Y)
is a spectral node for ¥ on 2. Here

(2mi) "1 J (A-A)_IHXE(A)_IT a
34

5 Y

Q
]

.- 1 -1 -1
(271) J n,F(A) "t (Ar-4) “dr ,
Y X
A
Tyt Y®L > ¥ is the projection of ¥ @ Zz onto Y along Z, and
I'E
the spectral linearization 4 is, indeed, the main operator of a

T Y » Y®z is the natural embedding of Y into ¥ @ Z. Hence
spectral node for W on Q.

The converse part of this theorem has been derived in Sec-
tion 4 as a consequence of Corollary 4.2. The uniqueness up to
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similarity of a spectral linearization of ¥ on 2 1s now clear
from Theorem 1.2. o

The next result describes the similarity referred to in
Theorem 5.1.

THEOREM 5.2. Let 4, and A, be operators acting on the
Banach spaces X, and X, respectively. Suppose that 7, and Z,
are Banach spaces such that (x-4,} @ IZ1 and (A—Az) b I22 are
equivalent on an open set Q containing o(Al) U U(Az) . Then

4, and 4, are similar. In fact, if the equivalence is given by

1
(A—Al) ] IZ1 = E(0)L(A-4,) 8 IZZJ F(X)Y, » € @,

then SA, = A,S, where S : X + X, 18 an invertible operator
defined by
.y -1 -1 -1
(5.2) § = (2n1) J (A-AZ) sz(A) TldX:
94
its inverse 18 equal to

1 1 1

(5.3) st = (zn—;)"lj T FO) ax
34

TZ(A-Az)'

Here A 1s éome bounded Cauchy domatin such that (G(Al) U G(AZ))

c A chcQ, the map mt Xi ® Zi -> Xi 18 the projection of

X. ® 2. onto X. and 1.: X. - X. ® Z. s the natural embedding of
Z z Z Z 7 z z

X. into X. ® Z..

7 Z z

Proof. Obviously, 4, and 4, are spectral linearizations of

W(r) = A -4, on a. So thé similarity of A, and 4, is clear from
Theorem 5.1.

Using the construction contained in the proof of Theorem
5.1 we get a spectral node ¢, = (AZ,B,C;XZ,XI) for w(A) = 2 - 4

on @. Another spectral mode for ¥ on @ is 8, = (4,,I,7;X;,%X{).

1

We now apply Theorem 1.2 to the spectral nodes &, and 6,, and
obtain Eqs. (5.2) and (5.3). o

In the finite-dimensional case the previous theorem is tri-
vial, because in that case the equivalence of (A-Al) ® IZl and
(A-Az) ® IZ2 implies that 4, and 4, have the same Jordan form.
Using spectral factorization it has been proved in [25] that
(infinite-dimensional) operators 4; and 4, are similar if and
only if -4, and A -4, are equivalent on an open disk contain-
ing o(4;) U o(4,) , which is a particular case of Theorem 5.2.
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We consider now equivalence of analytic operator functions.
The next theorem, which may be viewed as a more general version
of the first part of Theorem 5.2, answers (in terms of spectral
linearizations) the question when after extension two analytic
operator functions are equivalent.

THEOREM 5.3, For 2 = 1,2 let Wi o> L(Y) be an analytie
operator functionm with compact spectrum, and let Ay X > X be
a spectral linearization of W, on Q. Then the following state-
ments are equivalent:

() there exist Banach spaces 7, and 7, such that

Wl(x) ® IZl and WZ(A) ® IZ2 are equivalent on Q;

(27) WI(A) @ IXl and WZ(A) ® IX2 are equivalent on Q;

(iii) A, and 4, are similar.

Proof. From Theorem 5.1 we know that for < = 1,2 the
operator 4. is the main operator of a spectral node 6, for W, on
Q. So we may apply Corollary 4.2 and conclude that for < =1,2 the

operator functions Wi(k) ® IXi and (A—Ai) ® I_ are equivalent

Y
on Q.

If (i) holds true, then the operator functions (A-Al) @7
@Iy, ® Iy and (r-4,) &I,
By Theorem 5.2, (iii) follows.

Y
® le &) IZ2 are equivalent on Q.

Next, suppose (iii) is true. Then the operator functions
(X-Al) o) IY and (A-AZ) @ IY are equivalent on @, and (ii) fol-
lows.

Obviously, (ii) implies (i). o

In Theorem 5.3 we assume that the values of the operator
functions ¥, and ¥, act on one and the same space y. If we drop
this condition, then with appropriate modification the theorem
remains true. In fact, if Wyt Qo> L(Yi)’ then Theorem 5.3 holds
provided statement (ii) is replaced by

(i)' w,(\) & leraIyz and ¥,(A) @ IXZ':EIY1 are equivalent

on Q.

The next example (taken from {10], Example 1.2) shows that

in general similarity of spectral linearizations does not imply

equivalence of the original operator functions.
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EXAMPLE 5.4, Let Y = L, and @ the unit disk. Then we de-

fine analytic operator functions W,,W,: 2 > L(2,) by
Wy (mg,x ,2,,00.) = (g, (1-20) 2y, (1-20)2,,...);

((1—2A)m0,(l—ZA)xl,(l—ZA)xz,...).

WZ(A)(xO,xl,xz,...)

Then E(Wl) = E(Wz) = {%} and a spectral linearization of ¥, and

W, on @ is given by

Amy, 8,9y 00) = (%xo,%xl,%xz,...)

However, since Wl(%) # 0 and Wz(%) = 0, the operator functions
W, and ¥, cannot be equivalent on Q.

As we have noticed in the introduction, the companion opera-
tor ¢, of a monic operator polynomial LZ(A) is a spectral line-
arization of L on {, and hence, by Theorem 5.1, is the main
operator of a spectral node for Z(A) on any open set containing
L(L). Since the main operator of a spectral node does not
change if the operator function is replaced by an equivalent
operator function (cf. Theorem 2.3), we obtain the following
corollary (cf. [25], Theorem 1, for a weaker version):

COROLLARY 5.5. Two monic operator polynomials L,(X) and
L,()) with coefficients acting on Y have similar companion
operators if and only if there exist Banach spaces Z, and Z,
sueh that L,;()2) @ IZ1 and L,(2) ® IZ2 are equivalent on § .

Next we make a few remarks about Theorem 5.3. Let WisW,:

& > L(Y) be analytic operator functions with compact spectrum.
If ¥, and W, have the same spectral linearization, then accord-
ing to Theorem 5.3, the functions w,(}) @& Iy and wW,(1) & Iy
are equivalent on @, where X is the space on which the spectral
linearization acts. However, in certain cases Wl(x) 2 IZ and
W,(2) & I, are equivalent on o for "smaller" spaces Z. For
instance, if dim Y < =, then WI(A) and WZ(A) are equivalent
(this follows from the fact that analytic matrix functions are
equivalent if and only if they have the same spectra and equal
partial multiplicities at each spectral point (see [17], Theorem
3.3)). Another example is the case when ¥, and ¥, are monic
operator polynomials of degree £. Indeed, if ¥, and ¥, have
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similar companion operators (which act on Yz), then WI(A) @I’n_
is equivalent to ¥ () & IY“'I on § (see [12], Section 2.1),

while the spaces Y%~! and v% are not necessarily isomorphic

(even if Y is infinite dimensional; see, for instance, [8]).
Returning to Example 5.4 note that in this example

WI(A) ) I¢k ¢k

integer k. As the next theorem shows, this is always the case

is not equivalent to Wz(k) ® I, , for any positive

when ¥, and ¥, are not equivalent on Q.

THEOREM 5.6. Let W,: 0> L(y), © = 1,2 be arnalytie opera-
tor functions (not necessarily with compact spectra). Assume
that WI(A) ® I¢k and WZ(A) @ I¢

W,(A) and W,(1) are equivalent on Q as well.

x are equivalent on Q. Then
Proof. Apparently, it suffices to assume k = 1; omitting

E E W 0 R 0 rF F
(5.4) ir 11 12} 2 } 11 12}
_E,, e _ 0 1JLF,y, f

1
110F 110 9> L(Y); E,,Fi,t @ > L(¢,1);
Ey »Fypi 0 > L(¥,8); e,f: @ » (&) are analytic, and the values
of

the variable 2,

0 1

where E

are invertible operators for every A € @ (e and f will be con-
sidered as scalar analytic functions; in fact, e = f).

First consider the case when e{1) # 0 for all x» € Q. Mul-
tiplying (5.4) from the left and from the right by

_ 1 —
I —Elze T 0
and ! s
- 1
respectively, we obtain:

0 1
- N _1 - —1 1=,
E,,~E|,e""E,, 0 W, 0 } W, E, ,e
_-foir,, 1 0 1L

E
In particular, (B, -E,,e"'E, )W, = Hy(Fy mF ,f7F, ). As

_ 21 e
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-1 -1 . .
E ,-E,,e "E, and F  -F, f 'F, are invertible for all x ¢ q,
the equivalence of ¥, and ¥, follows.
Consider now the general case. We can assume E,,(A) £ 0
(otherwise the invertibility of
By E12]
_Ey e

for all x» € @ would imply that e(x) # 0 for all A € g, the case
considered above). Regard EIZ(A) as an analytic Y-valued func-
tion , and let AI,AZ,...be all the zeros of Elz(x) in @ with
multiplicities w,,u,,..., respectively (if 7, ,(3) has no zeros,
the changes in the subsequent reasoning are obvious). Let ¢(A)
be a scalar analytic (in g) function with zeros X, ,i,,... and
corresponding multiplicities u,,u,,... . Then o(A) " 1E;,(}) is
analytic Y-valued function with no zeros. By Allan's theorem
[1] there exists an analytic function x: 9 - L(7,¢{) such that
X(2) (e(A)"tE;,(A)) = 1; in other words,

(5.5) XE , = o

Observe that the set of zeros of E,, (which is exactly the
set of zeros of ¢) and the set of zeros of e¢ are disjoint; as
proved in [6] (see also S. Friedland, Spectral theory of
matrices. I. General matrices, Research report, Mathematics Re-
search Center, University of Wisconsin, Madison, 1980), there
exists an analytic (in @) scalar function ¢ such that the func-
tion yo + e has no zeros in 2. Now multiply (5.4) from the left

by - I 0
yx 1
In view of (5.5) we have:

‘Wl 0 i

By B,
_VXE | By, bo+e
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W 0

2 F F

11 12

0 L L wXw,F +F, ) BXH,F ,*+f

Using this equality in place of (5.4), we reduce the proof to
the case when e(2) # 0 for all r» ¢ 9, which has been considered
already. o

Results analogous to Theorem 5.6 have been proved in [6]
in different contexts; for example, for analytic matrix valued
functions with finite number of essential singularities. For
operator functions Theorem 5.6 seems to be new.

If in Example 5.4 we allow different extension spaces,
then one can make equivalence with finite-dimensional exten-
sions. In fact, w,(1) is equivalent to W,(1) & I ’ in this
example. Hence it is natural to consider the following notion
of minimal space extension.

Let w.: @ » (y), 27 = 1,2 be analytic (with compact spec-
trum), and suppose that wo(2) @ IZ1 is equivalent to WZ(A)GQIZ
on @, for some Banach spaces 2z, and z, (by Theorem 5.3 this
means similarity of the spectral linearizations of ¥, and ¥,).
The pair (Z,,%,) will be called a minimal space extension for
Wy, and w,, if the following property holds: If Z; and Z] are
Banach spaces such that Z! is isomorphic to a subspace in Z

,l:’

< =1,2, and Wl(k) & IZ{ ;nd Wz(x) & IZé are equivalent on @,
then Zé is isomorphic to Z;s ¢ =1,2. Above we have seen that
(0,0) is always the minimal space extension in the case when

dim ¥ < =. In Example 5.4 the pair (0,¢) is obviously a minimal
space extension.

In case when Y is the infinite dimensional separable Hilbert
space, a minimal space extension for given ¥; and ¥, exists al-
ways. In the following theorem we list all the possibilities
that may occur in this case.

THEOREM 5.7. Let Y be the infinite dimensional separable
Hilbert space, and let Wi: Q > L(y), © = 1,2, be analytic opera-
tor functions with compact spectra. Assume that the spectral
linearizations of W, and W, are similar. Then one of the fol-

lowing patirs of spaces is a minimal space extension for W, and
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W, (5,75 (0,0)5 (7,005 (0,65, & = 1,2,...5 (45,00, % = 1,2,
.; (0,0).

Proof. Let Ai: X » X be a spectral linearization for Wi(AL
i = 1,2. As Y is a separable Hilbert space, we may assume X is
a separable Hilbert space too, and therefore, since dim ¥ = =,
we may assume that X is a subspace of Y. Further, by Theorenm
5.3, #;(3) ® Iy and WZ(A) ® I,
follows easily from Theorem 5.6. o

are equivalent. Now the theorem

Note that all possibilities in Theorem 5.7 can be realized.
Indeed, put ¥,(2) = (1-2))I, and

CIg 0
W () = !
0 (l-ZA)IZ2

where Y = 7z, ® 7, with dim 2z, = » (cf. Example 5.4). Then (0,7)
or (0,¢k) is a minimal space extension for ¥, and W, according
if dim 2z, = = or dim 2z, = k. Interchanging the roles of ¥; and
W, we obtain examples of minimal space extensions (¥,0) and
(wk,O). The following is an example where (Y,Y) is a minimal
space extension.

EXAMPLE 5.8. Let A; # A, be complex numbers, and put

VO - ™ (X-Al)(A—AZ)IY 0 '
l ’
0 (A-Al)Iy |
v - (A—Al)(A-AZ)IY 0
z 0 (A-2,) T, |

It is easily seen that ¥,(}) ® Iy
on ¢ (this follows form the equality

a —a{A-2,)+1 Tx—xl)(x~xz) 0
1 -(A-2y,) 0 1

and WZ(A) P IY are equivalent

1 -a}
_A-Ay —a(x—xl)-l

where o = (Al—xz)'l). On the other hand, if w,(X) ® I, and
1
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WZ(A) ® I, are equivalent, then
2
dim z, = dim Im [#¥,(};) @Izlj = dim Im [¥,(2) @IZZJ = o

and analogously dim Z, = =. 8o indeed (Y,Y) is a minimal space
extension for Wy and Wz‘
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