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In this article we develop the direct and inverse scattering theory of the Ablowitz-Ladik system with potentials
having limits of equal positive modulus at infinity. In particular, we introduce fundamental eigensolutions, Jost
solutions, and scattering coefficients, and study their properties. We also discuss the discrete eigenvalues and the
corresponding norming constants. We then go on to derive the left Marchenko equations whose solutions solve
the inverse scattering problem. We specify the time evolution of the scattering data to solve the initial-value
problem of the corresponding integrable discrete nonlinear Schrodinger equation. The one-soliton solution is
also discussed.
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1. Introduction

The nonlinear Schrodinger (NLS) equation

iqr = que +20]q|*q (1.1)

is a universal model for weakly nonlinear dispersive waves arising in many different contexts. The
initial-value problem for (1.1) on the real line can be solved via the inverse scattering transform
(IST) method, both in the focusing (¢ = +1) and in the defocusing (¢ = —1) case. Most research
involves solutions vanishing as x — 4o [5,6, 16,26, 31,33]. Recently there has been much interest
in solutions nonvanishing as x — 4o [8,10, 11].

In this article we study the IST for the focusing NLS equation which is discrete in position and
continuous in time, obtained by applying forward differencing to the focusing Zakharov-Shabat

system
_(—ikq
Ve = ( . ik> % (1.2)

accompanying the focusing NLS equation as the linear eigenvalue problem under the IST. For poten-
tials vanishing as n — +oo this discretization was first formulated by Ablowitz and Ladik [2-5],
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leading to the corresponding integrable discrete nonlinear Schrodinger (IDNLS) equation

iiq _ Gn+1 = 2qn + Gn-1

dr™" h?
Equation (1.3) was generalized to the defocusing case with small nonvanishing boundary conditions
[1,32]. Equation (1.3) with vanishing boundary values, where g, is a rectangular matrix, has been
studied in [5,12,13,17,18].

As a discretization of the nonlinear Schrodinger (NLS) equation (1.1), the IDNLS equation (1.3)
has important applications to electromagnetic wave propagation in nonlinear media [33], surface
waves on deep waters [33], and signal propagation in optical fibers [19,20]. On its own behalf, the
IDNLS equation has applications to Heisenberg spin chains [22,27], self-trapping on a dimer [23],
anharmonic lattices [29], the dynamics of a discrete curve on an ultraspherical surface [15], the
dynamics of triangulations of surfaces [21], and Hamiltonian flows [24,28].

The scaling transformations Q,, = hqn, R, = hry, z =1 —ihk+ O(h?), 77" = 1+ ihk + O(h?),
and nh < x convert the Zakharov-Shabat system into the Ablowitz-Ladik system

4+ (Gni1 +Gn-1)|qal* (1.3)

Va1 = (Z+q,)vn, (1.4)

[z 0 _(04q,
Z_<OZI>7 qn_<rn 0)

Using a suitable AKNS pair [5,31] and the additional scaling transformation ¢ = h*T, we obtain
(1.3) from (1.1).

Generalizing the existing literature [5, Ch. 3], we make the following assumption on the poten-
tial {qn}nGZ:

where the position n € Z and

oo

Hy) Y, (U +lnD) {llg, — g, +1g-n —all} < +oe, (1.5)
n=0

where s =0, 1,2. Here

A=llg[l = ligll > 0.

Unless stated otherwise, the norm of a square matrix is its largest singular value. Throughout this
article we restrict ourselves to the focusing case, where ¢ = —q, and hence ql' 5= 4 and
the dagger denotes the matrix conjugate transpose and the asterisk the complex conjugate. In the
focusing case we have A = |g,| = |¢;| > 0.

The scalar IDNLS equation (1.3) was first studied by Ablowitz and Ladik [2—4] using the inverse
scattering transform (IST) method. Early work on the Ablowitz-Ladik system, where g, is a rectan-
gular matrix vanishing as n — +oo, was done by Gerdjikov and Ivanov [17, 18]. A comprehensive
theory of these more general systems was developed by Ablowitz, Prinari, and Trubatch [5, Ch. 5]
and by Tsuchida, Ujino, and Wadati [30]. Tsuchida et al. [30] have also derived the N-soliton and
breather solutions to (1.1) in terms of solutions to N x N linear systems [30, Eq. (3.43)]. Some of
these breather solutions were constructed before by using the Hirota method [9]. An extensive class
of exact solutions of the matrix IDNLS equation with vanishing boundary conditions was derived
by the matrix triplet method by Demontis and Van der Mee [12-14].
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Let us discuss the contents of this article. In Section 2 we prove the existence of the fundamental
eigensolutions and evaluate their determinants. In Sections 3 and 4 we introduce the conformal
transformation of the spectral variable z which allows us to define and study the Jost solutions and
scattering coefficients and to formulate the inverse scattering problem. Section 5 is devoted to the so-
called triangular representations of fundamental eigensolutions and Jost solutions. In Section 6 we
derive the left Marchenko equations required to solve the inverse scattering problem and compute
the one-soliton solution. The time evolution of the scattering data required to solve the initial-
value problem for the IDNLS equation (1.3) by means of the IST will be derived in Section 7.
In Appendices A-D we derive the discrete Gronwall inequality, study the asymptotic behavior of
the conformal mapping {(z) near z = 0 and { = oo, determine the coefficients of the power series
expansion of the conformal mapping in terms of Jacobi polynomials, and detail the derivation of the
time evolution of the scattering data. Throughout Sections 2-6 we do not write the T-dependence of
the various quantities explicitly, except in the one-soliton solution.

2. Fundamental eigensolutions

In this section we introduce the fundamental eigensolutions and compute their determinants. We
also interrelate the fundamental eigensolutions.

Let us briefly discuss the spectral properties of Eq. (1.4) for nonvanishing boundary conditions
and analyze the matrix (1 +A2)_1/ 2Z+gq, /,] of determinant 1. Letting ¥ stand for the set of those

z € C for which the eigenvalues of (1+A2)~1/2[Z+gq, /1] belong to the unit circle T, we obtain

T=TU{zeR:|[z— V1+A2| <A}U{zeR:|z+V1+A2| <A}. 2.1)

Then the essential spectrum of (1.4) coincides with X.
It is easily verified that

<Z+‘1r/z)l _Z -4y 2.2)
NiEwe ViAo :

For z € T the matrix (1 +A2)"1/2[Z+gq, /] is unitary. Moreover,

()
V1+A2

where C(z) is the condition number of the transformation diagonalizing (1 +A4%)"'/2[Z +q, /1) and

(2.3)

- C(z), —A<zEVI+AZ<A,
T +n), —A<z+V1+AZ<LA,

C is some constant.
The following result establishes the existence of the fundamental eigensolutions ¥,(z) and
®,(z) to the discrete Zakharov-Shabat system (1.4) under the hypothesis (Hy).

Theorem 2.1. Assume the hypothesis (Hy) is true. Then for any z € £ which is not one of the four
points £\/1+ A2+ A, there exists unique solutions P, (z) and ®,(z) to (1.4) satisfying

¥,(x) = (Z+4q,)" [L+0(1)],  n— o, (2.4a)
®,(z) =(Z+q)"[L+0(1)], n— —oo. (2.4b)
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These solutions satisfy the discrete Volterra equations

¥(2) =(Z+q,)" {(Z +q,)""" - i (Z+4q,)" (g, —qr)‘i‘s(Z)} : (2.52)
s=n+1
n—1
D,(2)=(Z+q)"+ Y, (Z+q)" " (q,—q)Ps(2). (2.5b)

Under the hypothesis (H ) the result is true for any z € ¥.

Proof. Substituting v, = ¥,(z) = (Z + ¢,)"W, into (1.4) and assuming that W, — I, as n — oo,
we arrive at the equality

W1 —Wo = (Z+q,) "V (g,—q,)(Z+q,)"W,. (2.6)

Replacing n by n+ j for j =0,1,---, p— 1 and adding the resulting equations we get
p—l _ .
Wiip=Wa= Y (Z+4,)"" (g —4.)(Z+4,)" " Wos .
j=0
Using (2.3) we estimate for z € ¥ which is not one of the four points ++v/1 +A% +A,

Cr(2)*
Jiraz

IZ+4q)"" ) Gy —4,)(Z+4,)" Worrj| < 100 = Cr[[[|Wal]-

Letting p — oo, we obtain

oo

Wn = 12 - Z (Z + qr)_(n+j+] ) (qn—i-j - qr) (Z + qr)n+jWn+j'
j=0

Hence,

oo

lMPH(Z) = (Z+ qr)n - Z (ZJF qr)i(jJrl) (anrj - qr)lpn+j(z)' (27)
j=0

Reshuffling the latter equation, we get

oo

(Z+4,) ' (Z2+9,)%:(:)=(Z+q,)"- Y (Z+4q,) """ (q,,;—4,)Puss(2),
j=1

which implies (2.5a). Letting B = sup,,c;, [|(Z+¢,) ' (Z+q,)||, we apply Proposition A.1 to obtain

1¥,(2)]| < BC(z)(1+4%)2 exp

i _JHl
BC(z) ) [1+A% 72 an+,~—qu|]-
Jj=n+1

For z € ¥ and under the hypothesis (H) we obtain instead

~ A n
[ (2)|| < BC(1+A%)2exp

g _ ,
BC Y, [1+4% 2 2+jlllgn —qull :
j=n+1
Next, substitute v, = ®,(z) = (Z + q,)"W, into (1.4), assuming that W, — I, as n — —oo. Then
we obtain (2.6) with g, replaced by g,. Replacing in this modified (2.6) n by n —1 — j for j =
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0,1,...,p— 1 and adding the resulting equations we get

pl . .
Wi =Wap = Z (Z+q) ") (@p—j1—q)(Z+ q)" " W
j=0
Letting p — 40, we obtain

(=)

Wo=h+) (Z+ g,)" " (@ j1 —9)(Z+q)" 7 Wi,

j=0
where
I(Z+gq,) "7 (@n—j1— a)(Z+q)" " Wi
G2 &
< 19— j—1 — @l IWa—j-1 |-
Hence,

B,(2) = (Z+q)" + §)<z+ql>f<qn_,»_1 — )@, 1(2),

which implies (2.5b). Thus, by Proposition A.2 we have

y C(Z)UJFAZ]"”!Qs—QzII].
For z € £ we modify the estimate to

= A n—1

[@u(2)|| < C2+ |n]](1+A%) 2 x

X exp

n—1
Y CR+[n—sl[1+A%" 0y~ Qzll] ;

which completes the proof. O
We now compute the determinants of the fundamental eigensolutions.

Proposition 2.1. Assume the hypothesis (Hy) is true. Then for any z € £ which is not one of the
points £/ 1+A2+ A, we have
= 1+A?

detP,(z) = (1 +AD" ] ——, (2.82)
! sll 1+ gs]?

; T Ltla
_ 2 5
detd (2) = (1+4%)" [T 5%

§=—o0

(2.8b)

Under the hypothesis (H ) the result is true for any z € ¥.

Proof. The infinite products appearing in (2.8) converge absolutely and represent nonzero numbers,
because of the estimate
‘ 1+ ‘QS|2 . ‘ . HLI.V|2 _AZ‘

Ty 1 —WS|QS_‘1r/l‘(|CIs_CIr/l|+2A)

and the hypothesis (H).
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Applying the determinant to (1.4) with n replaced by s =n,n+1,...,n+ p — 1 and multiplying
the p resulting ratios, we get

det(Z+q,) " P, (z)] " 14+A?

det[(Z+q,) PP, ()] s DHlgsl

Taking the limit as p — +oo we arrive at (2.8a). Analogously,

det[(Z+q,)"®u(2)]  _ ﬁ 1+g:/
det[(z_}_qr)i(nip)&)nfp(z)] s=n—p 1+A? .

Taking the limit as p — 4o we arrive at (2.8b). O

Since the difference equation (1.4) is first order, we easily verify that

®,(2) = Pu(2)Po(z) "' Po

(), ¥u(z) = Pu(2)Pol(z) " Pol2),

where z € X. Put

Bi(z) = Po(z) ' Po(2), (2.92)
B,(z) = Po(2) o (2), (2.9b)
where z € X. Then
W, (2) = (Z+;)"B(2) +o(1), n— —oo, (2.10a)
®,(2) = (Z+4,)"Bi(2) +o(1), 1 — oo, (2.10b)
Further, as a result of Proposition 2.1, for any z € ¥ we get
1 7 1+ ’%|2
detB =—= . 2.11
B2 = 4B, (7) S:Hm 1A @10
3. Conformal mappings and Jost solutions
The matrix (14+A2)"1/2[Z+gq, /1) has the two eigenvalues
—1 —1 2
¢t = it . 1_( z+z > 3.1
2v/1+A? 2V1+A?

with product 1. Then {* belong to the unit circle T iff z € X.

a. Conformal mappings. The conformal mappings {*(z) can be viewed as the composition of
the conformal mappings

74771
pEW e G2
and
CE=wEVw2-1. (3.3)

The map (3.2) turns X into [—1,1]. The set X divides the complex z-plane into a bounded open
region K+ and an unbounded open region K~ (transformed into each other by applying z +— z~!)
which are both mapped onto the complex w-plane cut along [—1,1].

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors
238



Downloaded by [Universita Degli Studi di Cagliari], [Cornelis VAN DER MEE] at 01:14 03 March 2015

Cornelis van der Mee / Inverse Scattering Transform for Discrete Focusing NLS Equation

Fig. 1. Continuous spectrum z € ¥. The conformal transformation {(z) maps the interior region K™ to the open unit
{-disk AT and the exterior region K~ to the exterior unit {-disk A~. We have selected A = v/2.

The map (3.3) is assumed to have its branch cut along the interval [—1, 1] and to satisfy {™ ~ 2w
as w — oo, while {*(w)§~(w) = 1. Then for |w| > 1 we have the absolutely convergent series

The map {*(w) is an odd function mapping the half-lines [1,+o0) and (—eo,—1] onto
themselves, the positive and negative imaginary axes onto the respective half-lines [i,+ic) and
(—ieo, —i], the upper and lower edges of the branch cut onto the upper and lower halves of the unit
circle centered about the origin, and therefore the complex plane cut along the interval [—1, 1] onto
the exterior region of the unit circle centered about the origin. This map transforms each quadrant
onto the part of the quadrant lying outside the unit circle centered about the origin.

The map {~ (w) is an odd function mapping the half-lines [1,+e0) and (—eo, —1] onto (0, 1] and
[—1,0), the positive and negative imaginary axes onto the respective half-lines (:0,:] and (—i0, —i],
the upper and lower edges of the branch cut onto the lower and upper halves of the unit circle
centered about the origin, and therefore the complex plane cut along the interval [—1, 1] onto the
interior region of the unit circle centered about the origin. This map transforms each quadrant onto
the part of the complex conjugate quadrant lying inside the unit circle centered about the origin.

We now define [cf. Fig. 1]

C() = {C[w(z)], z€ KT, 3.4)

w(z)], zeK".

Then the unit {-circle acts as a common boundary of the open unit interior disk A™ (including
zero) and the open unit exterior disk A~ (including infinity). The function {(z) maps K* confor-
mally onto A* and has the following four symmetry properties: (i) parity symmetry {(—z) = —{(z),
(i) inversion symmetry  (z7') = £ (z) !, (iii) real conjugation symmetry {(z*) = {(z)*, and (iv) cir-
cle conjugation symmetry {(z*~") = {(2)* "
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b. Definition of Jost solutions. Let us find a matrix W, ;(z) such that

1
(1+A*)72(Z+q,,W,(z) =W, () 2, (3.5)

where 2 = diag({,£ ") and {(z) is defined by (3.4). A convenient choice is the following

W, i(2) = b +7(2)034, )1,

where

Y(z) = =144 = [TV T+ A2 =7 (3.62)
A% y(2) =CV14+A2—z=7" - {1442, (3.6b)

are piecewise analytic functions in § € CU {eo} with a jump condition at each point { € T [cf.
Appendix B]. The determinant of W, ;(z) is given by

1 —A%y(2)? zg [((ﬁ DV1+A2+ \/1+A2—|—8A—Z}
i% [z”:p\/l—A2+eA—(§*1q:1)\/1+A2], (3.7)

where € = +1 and the + signs represent four situations. As a result, detW,;(z) = 0 iff z is one of
the four points ++/1 + A% + €A, where € = +1. Finally, we have the symmetry relations

Y(—2) = —1(2), Yz ") =—1@), (3.82)
1) =1(2), 1) =—1@). (3.8b)
As aresult,
W./1(=2) = o3W,(2) 03, (3.9a)
W, 1(z7") = G2e 1BW, ) (2)e 1% o, (3.9b)
Wi (2)" = o167 1% W, ()% o, (3.9¢)
Wz )" = oW, (2)os = (1 =AW (z) ', (3.9d)

where qr/1 = Ae'®/ and o] = ((1) (1)), o) = ((I) Bi), and 03 = ((1) ,01) are the Pauli matrices.

Distinguishing the two limiting values of y(z) for { € T, we now define the Jost matrices ¥, (z)
and ®,(z) and their columns, the Jost solutions, by

¥u(2) = (V,(2) ¥u(2)) = Pu(2)Wi(2), (3.10a)
D, (2) = ($(2) 0,(2)) = Pu(2)Wi(2).- (3.10b)

Thus the Jost solutions are defined for z € 9K+ UK, where dK* are the boundaries of K* as
analytic manifolds. They satisfy the asymptotic conditions [cf. (2.4) and (3.5)]

W, (z) = (1+4?)
®@,(z) = (1+4?)

IS IS

Wi (2) 2"+ 0(1)], n— oo, (3.11a)
Wi(2) 2L +0(1)], n— —oo. (3.11b)
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c. Symmetry relations. By parity symmetry we mean the easily verified property that

Vu(2) = (~1)"03Va(—2)03

is a square matrix solution to (1.4) iff V,,(z) is a square matrix solution to (1.4). Since

(=1)"03(=Z+4,/))" 03 = 05(Z —q,1)"03 = (Z+q,1)",

we obtain the following symmetry properties of the fundamental eigensolutions:

(—1)"03¥,(—z2)03 = P,.(2), (—1)"03P,(—z)03 = P, (z).

Thus, using (3.13) and (2.9), we have
B)(—z) = 03B,(z)03, B,(—z) = 03B,(z)03.

Using (3.9a) and (3.14) we get the parity symmetry relations

(=1)"03 (¢u(~2) $,(=2)) 03 = (#u(2) 0, (2))

Equation (1.4) implies that for z € £ we have

(_1)n63 (Wn(_z) Wn(_z)) 03 = (Wn(z> WH(Z)) ’

P27 = (277 +q,) P& 7).

Taking the complex conjugate transpose and the inverse simultaneously, we obtain

- 1 Z+gq,

- 1
an+1(Z I)T

T *—1\T—
= Trlp )

Multiplying either side by the positive scalar w,,| satisfying (w,1/wy,) = 14 |gn

the identity

- Ll |
Wn+lan+l(Z 1)T :(Z—i—qn)w,,‘l’n(z I)T )

where, apart from an irrelevant positive constant factor,

= 1+A2
wa=(1+A)"T] —%.
s=n 1+’q5|2

(3.12)

(3.13)

(3.14)

(3.15a)
(3.15b)

, We arrive at

Observing that the infinite product tends to 1 as n — 4o, we obtain the conjugation symmetry

property

- i R
0,0) = |+ T o | Bt
s=n qs

-1

Starting in an analogous way we derive the identity

A 3. —1y¢1 ~ F *— +—1
Wn-‘rlq)n-‘rl(Z* 1)I :(z+qn)wﬂq)n(z 1)]‘ )

where, apart from an irrelevant positive constant factor,

n—1 2

1+ g5

N 2 s
Wa = (1+A4%)" T] YV

S=—o00
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Observing that the infinite product tends to 1 as n — —oo, we obtain the conjugation symmetry
property

n—1 2
1+ |gs|

1 A21’l
( + ) H 1—|—A2

§=—o00

&,(2) = &1 (3.17)

Therefore, for z € T the “corrected” fundamental eigensolutions w;, 2y, (z) and Wy, 2g, (z)
belong to the special unitary group SU(2).
Equations (2.9), (3.16), and (3.17) imply that

el | S T4]gl?
B/(z) =B,z )T 1[[_[& 1++|Z2‘ , (3.18a)
. w—1 T_l hnd 1+A2
B.(z) =B.(Z" ) [Hw Tl | (3.18b)
where z € X.
Using (3.10), (3.9d), (3.8b), (3.16), and (3.17) we obtain
(V(2) Wal2)) = [1—A¥(2)’] X
! _ ) )
< [(1+A7)" ] 11:‘2’2} @) w1’ (3.19a)
(0n(2) 9,(2) = [1 —A%¥(2)°]
~ ; n—1 1+ qsz . o e -1
x | (14+4%) SBM IJJAZ! (0a(z*7") 9,(z 1))* . (3.19b)
With the help of (2.8) and (3.8b) we obtain
(V,(2) vu(@) = 02 (W, (2 ) wa(*™")) 02, (3.20a)
(0n(2) 9,(2)) = 02 (9u(z*") 9,z ")) 02, (3.20b)

where the asterisk denotes complex conjugation (without transposition).

d. Jost solutions and analyticity. We now derive the analyticity and continuity properties of
the Jost solutions. In (3.10) we need to choose the piecewise {-analytic function ¥(z) in such a way
that it has the same {-domain of analyticity as the Jost solution.

Theorem 3.1. Assume the hypothesis (Hy) is true and that q, # (—1/q}) for every n € Z. Then the
following statements are true:

a. The function "¢, (z) is analytic in { € A~ and continuous in { € A~, except possibly at

==+l

b. The function "¢, (z) is analytic in { € A* and continuous in § € A¥, except possibly at
¢ =+1.

c. The function { ", (z) is analytic in { € A and continuous in { € A*, except possibly at
£ =+l

d. The function ", (z) is analytic in { € A~ and continuous in { € A=, except possibly at
=+l
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Under the hypothesis (H1) the continuity can be extended to { = +1.

The assumption that g, # (—1/¢}) for every n € Z, can only be violated for finitely many n.
It is only required to prove the analyticity of "V, (z) at { =0 and "y, ({) at { = eo. It is also
required to derive the first order WKB approximations of ¥, (z) near z = 0 and of y,,(z) near z = oo.

Proof. Equations (2.5b) and (3.10b) imply that

C"u(2) = (1+4%)2 (Y(Z)ﬁ) +¢7 Z, X,,(0)80s(2), (3.21a)
e, =144 (M) 1 F X 003,0) (21

where

(144250 (¢) = ¢! (Z”’) Wi (g — )

( Y(@)lgs — ql]Qz[l—C“ "] lgs — i)l = A%y()? 0 ”*”])
~lg; —gf][g> ) — V()] (2)lgs — anlj [1 = 7]

I

Y2
EE
S—n 1
(114058 () = 0w, (*‘”) W) (g —a)

( Y@ — qla[S* "V =1] [g5—q HC“ s=1) AZY(Z)2]>
—[g; — ;11 C“”AZ()] Y(@)lgs — qilg; (21 —1]
Ay(z)?

The functions {"¢,(z) and "9, (z) have the analyticity and continuity properties indicated by
Theorem 3.1, provided the {-domain of analyticity of y(z) matches that of the Jost solution. Finally,
we may remove a common factor { — ¢ ~! in numerator and denominator [cf. (3.7)] and reduce
expressions of the type § 2(n=s=1) _ 1 to sums of powers of £, at the price of assuming (H).

Next, postmultiplying (2.7) by W,(z), and using (3.10a), we get

—n5r _ z 1 — > < —§—
"W, (z) = (1+A%)2 <y(z)qi>+§ IS;XM(C)C v, (2), (3.22a)
C"(2) = (1+42)2 <V(Z1)‘1’> +¢ i X, (0)Cw(z), (3.22b)
where
—n -1
(1442 5% () = ¢ ( Zia, ) W) (4, - a,)

<7(z>[q;‘ 4;lg[C*7 ) —1] —[gs — ][ — G2 thA2y (g )2])
g7 —q7][g2 D) — AZY(Z)Z] Y(@)lgs — grlgp [P — 1]
1—A2y(z)? ’
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o Z+q n—s—1 B
2 r _ rn—s—1 r 1 _
1+ E RO =) () Wi e -a)
( Y@)g; —a;la, 1 = V] ~[gs—g,[C70 Y A2?’(Z)2]>
g —gil[1 = 0 DAY ()] (2)lgs —arlgr [l = Y]
1-A%y(z)?

Here the {-domain of analyticity of ¥(z) matches that of the Jost solution.

Seemingly, { "V, (z) is not analytic in §{ = 0 and "V, (z) is not analytic in { = o, because of
the (1,2)-entry of C_]Y;_’S(C) having a pole at { = 0 and the (2, 1)-entry of {X}, () having a pole
at § = oo, Writing out the top portion of (3.22a), we get

W) = (1+47)2

n—s—1
o (144%) 2 o ap V@) pa(smn —
+s—n1—Az?’(Z)2{[ —q,lqr N [§2m D) — 18y (2)

~ las =)l = VAL YR () |

where we observe that y(z) and { ' (z) are odd functions of { and hence can be divided by {
without producing a singularlty Using (B.1) and (B.3a) we see that near { = 0 the coefficient of

"y (z) equals (1 +A2) IYZ"‘]’ which we assume to be nonzero. The same reasoning applies to
the bottom portion of (3.22b) at { = . Indeed,

CW() = (14+4%)29(2)g;
(1+A2> 2 = . Cz(sfnﬂ)_Azy(Z)z
+S:n l—AZ}/( ) {[Qs Qr] g

+la—alg T2 (e g vf”()}

T wY(2)

Since the coefficient of { "Y' (z) near { = 0 equals 1 + O({), we obtain its analyticity near §{ = 0.
Finally, we may remove a common factor { — ! in the numerator and denominator [cf. (3.7)] and
reduce the expressions of the type {251 — | to sums of powers of {, at the price of assuming
(H1). O

Let us conclude this section by listing the WKB approximations of the Jost solutions up to first
order. This means that we are going to display the approximation of "¢, (z) near { =0, "¢ ,(z)
near § = oo, { "y, (z) near § = o0, and {"y,(z) near § = 0.

Using (B.2) and (B.4a) we obtain
1

n 2\ 5
§"n(z) = (1+4%)2 <(1)) - (Hé)z < ,9 ) +0(¢7). (3.23a)
dn—1
Using (B.1) and (B.3a) we obtain instead
§76,(2) = (1+4%)3 (?) F+A)T ¢ (‘”};‘) +0(8%), (3.23b)

where we have exploited the parity symmetry of the Jost solutions.
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The WKB expansions of the other two Jost solutions are more difficult to derive. We confine
ourselves to the dominant terms. Let us write

ST

"W, (z) = (1+A%) <6 ) [1+0(8%)], (3.24a)

G, ¢

(G Y+ (3.24b)

ST

"yn(z) = (1+4%)

where the constants are as yet unspecified. Put
E"Wu(2) _ 1
= 3
(1+A2)g 1+A2C+0(C )

i (1+42)77 [ —lg—q]] Ls —las—aq]C! <c>
Z 1408 \lg — )86, —AY g —al s ) \CIC)’
W:@fﬁww >>

(14A2)2 1
—s—1 B
py eyl a7l it 14— arl(@® = 8) 0 (C;Pél>
= 106 \ g —al¢ (5 — 9] 7L ¢ )
We then arrive at the following two biinfinite upper triangular systems:
1+ q3qr =
EwERS
\- ==l _[q* B q*]Qrﬁ —dn
- 1+A%) 2 {srcp_ g1\ (3.250)
S:;H( ) m N [qﬁ C]r] N
1+qnqj*n: q;ﬁ
A2 kA
y =5 —n 45— 4119}
+ 1+A%) 72 {— *_ghAtCr - A et L (3.25b)
:Z; 1( ) g5 —aACy == s G
1+QZQrCup: qr
[+a " T VTrA
+ Z 1+A2) 2 {MC‘;P+[qS_qr]AZC;1n}’ (3'25(:)
s=n+1 \/1—1—7
1+qnqr dn __
1+A2 Cn =
=1 [CIS_CIr]q*
+ Y (144972 { S aqlCy - =IO (3.25d)
D R

By contraction mapping, (3.25) are easily seen to be uniquely solvable in £7 (1 < p < +oo) for large
enough n. Their unique solvability can then be extended to smaller n one step at the time, provided
qn # [—1/q;] forn € Z.
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4. Scattering coefficients

In this section we study the scattering coefficients. Using (2.9), (3.5), and (3.10) we obtain for { € T

(04(2) 9,(2)) = (V,(2) ¥(2)) (), (4.1a)
(V(2) ¥a(2)) = (9n(2) 9,(2)) S(2), (4.1b)
where

5(0) = (513 0) =W (e) BiW2), 420
S(z) = <f,((3 iéj;) = Wi(z) "' B (2)Wi(2). (4.2b)

Then for § € T we get
detS(z) = m detB,(z) = ﬁm ! ;J‘Xf, (4.3a)

etW,(z = 2

detS(z) = m detB,(z) = SLIW :’,;‘SP. (4.3b)

Equations (4.1) and (3.15) imply the parity symmetry relations
035(=2)03 =S(z),  035(=2)03 = S(2), (44)

so that the diagonal entries a(z), a(z), ¢(z), and ¢(z) are even functions of z and { and the off-
diagonal entries b(z), b(z), d(z), and d(z) are odd functions of z and . Next, using (3.9d), (3.18),
and (4.2) we get

= 1+A?
125(1) I1 m:sS(z), (4.52)

§=—o00

S HT

I D [ > 1+]|q>  S(z
ST =50 [] 1+|312 :(s)’ (4.5b)

where s = [ LA Thus for z € T the matrices s'/28(z) and s~'/25(z) belong to SU(2).

. . - 1+|‘Js‘2' ] :
Finally, using (3.8b), (4.3), and (4.5) we easily obtain
a(x) b(z)\ _ [ a(z"")* —b N
(b(Z) a(z)) B (—b(z*—l)* a(z* )" ) (4.6a)
c(2) dz)\ _ [ N —d)
(d(z) C(Z)> - (_d(Z*_l)* c(zx N ) (4.6b)
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a. Wronskian relations. Using (4.1), (4.2), and Proposition 2.1 we derive the following deter-
minant relations:

det(q)n )Wn(z))
det(u’n )WH(Z))
o 2 2
Hs(an[r(A;)JE]lv' )j( (+ )A] L et (6,(2) (). (4.72)
 det(7,(2) 9,(2))
= det (7,2) va(0)
oo 2 2
e i e
_ det (y,(2) 9u(2))
"0 = et (9,) w(2)
oo 2 2
= T e e 96). @790
=\ det (@(Z) ‘/’n(Z))
0= et (9,0 wi2)
oo 2 2
e det (3,(2) wi(2). @74
In the same way,
() — det ((Pn(z) l//n(z)) B det (¢n )
O = et (0,0 000) Ay > oL, Sl e
o 9et(9,(2) W) _ det (¢,(2) ¥,(2))
O e (00 30) A+ >"H?__m Lt o
et (6,() (@) _ det (9,(2) ¥2(2))
1= et (00 92) AR s A2>"Hs-fm L e
_ o det(9a(2) W,(2) det (¢(2) ¥,(2))
M et (00 9,0) - a0 +A2>"Hs__w el o

Therefore, by the analyticity of two Jost solutions on a common domain K, a(z) and c(z) are
analytic in z € K™, whereas a(z) and ¢(z) are analytic in z € K™.
Equations (4.7) imply that

a(z)  det(9a(z) 9,(2) 5 1+]g)
c(2)  det(¥,(2) va(2)) _SHW 1+A2 (4.82)
a(z)  det (¢u(2) 9,(2)) = 14|ql
ce)  det(¥,(2) yn(2) us 1+A2 (4.8b)

Thus a(z) and ¢(z) have the same zeros (with the same zero order) for z € K*, while @(z) and ¢(z)
have the same zeros (with the same zero order) for z € K.
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When multiplying each of the quantities a(z), a(z), b(z), b(z), c(z), ¢(z), d(z), and d(z) by
1 —A%y(z)?, we have a finite limit as z approaches one of the four points ++/1 + A2+ A from within
their domains.

Using (3.5), (4.1), and (4.2) we easily deduce that

[1—A2y(2a(z) ~ (144772 {E7"02(2) — 72, s 02 (2)} (4.9)
[1 - A2y(2)%a(z) ~ (1+4%)"2 {"00(2) — ¥(2)q; 5" 91 (2) ) (4.95)
[1 = A29(2)%]e(z) ~ (1+A%) 72 {" W (2) — Y(2)a] S ()} (4.9¢)
[1 - A e(z) ~ (1+A%) 2 {L"70() — V@ad " W)}, (4.9d)
as well as
(1= A2 2b(2) ~ (144%) 2 {00 ()—12)a; 82 (2)} (4.9¢)
(1 A2y C%"b(z) ~ (1 +4%) %{c"@:’ Y@, 5"9L(2)} (4.9f)
(1= A2y(2)?]5%d(2) ~ (14+A%) 2 {L"y(2) — VRS W ()} 4.99)
(1= A2y’ d(z) ~ (14+A%) 2 { T () —1(@)a L " Wp(2)} - (4.9h)

Here n — —oo in (4.9a), (4.9b), (4.9¢), and (4.9f) and n — 4o in the other four equations. Because
of (3.23) and (3.24), a(z) — 1 and ¢(z) — C* as z — e and a(z) — 1 and ¢(z) — C,, as z — 0. With
the help of (4.8) we prove that ¢(z) as z — oo and ¢(z) as z — 0 both converge to the positive number
12 . [(14+A%)/(1+|gs]?)]. Consequently,

dn oy = 1+A2

§=—00

b. Reflection and transmission coefficients. For future reference we define the reflection coef-
ficients from the right by

s+i0™ s—i0"
p) = Zg;’ prls) = zgsit&r;’ pr(s) = zgs—i((;r;’ (4.11a)
b b b(s+i0") + b(s—i0*
and the reflection coefficients from the left by
diz) b)) . d(s+i0") _ b(s+i0")
r(z) = c(z) _m’ (s)= c(s+i0t)  a(s+i0t)’ (4.122)
_ d(z) b(z) d(s+i0%)  b(s+i0")
O=z0~"aw YT zon - asxior) (*120)

where z € T and |s ++v/1+A?| < A. Note that in order to express r(z) and 7(z) in terms of the
entries of S(z), we have used that S(z)S(z) = L. The coefficients 1/a(z), 1/a(z), 1/a(s £i0"), and
1/a(s+i0") are usually referred to as (right) rransmission coefficients. Similarly. 1/c(z), 1/¢(z),
1/c(s+i0"), and 1/¢(s £i0") are called (left) transmission coefficients. Clearly, the reflection
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coefficients are odd functions of z and { and the transmission coefficients even functions of z and
{. Moreover,

P =P, @) =-T(). *+-13)

c. Discrete eigenvalues. A discrete eigenvalue is a value of z € K™ UK~ (corresponding to
¢ € At UA"™) for which there exists a nontrivial solution {v,}:___. to (1.4) such that ¥ [|[v,[|?
converges. These solutions occur for z € K* iff ¢,(z) and y,(z) are linearly dependent (i.e., iff
a(z) = 0). These solutions occur for z € K™ iff ¥, (z) and ¢, (z) are linearly dependent (i.e., a(z) =
0). Equations (3.10) together with the linear dependence imply that the eigenfunctions {v, };~___, are
exponentially decaying as n — +oo. Moreover, the eigenvalues have finite algebraic multiplicity, are
at most countably infinite in number, and their {-images can only accumulate at points of the unit §-
circle, but never at zero or at infinity. Here we observe that a(ee), ¢(e0), @(0), and ¢(0) are nonzero.
Parity symmetry ensures that the discrete eigenvalues occur in & pairs. Moreover, the conjugation
symmetry z — z* 1 does not alter the set of discrete eigenvalues [cf. (4.5)]. In other words, the
discrete eigenvalues occur in quadruplets {+z, +z* '} with z ¢ X, all four of them having the same
Jordan structure.

The algebraic multiplicity of each discrete eigenvalue z coincides with the multiplicity of z € K™
as a zero of a(z) or the multiplicity of z € K~ as a zero of @(z). In Section 6 we shall assume that the
discrete eigenvalues are all algebraically simple. Under this assumption, for any such zero z; € K~
there exists a complex nonzero proportionality constant b, between the Jost solutions ¢, (z;) and
W (z): 0n(zx) = brWu(zx). Denoting the residue of 1/a(z) at { = {(z;) by 7 and introducing the
norming constant Cy = T;.by, we obtain

Pn(2)

a(z)

Similarly, for any such zero z; € K there exists a complex nonzero proportionality constant by
between the Jost solutions ¥, (zx) and @,,(Z¢): ¢,,(Z) = bx¥,,(Zx). Denoting the residue of 1/a(z) at
¢ = £ (zx) by Ty and introducing the norming constant Cy, by Cy = Tby, we obtain

W (2)Cr = lim (& —8(z)) = On(2) T- (4.14a)

V@ = lin (- @) 22 =3, @y (@14
In the same way we define the norming constants

dn(a0D1 = lim (¢~ £() ) — (2 (@140

9,(@)Dx = lim (£ ¢ (Zk))li’zg) =V,(@), (4.14d)

where Dy = [%/bi], Dy = [T /by, and %, and Ty are the residues of 1/¢(z) and 1/¢(z) at { = &(zx)
and § = {(zx), respectively.

To study the impact of parity symmetry on the norming constants, we order the discrete eigen-
values in such a way that

2k = —Zk; 2k = —Zk,
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skipping the subscript k = 0. Since the transmission coefficients are even functions of {, we have
T =—T, T k=T, =", T =Tk

Writing (4.14a) with k replaced by —k in the form

(e )= (o) o

and doing the same thing for (4.14b)-(4.14d), we obtain
Ck=Ci, C=Cy, Dy=Dy, D_;=D. (4.15)

Next, to study the effect of circle conjugation symmetry on the norming constants, we relate the
ordering of the eigenvalues z; and Z; as follows: 7; = [zk]*_l. With the help of (4.6) we then get

. SRy g 2 _ % — (325" 416
BT W R e T A o

Using (3.20) we may write (4.14a) in the form

(e o= (3 )

which coincides with (4.14b) with C; and 7y replaced by C; and T, respectively. Premultiplying
by io, and taking complex conjugates while using (4.16) and (4.14b), we obtain C; = ([Ci]*/ T,jz).
Doing the same thing to (4.14c), we finally obtain with the help of (4.16) and (4.14d)

[Ci]*
{(z)*?

= @GS,  Di= D" = {(z)*[Di]". (4.17)

C, =
‘ §(zx)"?

d. Spectral singularities. A spectral singularity is a value of z € T for which a(z) = 0 [or.
equivalently, @(z) = 0], or a value of z = s =i0" € £\ T for which a*(s) = 0 [or, equivalently,
@*(s) = 0]. Under the assumption of absence of spectral singularities, the reflection and transmis-
sion coefficients are continuous in § € T.

5. Triangular representations

We seek the following triangular representations:

oo

B,(2) =Y (14407 K(n,5)(Z+4,)", (5.1a)
n—1 n—s
D,(2)=(Z+q)"+ Y, (1+A%) 2 M(n,s)(Z+q,)". (5.1b)

§=—o0
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where K(n,n) need not be the identity matrix. Putting M(n,n) = I we can write (5.1b) in a form
similar to (5.1a). The representations (5.1) can also be written as follows:

(1 +14(2Z)n/2 Z CSK(”?‘g) < (1 *> ) (5.2a)

) fort Y(2)q;
O+L;n=;fsﬂmﬁ0@%) (5.2b)
(zx) N 1
(1 +A2)”/2 - S;m C M(nvs) <Y(Z)q7> ) (5.2¢)
U+;;u=gkfﬂﬂmﬂ0@%> (5.2d)

where M (n,n) = L. By (3.24), K(n,n) is the diagonal matrix satisfying

C; 0 = 1+A?
K = n = — | I 5.3
(mn) < 0 CZ") [ H 1+ ‘QS|2 2 ( )

§=—o00

Theorem 5.1. Assume the hypothesis (H ) is true and that g, # (—1/q) for every n € Z. Then the
fundamental eigensolutions P,,(z) and ®,,(z) allow the triangular representations (5.1), where the
series

oo

Y, K9+ Z 1M (n,5)|I* (5:4)

s=n+1 §=—o00

converges and the parity symmetry relations
K(n,s)=(—1)""03K(n,s)o3, M(n,s)=(—1)"03M(n,s)o3, (5.5)

are satisfied.

Proof. Under the hypothesis (H) and assuming that g, # (—1/¢} ), the four left-hand sides of (5.2)
are continuous functions of { € T with the appropriate analytic continuation properties. Thus ¢,(z),
5; (z), ¥ (z), and y"(z) can be written as the above Fourier series in {, where the corresponding
Fourier coefficients are sequences in £2. On the other hand, since ¥(z)/{ is continuous and nonzero
for |{]| < 1 and {y(z) is continuous and nonzero for |{| > 1 (infinity included) [See Appendix B, last
paragraph], the functions ¥(z) ' ¢ (z), ¥(z) ' 9" (2), y(z) "'¥*"(z), and y(z) 'y (z) are analytic on
their domains of analyticity and continuous on their closures. Thus they can be expanded into the
above Fourier series, where the coefficients belong to ¢2. The symmetry relations (5.5) follow from
(5.1) and (3.13). O

Writing
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and using that K (n,s) and M(n,s) have zero diagonal elements if n — s is odd, and zero off-diagonal
elements if n — s is even [cf. (5.5)], we get

f "¢n2()z£ = ; :C M, (n,n—2k)+¢ *Zk*IV(Z)q;*Mz(n,n—zk—l)} , (5.6a)
(Cl N A2()Zr22 = g) :C My (n,n—2k—1)+¢ ‘ZkV(Z)qE*Mzt(n,ank)}, (5.6b)
mii} V()M (1,120 + C Mo (mn—2k-1) (5.6¢)
m :é :CZ"“Y(Z)szz(n,n—%—1)+C2"M4(n,n—2k)} : (5.6d)

where M| (n,n) = M4(n,n) = 1. Here Y(z) has the same {-domain of analyticity as the left-hand side
of the equation it appears in. Using (B.4a) in the second equation and (B.3a) in the third equation,
we obtain on comparing the dominant terms

Ms(n,n—1) = —(1+A%) " 2lg,, —q)], (5.7a)
Ma(n,n—1) = (1+A%) "2 [g, 1 —q)). (5.7b)
Analogous expressions can be derived for the other two Jost solutions. This will lead to expres-

sions for K (n,n), Kx(n,n+ 1), K3(n,n+ 1), and K4(n,n) in terms of the in principle unknown
coefficients C;, C;, C, and C*. Indeed,

f Wuz()z) -y K (1,1 20)+ L () g Ko 2k1)] (5.82)
14+A2)2  i=ot
‘(5 ()Z) -y R (1,4 2K+ 1)+ (2) g K, nt20) (5.8b)
2 k=0 "
(fn AE;)" ¥ [k (n,n4+20)+£ 7 K (204 1), ©-89)
+A2)2  i=o0"
&yir(@) _ Y [ (@) g,k (n.nt 2+ 1)+ 2K n+2k)} (5.8d)
REVSEAN=1 v o | |

where Y(z) has the same {-domain of analyticity as the left-hand side of the equation it appears in.
Using (B.4a) in the second equation and (B.3a) in the third equation, we obtain on comparing the
dominant terms

Ki(n,n)=C,, (5.9a)
K(n,n+1)= C”"+qr(1+A2) e, (5.9b)
K3(n,n41)=Co — g (14+A%)~1/2¢, (5.9¢)
Ky(n,n) = Cd“ (5.9d)

6. Marchenko equations

In this section we derive the left Marchenko summation equations satisfied by M(n,m) starting
from a Riemann-Hilbert problem satisfied by the Jost solutions. With the help of (5.7b) we can then
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determine the potential from their solutions. This is not possible for the right Marchenko equations
satisfied by K(n,m), because (5.9) does not allow one to compute the potential from their solutions
without apriori information on the potential. Throughout this section we assume that the discrete
eigenvalues are algebraically simple in order to greatly simplify the derivation of the left Marchenko
equations.

Rewriting (4.1) with the help of the reflection and transmission coefficients we obtain the
Riemann-Hilbert problems

(V,(2) 0,(2)) = ($u(2) ¥a(2)) 038(z) 03, (6.12)
(6n(2) ¥u(2)) = (V,(2) 9,(z)) 038(2) 03, (6.1b)

where

are the scattering matrix and its inverse.
Let us write the second Riemann-Hilbert problem (6.1b) as follows:

Cr0u) = S g, ), (622
9,(2) = S XE - g, (6.2

where the left-hand side of (6.2a) [(6.2b)] is continuous in § € AT and analytic in { € AT with the
n n

finite limit (1+A2)2 (§) atinfinity [(1+A%)2 (9) at zero] and the right-hand side of (6.2a) [(6.2b)]

is continuous in ¢ € A* and meromorphic in { € AT with a finite limit at zero [infinity]. Writing

1 L
@ 1O Ly @ ¢ *ch>

where 7V({) [#7(£)] is continuous in { € A¥ and analytic in { € A*, we obtain for m < n— 1 with
the help of (4.14c) and (4.14d)

& 0,0 =+ ¥ LGB ED e )5, ),
k
& 5,0 =~ X 0 n(eD— f e g (20 0)

k

where we integrate with respect to { € T in the counterclockwise sense. Note that the left-hand side
and the first term on the right-hand side do not contain any contribution at the (possible) pole at

£ =0[f =oo] if m <n— 1. Dividing by (1 +A2)% and using (5.2¢) and (5.2d) we arrive at the
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equations

ZMnS%2ﬂ1C5m1<(Zq>:_iMns (s+m), (6.3a)

§=—00 §=—00

_Z_: M(n,s) Ccm s 1< (Zl‘”> = _Z_: M(n,s)F(s+m), (6.3b)
where the left Marchenko kernels are given by
N ren-i-1p, (Y@@ dg o ji o (Y@ .
26 Dk< X > i (>< | ) (6.42)
_ -1 1 g . 1
P =+ E 860" 2 i) f 50 () (040

In (6.3a) [(6.3b)] ¥(z) is analytic in { € AT. Putting

—Yo-08 " N0, > 1,
'}/(Z) — Z 0 CG—H ?’,a |C| (65)
+ZO‘:OC %,67 |C’<17
where ¥ s = 0 if 0 is odd, (6.3) can be rewritten as
n—1
M(n,m)+F(n+m)+ Z M(n,s)F(s+m)
n—1
+ Z }'17S,m,1M(n,s)q10'1 + ’)/l,nfmflqlcl - 02><27 (66)
s=m+1

where

Equations (3.8b) and (4.13) imply that

@) ) =Y.

Moreover, {(Zx)* = {(zx) . Using (4.17) also, the Marchenko kernel satisfies the conjugation sym-
metry relation

F(j)* = 0oF(j)oo. (6.7)

Since its diagonal entries are nonzero, we do not get the familiar identity F(j)" = o3F(j)o3 valid
in the vanishing case [12].

Using (4.15) plus the fact that (z), 7(z), and y(z) are odd functions of {, we obtain from (6.4)
the parity symmetry

F(j)=(=1)/o3F(j)os. (6.8)

To write the Marchenko equation (6.6) in a more familiar fashion, we observe that the matrices
M(n,m) and F(n+ m) are diagonal if n —m is even and off-diagonal if n —m is odd [cf. (5.5)].
We also observe that g,07 is a diagonal matrix and that ¥ _,,— is nonzero iff s —m is odd. On
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one hand, if n —m is even, then M(n,m) and F(n+ m) are diagonal and s —n is to be odd and
hence M(n,s)q,0 is to be off-diagonal for ¥ s, to be nonzero. Thus the finite sum in (6.6) must
vanish. On the other hand, if n —m is odd, then M (n,m) and F (n+ m) are off-diagonal and s — n is
to be even and hence M(n,s)q,;0 is to be diagonal for ¥; ;_,,—1 to be nonzero. Thus the finite sum
in (6.6) must vanish. In either case, the finite sum in (6.6) vanishes. As a result, (6.6) is reduced to
the more familiarly looking Marchenko equation (cf. [32, (4.16)-(4.17)])

n—1
M(n,m)+F(n+m)+ Y. M(n,s)F(s+m)=—Y 1 m_14,01. (6.9)

§=—o0

Writing m = n — 2k — 2 for the diagonal entries and m = n — 2k — 1 for the off-diagonal entries
and substituting s =n —2j — 2 on the diagonal and s = n —2j — 1 off-diagonal, we obtain from (6.9)
the coupled scalar Marchenko equations Using that ¥ 5 -1 = ¥,2¢+1 = 0, we finally arrive at the
left Marchenko equations

M(n,n—2k—2)+F (2[n—k—1]))

- i’){Ml(n,n—2j—2)F1(2[n—j—k—2])
—|—jl\jlz(n,n—2j—1)F3(2[n—j—k]—3)}:0, (6.10a)
My (n,n—2k—1)+ FB(2[n—k — 1))
+ :{M1 (n,n—2j—2)B(2[n— j—k —3)
+jMz(n,n—2j— DEQ2n—j—k—1))} — gy =0, (6.10b)

M3(n,n—2k— 1>+F3(2[I’l—k] — 1)

4 i {Ms(n,n—2j—-2)F3(2[n— j—k]—3)
Jj=0
+ M3(n,n—2j— DR (2n—j—k—1)} + @y =0, (6.10c)
My(n,n—2k—2) 4+ F4(2[n—k—1]))
LY {May(nn—2j—2)Fa(2n— j—k—2])
j=0

+ Msy(nn—2j— 1)F(2[n—j—K —3)} =0, (6.10d)

where the coefficients ¥ o are computed in the last paragraph of Appendix C. Note that we have
arrived at two systems of two coupled equations.

We now compute the one-soliton solution by solving the Marchenko equations (6.10a)-(6.10b)
and using the time evolution of the asymptotic potential values and the norming constants.

Example 6.1 (One-soliton solution). In this example the reflection coefficients vanish and there
are four discrete eigevalues {+z;,+7; }, where 7; = zT_]. The norming constants satisfy

Dy =D_y, D =D_, =D},
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where §; = {(z1). We also put 9, = ¥(z1). It is then easily verified that

*j 1 %
F(j)=2 Diria -1 0 < J even,
0 ¢l Ding,
0 i~1p,
F(j)=2 : 1 i odd
(.]) <_ 1*‘/71D>1k 0 ) ) J odad,

which satisfies the symmetry relations (6.7)-(6.8). Then (6.10a)-(6.10b) imply that

My (n,n—2k—2) = =267 Diyi g — 247 DL (m),
My(n,n—2k— 1) = yeq; — 282y — 282 *2p Lo (n),

where

L*(n Z{Ml n,n—2j-2)¢/" z’qu[ My(n,n—2j—1)¢ ™ 2’“},

L2n) = ¥ {Mi(nn—2j =257 + Mo —2j = 15 i |
Jj=0

. . . . _ —4 _ . . .
Using sums of geometric series of ratio §;*, {; ™%, or | §1|~*, we arrive at the following linear system

2D* qulcxbz 2D1C1 2n—4

= migi | (L) (Re(n)
2; g 20ingi & | \L"(n)) — \R*"(n))’
cer g

where

) . ZDIC 2n 2 ZD*,)sz ZC*ZV! 3
R*(n) = —q; {iT,(G ) + ! 1

l*|C1| - —gt
. 2Ding Gt ZDTVCIIC*ZH ’
R*(n) = yq;> GG —
: : I_Cl 1_‘Cl| -

Here I';(w) is defined in Appendix C. The one-soliton solution is obtained by applying (5.7b) while
replacing ¢; by e 2A"%g, [see (7.3) below] and D; by e~2?G1)7D [see (7.7b) below].

7. Time evolution of the scattering data

The integrable discrete nonlinear Schrédinger (IDNLS) equation (1.3) is the so-called zero curvature
condition for the coupled linear system [5, 16,30, 31]

Voi1 = (Z+q,)Va, (7.1a)
d
%Vn = Tn(Z;T)Vn

=—ios{3(Z2-2""V~q,9, ,+2q,-Z 'q, } V.. (7.1b)

where V,,(z;7) is a suitable invertible matrix function. Then for any other invertible matrix solution
W, (z;7) to (7.1a) there exists a nonsingular matrix Cyy (z; T) such that W, (z;7) = V;,(z;7)Cw (z;7) !
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and hence

d
T W =TWo =W, [Cw]Cy' (7.2)

For W,, we shall henceforth choose the two Jost matrices ¥,, and ®,, which are related by ®@,, = W¥,,S.

We then get

Se = l}‘;l [P — IIJ;l [Tn]TT;l¢n = q";l (@] — IIJ;l [Wn]eS
=, (T,®, — Pu[Co):Cq') =¥, (T, — ¥, [Cu]:Cy') S
= [Cy]<Cy'S — S[Co):C5' .
Differentiating (7.1a) with respect to T and using (7.1b) with n replaced by n+ 1 as well as the
invertibility of V,,(z;7), we obtain the IDNLS equation

d
03— = ui1 = 245+ -1 ~ 1 s — Do (7.3)

in agreement with (1.3). Taking the limit of T,(z; T) as n — too, we obtain

T,(2) = —ios {42 -2V~ g,(0) +(Z~Z g, (D)}
Taking the same limit in (7.3), we obtain

d

i03—-4,/(7) = —24,(1)° = 24%q, (7).

Taking for W, the Jost matrices ¥, and ®,, so that
W, (2) = (Z+g,)W,(2) = (1+4%)
D,(2) = (Z+g)Wi(z) = (1+A?)

Wr(Z)féﬁn, n%+00,

NS T ST

‘/Vl(z)gpna n— —oo,

where 2 = diag({, "), we obtain after some effort [See Appendix D]

[C]:Cy' = [Ca):Cq' = —in(z)03, (7.4)
where
0(z) =A%+ 3(z—z )~
As a result,
St =—iw(z) {035 — So3},
implying that

S(Z; T) _ e—ia)(z)rcgs(z;O)eiw(z)rcrg'
We finally arrive at the following time evolution of the scattering coefficients:

a(z;7) = a(z;0), a(z;t) =a(z;0), (7.52)
b(z:7) = ¥°0h(z;0),  b(z:7) = e 2°D7h(2;0). (7.5b)
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Using (4.11) and (4.12) we obtain the following time evolution for the reflection coefficients:

p(z:1) =@p(:0),  Plzt)=e *E7p(z0). (7.62)
r(z;7) = edim(z)rr(z;O)7 F(z;7) = eZi("(Z)T7(z;O). (7.6b)

Let us now determine the time evolution of the norming constants. Differentiating (4.14a) with
respect to T and using that

(W (z)]e = {Tn(zk) +iw(zk) } Walze),
[9n(2i)]e = {T(2k) — i0(zk) } Pn(2k),

we obtain

[T (2k) +i0(2) )W (26) Cic + Wi (2) [Cal e = [T (k) — i (2x) | 9n (2) T

where we have used that 7; does not depend on 7. We thus get [Cy]; = 2i®(zx)Cy and hence Cy(7) =
%7y (0). In analogous ways we therefore arrive at the following four identities:

Cr(1) = 2°@)7C(0), Ci(1) = e 20@)TCL(0), (7.7a)
Di(7) = e 2T (0),  Dy(t) = ¥ °ETDL(0). (7.7b)

When numbering the discrete eigenvalues as we have done in Section 4 to account for parity
and circle conjugation symmetry, we obtain

0(z—x) = o(z), 07Z) = o(z)", (7.8)

while §(zx) = C(Zk)*il.
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Appendix A. Discrete Gronwall inequality

Let {b;}72_, be a sequence of nonnegative numbers. Then in [5, Lemma A.2] the following funda-
mental equality has been established:

m m—+1
A S _p(m)
Zbk< ) 1) = (};%) By, (A.1)

n Jj=k+1

where By") > B!, > B, > ... > 0.

Although the general form of the discrete Gronwall inequality is well-known [25, Corollary
1.6.2], here we apply (A.1) to prove the version needed. The proof also supplies the convergence of
iterating (A.2).

Proposition A.1. Suppose {pi}y_, and {qi};_, are sequences of nonnegative numbers such that
the series Y ;" .| qx converges and

0<pn<1+ Y qps (A.2)
k=n+1
Then
0< pn<exp ( Y qk> : (A3)
k=n+1

Proof. Iterating (A.2) we get (A.3) as follows:

oo

pn§1+z Z ar, Z % Z Q- Y, Gk,

s=1k;j=n+1 ko=k;+1 =ky+1 k;:kS,rFl
N
(e} 1 (e} oo
+Zs,< Z 61k> SGXP( Z 6]k>,
s=1 k=n+1 k=n+1
where (A.1) has been used repeatedly. O

In the same way we prove

Proposition A.2. Let {p}}_ . and {qi};__.. be sequences of nonnegative numbers such that the
series Yy ;" ! .. Qk converges and

n—1

0<pn<1+ Y ap (A4)
k=—c0

Then

n—1
0< pn<exp ( Y qk> : (A.5)

k=—c0
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Appendix B. Conformal transformations

In this appendix we derive the asymptotic behavior of the conformal transformation {(z) as z — 0
and as z — oo. Indeed, for 0 < |z| < 1 and z ¢ £ we compute

+ —1
af _ 1-z7? B in
dz  2/14A2

1 \2
<2Z+1Z+A2) B
21 @+ -4 +AY)2 - (4 1)
22V1+A2 /(2412 -4(1+A2)22
2(1-2)V1+A?
(2+1)2—4(14+A42)2+ (2 +1)/(2+1)2 —4(1+ A2

which tends to v/1 +A? as z — 0. More precisely,

C@)=2V1+42 o+ §(14347)2 +0(H)] (B.1)

as z— 0. Using that {(1/z) =[1/{(z)], we obtain

z _ _
(z) = NGB [1-1(1+3A%77 210z )] (B.2)
as z — oo,
We now obtain as z — 0
VI14+AZ—z

¥(z) = CAz =74+0(2), (B.3a)
1-A%y(2)* =1-A’2 +0(2"). (B.3b)

Using (3.8a) we get from (B.3) as z — oo

1 -3
¥(z) = — +0(z77), (B.4a)
2, 0\2 A? 4

1-A7(z) =1—27+0(z_ )- (B.4b)

The function 7y(z) is piecewise analytic in { on the entire Riemann sphere, satisfying a jump
condition at each § € T. The only zeros of y(z) occur at zero and at infinity. Indeed, using (3.1) we

see that (/1 +A2 =zand 7! = {~'v/1+ A2 each imply that

—1 1\ 2
72—z Z+z
=iy [14+A2— .
2 ’\/ + ( 2 )

However, the difference of the squares of the two sides of this equality equals A2. Thus ¥(z) does
not vanish if 0 < || < 1orif 1 <|[{] < eo.
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Appendix C. The Taylor series of y(z)

Let us write z({) as a power series in § about { = 0. We get from

2(8) = C+2C_1 1+A2i\/(C+2C_1\/1+7)2—1,

with the square root defined such that the { ~! term about ¢ = 0 drops out, that

V14+A?
27 1+C2—\/1—

V1+A2 A
- {¢ Z¢1<H%»}

() =

where
VIZBETE =Y &M (B)
1=0

for |§] <1 and B € [—1,1]. Differentiating this series with respect to & and B and adding the
resulting series, we obtain

1
V1—2BE+E2

Using the generating function of the Legendre polynomials, i.e.,

_;ggl{(w DI, (B) +1T(B)} =

1 vl
e L &hh)
for |§] < 1 and h € [—1, 1], we obtain
(I + DI (B) = —IT}(B) — BP(B).

Since Iy(B) = 1, we see that I1;(B) is a polynomial in B of degree I. In fact, ITo(B) = 1, I1;(B) =
—B, HZ(B):%(I—BZ) 3(B) = —3B(B*— 1), I14(B) = —3(B>— 1)(B> — 1), etc. Also,

Zé’ I 2(B) +/1-2BE+&E2—1+BE 1

1—32 - (1-B2)&2 ~ J1-2BE+E24+1-BE
Then I1;(B) =I1,2(B)/(1 — B?) are j-th degree polynomials of B having the generating function

oo

P 1
j;oé 1;(8) = V1—2BE +E24+1-BE

Let us compute IT;(B). Using the generating functions of the Legendre and first kind Chebyshev
polynomials [7, (4.7.2) and (4.7.18)], we compute

VIZ2BE L2 14BE  § cip )1y
=2

1—2BE +&2
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where we have used that Py(B) = Ty(B) = 1 and P, (B) = T;(B) = B. Therefore,

i £, (B) \/1—2BE +E2—14BE
J=0

§2(1-B%)

= (1-2B¢ +§2)jf‘6 ngHZ(li)_—BTin(B)

_y i [Fe®) =) P B) =T ()
j=0

P;i(B) —T;(B)

_l’_

1—B? 1—B? 1—B?
Consequently,
Pi2(B) —Tj2(B) Pis1(B) = Tj1(B) | Pi(B)—T;(B)
1;(8) = 1-B? B R TR

Using the recurrence relations for the Legendre and the first kind Chebyshev polynomials [7, (4.7.4)
and (4.7.15)], we obtain

P;(B) — Pj12(B)
(2j+3)(1—-B%)"

II;(B) =

Using the Rodrigues formula P;(B) = (2°s!)~!(:4£)*(B*> — 1)*, we obtain in terms of Jacobi polyno-
mials [7]

1 d\’ . 1
) = 2 e <dB> E -0 = @)

as a result of the Rodrigues formula for the Jacobi polynomials.
Let us now compute the Taylor series coefficients of y(z). We get

oo 42
y@zc”*“%+§&mw<1A)}

2A2 1+A2?

where |§| < 1 and A > 0. As a result, writing ¥(z) = Ya_o (%6, we get y1.6 = 0 for odd o,
1
Y.0=(1+A%)"2,and

V1+A2 1 —A? _
YI,ZjZTHjH <1—i—Az>’ j=12.73....

It is then easily verified that

“ - 2(1 4+ A2)-3/22

Lw) 2 Y paw®™ = (1+4%) 717 ( ) '
1-A? 1-A2

=0 \/1_21+A2W2+W4+1— w2

1+A2
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Appendix D. Details on time evolution
Indeed, putting W= (z) = (Z + q,)"W, (k), we compute, using 63(Z — Z~ 1) = (z—z~!)I, when eval-

uating 7},

(144272 (T, ¥ — [¥)) 2"
= [“Liz—7")2 oy iAo —i(z—2 g, [b+7()034,]
—1(z)03(-2iA%03q,)
= [—3iz—z 1) —iA’ —i(z—z )A’¥(2)] o3
+ {—3iz—z ") +id}y(z) —iz—z )] g,
=[...Jios+][...]2q,,

where
Lo+ Y@ ==tz =2 ) y(2) +iA%y(z) —i(z -2 )
2y(e) —iaty(z) — iz =AM )?
(=) [1+ (=2 + A2
= —i(z—2") [1+ (=) +H{EV1+42 - 21(2)|
(

— i) LUV T T A )
=—i(z—z |1 ”(Z);ZJ =0

Observe that (3.6) has been used at the last two equality signs. Hence,

—Ji(z—2"

(1+A) 2T - (%) 2 " = [ Ji{oy—7(2)a,} = [ W ().
Consequently,
[C\p]tc\;,l = [ . .]163,

as claimed in (7.4). The quantity [Ccp],Cq_,l is evaluated in the same way.
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